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Summary
The theory and design o f  lumped element quadrature hybrids is presented. The principal 
area o f  interest is in passive circuits, exhibiting exact quadrature performance, for use in 
radio frequency circuits.
The state o f  the art prior to the present research is reviewed, considering the available 
theory in the literature, and also the general specifications o f  commercially available 
products.
The fundamental limitations o f  exact quadrature hybrids are considered, and governing 
equations are derived for realisable circuits.
The theory o f approximation as it applies to quadrature hybrids is considered, and useful 
classes o f  function are solved. Particular attention is paid to a rational Chebychev class o f  
function, which offers the prospect o f  exceptionally wide bandwidth. The approximation 
functions in the real frequency domain are then transformed into the equivalent functions 
using the complex frequency variable, so as to be suitable for synthesis.
Passive circuits, which implement the approximation functions already considered, are 
synthesized. Both low-pass and band-pass circuits are found to exhibit suitable 
properties.
>
Practical realisations o f  the synthesized circuits are described, together with their 
measured performance. Good agreement is seen between theory and practice.
Other aspects o f  quadrature hybrid design are considered, including a comparison with 
approximate phase hybrids, active circuits, power handling, weak couplers, graphical 
techniques and a figure o f  merit method o f  assessing the performance o f  quadrature 
hybrids.
The direction for future research is considered and an assessment o f  the achievements o f  
the research is made.
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G i o s s a i y  o f  T e r m s
1  I n t r o d u c t i o n
1.1 Inspiration for the Research
T h e  in s p ir a t io n  fo r  th e  r e s e a rc h  d e s c r ib e d  in  th is  th e s is  a ro s e  a s  a  r e s u lt  o f  th e  a u th o r ’ s 
e x p e r ie n c e  in  r a d io  f r e q u e n c y  a m p lif ie r  d e s ig n . T h e  u s e  o f  d is tr ib u te d  s tru c tu re s  fo r  
q u a d ra tu re  h y b r id s  is  w e l l  k n o w n  a m o n g s t  d e s ig n e r s , w h e re  a n  id e n t ic a l  p a ir  o f  a m p lif ie r  
s ta g e s  (k n o w n  a s  s in g le -e n d e d  s ta g e s )  a r e  c o m b in ed  u s in g  o n e  h y b r id  a t  th e  in p u t , an d  
a n o th e r  a t  th e -o u tp u t. T h e  r e s u lt in g  s tru c tu re , k n o w n  a s  a  “b a la n c e d ” s ta g e , a f te r  a  p a p e r  
b y  K u ro k a w a  [1 ] , p o s s e s s e s  g o o d  in p u t a n d  o u tp u t m a tc h , d o u b le  th e  p o w e r  h a n d lin g  an d  
th e  s a m e  g a in  a s  a n  in d iv id u a l g a in  s ta g e . In  R F  s y s te m s , th e  p e r fo n n a n c e  o f  a  c a s c a d e  o f  
g a in  s ta g e s  i s  g r e a t ly  e n h a n c e d , p a r t ic u la r ly  w ith  a  r e d u c t io n  in  g a in  r ip p le  th a t w o u ld  
o th e rw is e  h a v e  o c c u r re d  th ro u g h  r e f le c t io n s  b e tw e e n  s ta g e s .
T h is  b a la n c e d  s ta g e  p r in c ip le  c a n  b e  a p p lie d  to  o th e r  R F  c ir c u it  e le m e n ts , s u c h  a s  
a t te n u a to r s , w h e r e  th e  a m p lif ie r  s ta g e s  a r e  r e p la c e d  w ith  P IN  d io d e s , o r  m ix e r s , w h e re  
S c h o t tk y  d io d e s  a r e  u s e d . H o w e v e r , in  th is  s e c o n d  e x a m p le , t y p ic a l l y  o n ly  o n e  h y b r id  is  
u s e d  o n  th e  in p u t , w ith  th e  o u tp u t c o m b in e d  in -p h a s e  o r a n t i-p h a s e  in  o rd e r  to  re m o v e  a n  
u n w a n te d  s id e -b a n d . A  s in g le  h y b r id  c a n  a lso  b e  u s e d  in  c o n ju n c t io n  w ith  m a tc h e d  
v a r a c to r  d io d e s  to  r e a l i s e  a  v a r ia b le  p h a s e  s h if te r , o r  PIN  d io d e s  to  r e a l i s e  a n o th e r  fo rm  o f  
a tte n u a to r .
Q u a d ra tu re  h y b r id s  a r e  a ls o  u s e d  a s  s y s te m  co m p o n en ts  in  o rd e r  to  g e n e r a te  a  
w a n te d  m ix in g  p ro d u c t, w h i ls t  e l im in a t in g  o th ers . O ne e x a m p le  is  th e  H a r t le y  
d is c r im in a to r , w h e re  a  s in g le  s id e -b a n d  m o d u la to r  is  r e a l is e d  u s in g  tw o  h y b r id s , w ith  
a d d it io n a l c o m p o n en ts  su c h  a s  o s c i l la to r s , m ix e r s  an d  a  su m m a tio n  b lo c k . O ne h y b r id  
o p e ra te s  a t  R F  f r e q u e n c ie s , an d  is  r e la t iv e l y  n a r ro w -b a n d . T h e  o th e r  o p e ra te s  a t  b a s e ­
b a n d , an d  r e q u ir e s  a  w id e -b a n d  so lu t io n .
T h e  co m p o n e n t o f  c h o ic e  fo r  R F  a n d  m ic ro w a v e  v e r s io n s  o f  th e  q u a d ra tu re  h y b r id  
i s  th e  c o u p le d  tr a n s m is s io n  l in e . E x a m p le s  o f  th e se  in c lu d e  th e  L a n g e  c o u p le r  fo r  
m ic ro s tr ip  c ir c u it s  an d  o ffse t b ro a d s id e  c o u p le d  lin e s , fo r  s t r ip l in e  c ir c u it s . F o r  n a r ro w ­
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b an d  o p e ra t io n , th e  b ra n c h  l in e  c o u p le r  c a n  b e  u s e d . F o r  b ro a d b a n d  o p e ra t io n  a t  lo w  
f r e q u e n c ie s  a  d if f e r e n t ia l  p h a se  c ir c u i t  h a s  b e e n  th e  c ir c u it  o f  c h o ic e , w h e r e  th e  s ig n a l  is  
s p lit  in to  tw o , w ith  th e  tw o  su b se q u e n t p a th s  e x h ib it in g  a n  a p p ro x im a te  q u a d ra tu re  p h a s e  
d if fe r e n c e  o v e r  a  w id e  f r e q u e n c y  r a n g e .
C o n s u lt in g  th e  lit e r a tu re , i t  w a s  fo u n d  th a t  v e i y  l i t t l e  w o rk  h a d  b e e n  p u b lis h e d  o n  
th e  s u b je c t  o f  lu m p e d  e le m e n t q u a d ra tu re  h y b r id s , in  c o n tra s t to  d is tr ib u te d  ty p e s . It 
m ig h t  b e  th o u g h t th a t  lu m p e d  e le m e n ts  w e r e  so m e h o w  u n s u ita b le  fo r  th e  ta sk . H o w e v e r , 
i t  w a s  r e a l i s e d  v e r y  e a r ly  in  th e  p re s e n t  r e s e a r c h  th a t th e  re a so n  fo r th e  la c k  o f  m a te r ia l  
w a s  ju s t  th a t th e  s u b je c t  h a d  n o t b e e n  e x p lo re d . T h e  s u b je c t  c o u ld  th e re fo re  b e  
ap p ro a c h e d  a s  v i r g in  te r r ito ry , w ith  u n k n o w n  p o s s ib i l i t ie s  b o th  in  th e  th e o ry  an d  p ra c t ic e .
1.2 Structure of Thesis
T h e  th e s is  i s  o rg a n is e d  a s  fo llo w s :
C h a p te r  2  -  P r io r  A r t  R e v ie w , lo o k s  a t  w h a t  l i t e r a tu r e  is  a v a i la b le  o n  th e  s u b je c t . It 
is  s e e n  th a t v e r y  l i t t le  h a s  b e e n  p u b lis h e d , an d  th e  in fo rm a tio n  h a s  n o t b e e n  p u t in to  a  
c o h e s iv e  fo rm . C o m m e r c ia l ly  a v a i la b le  e x a m p le s  o f  lu m p e d  e le m e n t  q u a d ra tu re  h y b r id s  
a re  a lso  d e s c r ib e d  an d  tr a c e d  b a c k  to  th e  a v a i la b le  th e o ry , w h e re  th is  i s  k n o w n .
C h a p te r  3 -  F u n d a m e n ta l C o n s tra in ts , lo o k s  a t  th e  c o n s tra in ts  u p o n  a  p a s s iv e  
q u a d ra tu re  c ir c u it . It i s  s e e n  th a t a lth o u g h  so m e  a t tr ib u te s  c a n  b e  in fe r r e d  fro m  th e  
lit e r a tu re , i t  is  b e tte r  to  ta k e  a  f re sh  lo o k  a t  th e  p ro b le m , an d  a r r iv e  a t th e  c o n s tra in ts  b y  a  
d ir e c t  ap p ro ac h .
C h a p te r  4  -  A p p ro x im a t io n s , ta k e s  u p  o n e  o f  th e  c o n s tra in ts  a r r iv e d  a t in  C h a p te r  3 , 
an d  lo o k s  a t p o s s ib le  f re q u e n c y  r e sp o n se s  o f  q u a d ra tu re  h y b r id s . B o th  p o ly n o m ia l  an d  
ra t io n a l fu n c t io n s  a r e  e x a m in e d , an d  an  a n a ly t ic a l  so lu t io n  u s in g  a  c la s s  o f  r a t io n a l 
C h e b y c h e v  fu n c t io n s  is  d e r iv e d , w h ic h  is  sh o w n  to  b e  th e  o p tim u m  s o lu t io n  fo r  a  
s p e c if ie d  o rd e r  o f  c ir c u it  an d  b a n d w id th . T h is  o p t im u m  s o lu t io n  is  sh o w n  to  e x h ib it  v e r y  
w id e  b a n d w id th  p o te n t ia l , an d  p ro v id e s  th e  b a s is  o f  th e  q u a d ra tu re  h y b r id s  th a t  a r e  th e  
f la g s h ip  o f  th is  th e s is . T h e  c h a p te r  a lso  g iv e s  so lu t io n s  to  th e  t r a n s fe r  fu n c t io n s  in  te rm s  
o f  th e  c o m p le x  f r e q u e n c y  v a r ia b le  s , n e c e s s a r y  fo r  c ir c u it  s y n th e s is .
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C h a p te r  5 -  S y n th e s is , d e s c r ib e s  te c h n iq u e s  to  s y n th e s iz e  c ir c u it s  w ith  th e  tr a n s fe r  
fu n c t io n s  d e s c r ib e d  in  C h a p te r  4 . It is  s e e n  h o w  d e s ig n s  d e s c r ib e d  in  th e  l i t e r a tu re  
o p e ra te , an d  a lso  h o w  n e w  c ir c u it s  c a n  b e  s y n th e s iz e d .
C h a p te r  6 -  R e a l is a t io n , d e s c r ib e s  te c h n iq u e s  fo r  p u tt in g  th e  c ir c u it s  s y n th e s iz e d  in  
c h a p te r  5 in to  p r a c t ic e . It is  fo u n d  th a t p r a c t ic a l  im p le m e n ta t io n s  c a n  b e  fo u n d , an d  th e  
p e r fo rm a n c e  o f  c ir c u it s  c o n s tru c te d  a c c o rd in g  to  th e  th e o ry  is  p re s e n te d .
C h a p te r  7 -  O th er T o p ic s , lo o k s  a t a  r a n g e  o f  it e m s  n o t c o v e re d  in  p re v io u s  
c h a p te rs . T h e s e  in c lu d e : c o m p a r iso n  w ith  p h a s e  a p p ro x im a t io n  c ir c u it s , a c t iv e  c ir c u it s , 
p o w e r  h a n d lin g , w e a k  c o u p lin g  h y b r id s , g r a p h ic a l te c h n iq u e s  an d  a  f ig u r e  o f  m e r it  fo r  
q u a d ra tu re  h y b r id s .
C h a p te r  8 — F u rth e r  W o rk , lo o k s  a t  a re a s  w h e re  fu r th e r  r e s e a r c h  is  r e q u ir e d , 
fo l lo w in g  o n  fro m  th e  m a te r ia l  in  th is  th e s is .
C h a p te r  9  -  C o n c lu s io n s , lo o k s  a t w h a t  h a s  b e e n  a c h ie v e d  in  th is  r e s e a rc h , an d  
d e s c r ib e s  h o w  an d  w h e re  th e  w o r k  c a n  b e  a p p lie d  in  p r a c t ic a l e n g in e e r in g  a p p lic a t io n s .
R e f e r e n c e  L is t
1.3 Statement of Originality
O r ig in a l i t y  is  a  fu n d a m e n ta l a sp e c t  o f  a  P hD  th e s is . It i s  u s u a l  in  a  th e s is  to  c le a r ly  
d is t in g u is h  w h a t  i s  n e w  fro m  w h a t  is  o ld . D u r in g  th e  c o u rs e  o f  th is  r e s e a rc h , m a n y  n e w  
d is c o v e r ie s  h a v e  b e e n  m a d e , a n d  n e w  c ir c u it s  in v e n te d , su c h  th a t  a lm o s t  th e  e n tire  
r e s e a rc h  i s  n e w  w o rk . A s  a  r e s u lt ,  sh o u ld  th is  th e s is  h a v e  b e e n  w r it te n  c o n t in u o u s ly  
h ig h l ig h t in g  th e  n e w  w o rk , th is  w o u ld  d e tra c t  fro m  a  f lo w  a n d  s t y l i s t ic  e le g a n c e  th a t th e  
au th o r  d e s ir e d  to  a s p ir e  to . T h e  p ro c e d u re  ad o p ted  in  th is  th e s is  is  to c le a r ly  id e n t if y  
e x is t in g  m a te r ia l ,  o th e rw is e  o r ig in a l i t y  sh o u ld  b e  a s su m e d .
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2.1 The Starting point
T h e  w h o le  s u b je c t  o f  q u a d ra tu re  h y b r id s , e n c o m p a s s in g  p a s s iv e  an d  a c t iv e  c ir c u it s , 
lu m p e d  an d  d is tr ib u te d , a p p ro x im a te  a m p litu d e  ( th a t  is  to  s a y  th o se  c ir c u i t s  w h ic h  a r e  
e x a c t  in  p h a se  q u a d ra tu re , b u t  o n ly  a p p ro x im a te  e q u a l s ig n a l  d iv is io n  o v e r  th e  d e s ig n  
b a n d ) an d  a p p ro x im a te  q u a d ra tu re  ( e x a c t  a m p litu d e ) , sp o t f r e q u e n c y  c ir c u it s  ( e x a c t  in  
n e ith e r  a m p litu d e  n o r  p h a s e  q u a d ra tu re , e x c e p t  a t  o n e  f r e q u e n c y ) , i s  a  b ro a d  su b je c t . T h is  
th e s is  fo c u s e s  p a r t ic u la r ly  on  lu m p e d  e le m e n t  c ir c u it s  th a t  a re  a p p ro x im a te  in  a m p litu d e , 
b u t e x a c t  in  p h a s e  q u a d ra tu re . T h e  a r e a  o f  in te r e s t  is  p r im a r i ly  in  p a s s iv e  c ir c u i t s ,  a s  
q u a d ra tu re  h y b r id s  a r e  t y p ic a l ly  r e q u ir e d  to  w o rk  a t r a d io  an d  m ic r o w a v e  f r e q u e n c ie s , a n d  
m a y  b e  r e q u ire d  to  tr a n s fe r  s ig n if ic a n t  p o w e r  le v e ls .  H o w e v e r , a c t iv e  c ir c u it s  w i l l  a lso  b e  
c o n s id e re d . It i s  n e c e s s a r y  th e re fo re  to  lo o k  a t th e  l i t e r a tu r e  f ro m  th e  p e r s p e c t iv e  o f  th e  
p a r t ic u la r  a r e a  o f  in te re s t .
2.2 First Mention
A n  e a r ly  e x a m p le  o f  a  lu m p e d  e le m e n t  q u a d ra tu re  h y b r id  c ir c u it  i s  to  b e  fo u n d  in  a  p a te n t 
b y  W . L . F ir e s to n e  [2 ] .  A lth o u g h  th e  d a te  fo r  th is  p a te n t w a s  1 9 6 1 , th e  p a te n t w a s  f i le d  in  
1 9 5 3 . F ig . 13 o f  th e  p a te n t c le a r ly  sh o w s  th e  c ir c u i t  fo r  a  f ir s t  o rd e r  q u a d ra tu re  h y b r id , 
co m p o se d  o f  a  c a p a c ito r  an d  c o u p le d  in d u c to r . T h e  in v e n to r  w a s  m o re  in te r e s te d  in  
p re s e n t in g  a  d is tr ib u te d  v e r s io n  o f  a  c o u p le r , an d  so  th e  lu m p e d  e le m e n t  v e r s io n  r e c e iv e d  
l i t t le  a t ten tio n . A  c o m p le te  a n a ly s is  o f  th e  lu m p e d  e le m e n t  c o u p le r  w a s  n o t g iv e n , an d  it  
r e m a in e d  fo r  la te r  w r ite r s  to  p o in t o u t th e  q u a d ra tu re  h y b r id  p ro p e r t ie s  o f  th e  c ir c u it .
A  l i t t le  la te r , in  1 9 5 5 , M o n te a th  p u b lis h e d  a  p a p e r  [3 ]  d e s c r ib in g  a  d if fe re n t  v e r s io n  
o f  a  f ir s t  o rd e r  q u a d ra tu re  h y b r id , c o m p o se d  o f  a  g ro u n d  l in e  in d u c to r  a n d  c a p a c ito r . 
O n ce  a g a in , th e  w r it e r  w a s  m o re  in te re s te d  in  d is tr ib u te d  c ir c u it s , b u t h e  d id  m a k e  
re fe r e n c e  to  th e  q u a d ra tu re  p ro p e r t ie s  o f  th e  c ir c u it s  h e  w a s  p re s e n t in g . A ls o , th e  in te re s t
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w a s  in  c o u p le rs , w ith  r e la t iv e l y  w e a k  c o u p lin g  e x p e c te d , n o t in  th e  e q u a l p o w e r  d iv is io n  
d e s ig n  ta rg e t  o f  a  h y b r id .
T h e  f ir s t  p u b lic a t io n  to  c o n s id e r  lu m p e d  e le m e n t  q u a d ra tu re  c o u p le r s  in  th e ir  h y b r id  
c a p a c it y  w a s  b y  IC uro lcaw a [1 ]  in  1 9 6 5 . T h is  p r a c t ic a l  p a p e r  o n  th e  s u b je c t  o f  b a la n c e d  
a m p lif ie r s  c o n s id e re d  b o th  lu m p e d  an d  d is tr ib u te d  q u a d ra tu re  h y b r id s . T h e  lu m p e d  
v e r s io n  w a s  a  f ir s t  o rd e r  e x a m p le . It i s  in te r e s t in g  to  n o te  th a t  th e  c o m p le te  c ir c u it  
d ia g r a m  o f  th e  lu m p e d  h y b r id  w a s  n o t g iv e n , o n ly  it s  ap p a re n t c ir c u it  u n d e r  e v e n  an d  o d d  
m o d e  e x c ita t io n . A s  su c h , i t  c o u ld  b e  r e a l i s e d  b y  e ith e r  F ir e s to n e ’ s  o r  M o n te a th ’ s  c ir c u it . 
It i s  in te re s t in g  to o  to  n o te  th a t  th e  a u th o r  s ta te s  d o g m a t ic a l ly  th a t  a t th e  t im e  o f  w r it in g  
(M a y , 1 9 6 5 ) th e re  w a s  “ n o  l it e r a tu r e  r e a d i l y  a v a i la b le  on  th e  lu m p e d  e le m e n t d ir e c t io n a l 
c o u p le r” . A s  F ir e s to n e  a n d  M o n te a th  b o th  d id  n o t p u t m u c h  a n a ly s is  in  th e  p u b lic a t io n s  
m e n tio n e d  a b o v e , th is  s ta te m e n t w o u ld  a p p e a r  to  b e  tru e . H e  d o e s  h o w e v e r  r e f e r  to  th e  
w o rk  o f  H . S e id e l ,  b u t th is  w a s  o n  th e  b a s is  o f  p r iv a te  c o rre sp o n d e n c e , an d  no  p u b lis h e d  
r e fe r e n c e s  a r e  g iv e n .
2.3 The Work of Cappucci
In  A u g u s t  1 9 6 5 , C a p p u c c i an d  S e id e l  f i le d  a  p a te n t  e n t it le d  “ F o u r  P o rt D ir e c t iv e  C o u p le r  
h a v in g  E le c t r ic a l S y m m e t r y  w ith  R e s p e c t  to  B o th  A x e s ” [4 ] ,  in  w h ic h  th e y  d e s c r ib e  a  
q u a d ra tu re  c o u p le r  c o m p o se d  o f  tw o  f ir s t  o rd e r  lu m p e d  e le m e n t  q u a d ra tu re  s e c t io n s  w ith  
d e la y  l in e s  in  b e tw e e n . T h e  f ir s t  o rd e r  s e c t io n s  w e r e  th e  s a m e  c ir c u it  a s  F ir e s to n e  
p re sen te d . A lth o u g h  th e  p a te n t  w a s  d ra w n  u p  n o t l im it e d  to  a n y  s p e c if ic  c o u p lin g , tw o  
e x a m p le s  w e r e  g iv e n  o f  3 d B  c o u p le r s , in d ic a t in g  th a t h y b r id s  w e r e  in  v ie w . T h is  w a s  a  
s ig n if ic a n t  s tep  fo rw a rd  in  lu m p e d  e le m e n t  q u a d ra tu re  h y b r id  d e s ig n , in  th a t th e  r e s u lt in g  
c ir c u it  p o s s e s se d  a  m u c h  g r e a te r  b a n d w id th . T h e  n e w  d e s ig n  e x h ib ite d  a n  a m p litu d e  
b a la n c e  p e r fo rm a n c e  o v e r  a n  o c ta v e , e q u a l to  th a t o f  a  s in g le  s e c t io n  o v e r  o n ly  a  2 0 %  
b a n d w id th .
T h is  id e a  w a s  d e v e lo p e d  fu r th e r  in  a  s e c o n d  p a te n t e n t it le d  “ L u m p e d  E le m e n t 
D ire c t io n a l C o u p le r”  [ 5 ] ,  in  w h ic h  th e  c ir c u its  o f  th e  p re v io u s  p a te n t w e r e  g iv e n  a  
p r a c t ic a l im p le m e n ta t io n . T h e  p r in c ip le  o f  p la c in g  d e la y  l in e s  b e tw e e n  tw o  s e c t io n s  w a s  
e x te n d e d  to  c o n s id e r  h ig h e r  n u m b e rs  o f  s e c t io n s  fo r  g r e a te r  b a n d w id th .
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C a p p u c c i e x te n d e d  h is  co n tr ib u t io n  in  J u ly  1 9 6 8  w h e n  h e  f i le d  a  p a te n t  e n t it le d  
“N e tw o rk s  u s in g  C a s c a d e d  Q u a d ra tu re  C o u p le r s , e a c h  C o u p le r  h a v in g  a  D iffe re n t C e n te r  
O p e ra tin g  F r e q u e n c y ” [6 ] . T h is  p a te n t d e s c r ib e d  h o w  f ir s t  o rd e r  lu m p e d  e le m e n t  s e c t io n s  
o f  th e  ty p e  u se d  in  h is  p re v io u s  p a te n ts  co u ld  b e  c a s c a d e d  to  m a k e  n e w  c o u p le r s  o f  m u c h  
g r e a te r  b a n d w id th , w ith  th e  a d d it io n  o f  a n  in v e r t in g  t r a n s fo rm e r  b e tw e e n  tw o  se c t io n s . 
O n ce  a g a in , th e  e m p h a s is  w a s  o n  “ c o u p le r s ” , r a th e r  th an  h y b r id s , th o u g h  th e  a n a ly s is  in  
th e  p a te n t fo c u se d  o n  c ir c u it s  w ith  e q u a l p o w e r  d iv is io n . T h e  a n a ly s is  id e n t if ie d  a  
f re q u e n c y  s y m m e tr ic  p ro p e r ty  in  th e  tr a n s fe r  fu n c t io n s  o f  th e  c o m p le te  c o u p le r , an d  a lso  
th a t th e  a n a ly s is  d e p e n d s  on  r a t io n a l C h e b y c h e v  fu n c t io n s . T h e  b a n d w id th  a c h ie v a b le  
u s in g  th e  d e s ig n s  in  th e  p a te n t w a s  n o t s p e c if ie d . T h is  is  a  p i t y ,  a s  th e  te c h n iq u e  c a n  b e  
u se d  to  m a k e  q u a d ra tu re  c o u p le r s , o f  m o d e s t  c o m p le x it y , w ith  a p p re c ia b ly  g r e a te r  
b a n d w id th  th an  a n y th in g  th a t h a d  e v e r  b e e n  d e s c r ib e d  in  th e  l i t e r a tu r e  p r e v io u s ly .
C a p p u c c i p u b lish e d  fu r th e r  p a p e rs  in  M ic r o w a v e s , m o s t  s ig n i f ic a n t ly  in  th e  J a n u a r y  
[7 ]  an d  F e b ru a ry  [8 ]  is s u e s  o f  1 9 7 3 . B y  th is  t im e , th e  te rm  “ q u a d ra tu re  h y b r id s ”  h a d  b e e n  
c o in e d , r a th e r  th a n  “ c o u p le r s ” . A lth o u g h  th e s e  a r e  m a in ly  a p p lic a t io n  n o te s  fo r  th e  
b e n e f it  o f  th e  c o m p a n y  fo r  w h ic h  h e  w o rk e d , th e y  do  c o n ta in  so m e  g r a p h s  sh o w in g  th e  
b a n d w id th  c a p a b i l i t y  o f  th e  d e s ig n s  p a te n te d  p r e v io u s ly  in  re f e r e n c e s  [4 ]  a n d  [ 5 ] ,  b u t n o t 
[6 ] .
2.4 Subsequent Work by Other Contributors
A fte r  C a p p u c c i, n o  a p p re c ia b le  p ro g re s s  h a d  b e e n  m a d e  in  th e  th e o ry  o f  q u a d ra tu re  
h y b r id s . A  p a p e r  b y  F ish e r  [9 ]  in  M a y  19 73  u s e d  th e  p r in c ip le s  o f  C a p p u c c i ’ s f ir s t  tw o  
p a te n ts  to d e r iv e  so m e  d e s ig n  in fo rm a tio n  fo r  th e  tw o -“ o b s ta c le ”  o c ta v e  b a n d  c ir c u it , an d  
h e  a lso  g a v e  th e  m e a s u re m e n ts  o f  tw o  c ir c u it s . U n fo r tu n a te ly , th e  d e s ig n  in fo rm a tio n  is  
o f  l im it e d  u s e , a s  o n ly  th e  p o in ts  o f  e q u a l p o w e r  d iv is io n  r e la t e d  to  th e  c en tre  f re q u e n c y  
o f  th e  lu m p e d  e le m e n t  s e c t io n s  a re  g iv e n . M o re  u s e fu l q u a n t it ie s  w o u ld  h a v e  b e e n  th e  
lo w e r  an d  u p p e r  f r e q u e n c y  l im it s .
T h e  c ir c u it  d e s c r ib e d  b y  M o n te a th  [3 ]  w a s  ta k e n  u p  b y  T o k e r  [1 0 ] ,  an d  fo rm e d  th e  
b a s is  o f  a  d ir e c t io n a l c o u p le r . T h is  c o n tr ib u to r  u s e d  a  c a s c a d e  o f  tw o  lu m p e d  e le m e n t 
se c t io n s  to  a c h ie v e  a  f la t  c o u p lin g  re sp o n se  o v e r  a  w id e  b a n d w id th . T h e  c o u p lin g  fa c to rs
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h e  w a s  in te re s te d  in  w e r e  w e a k , a n d  h e  w a s  n o t in te re s te d  in  th e  q u a d ra tu re  h y b r id  
p ro b le m .
C h e n  p u b lish e d  so m e  r e s u lt s  in  1 9 7 9  ( [1 1 ]  an d  [1 2 ])  a n d  a g a in  in  1 9 8 9  ( [1 3 ]  an d  
[ 1 4 ] )  o f  q u a d ra tu re  h y b r id s  o f  th e  C a p p u c c i m u lt i- s e c t io n  ty p e  ( [4 ]  an d  [5 ] ) .  T h e  m a in  
c o n tr ib u t io n  to  th e  a r t  w a s  so m e  d e s ig n  in fo rm a tio n  ( a lb e it  w ith  so m e  in a c c u r a te  g r a p h s ) . 
It i s  in te r e s t in g  to  n o te  th a t  th e  C a p p u c c i p a te n ts  w e r e  n o t r e fe r e n c e d , e v e n  th o u g h  h is  
w o rk  w a s  b a s e d  e n t ir e ly  o n  th em .
2.5 Commercial Products
It is  u n fo rtu n a te , fo r  th e  p u rp o se  o f  th is  th e s is , th a t m a n u fa c tu re r s  a r e  r e lu c ta n t  to  
d is c lo s e  d e ta i ls  a b o u t th e  c o n s tru c t io n  o f  th e ir  p ro d u c ts . H o w e v e r , p u b lis h e d  d a ta  o n  th e  
f r e q u e n c y  c h a r a c te r is t ic s  a n d  m e c h a n ic a l  d im e n s io n s , to g e th e r  w ith  th e  s m a ll  a m o u n t o f  
a p p lic a t io n  d a ta  g iv e n , c a n  g iv e  a  c lu e  a s  to  th e  m e th o d s  e m p lo y e d  in  th e  c o n s tru c t io n  o f  
c o m m e rc ia l q u a d ra tu re  h y b r id s . C o m m e rc ia l d a ta  is  u s e fu l in  th a t i t  g iv e s  a  g u id e  a s  to  
th e  c a p a b i l i t ie s  o f  th e  a v a i la b le  to p o lo g ie s .
2.5.1 Merrimac
M e r r im a c  is  th e  c o m p a n y  th a t e m p lo y e d  C a p p u c c i w h e n  h e  f i le d  h is  p a te n ts  d e s c r ib e d  
a b o v e . It w o u ld  n o t b e  s u rp r is in g  to  f in d  th a t th e ir  p ro d u c ts  e x h ib it  c h a ra c te r is t ic s  
c o n s is te n t w ith  th o se  p a te n ts . P ro d u c ts  o ffe re d  r a n g e  fro m  th e  n a r ro w  b a n d  f ir s t  o rd e r  
c ir c u it s  to  h ig h e r  o rd e r  u n its  w ith  d o u b le  d e c a d e  an d  g re a te r  b a n d w id th . T h e  f ir s t  o rd e r  
c ir c u it s  a re  a v a i la b le  u p  to  1G H z c e n tre  f re q u e n c y , w ith  in se r t io n  lo s s  q u o ted  a s  n o t m o re  
th an  0 .3 d B . P o w e r  h a n d lin g  is  a s  m u c h  a s  4 W , d e p e n d in g  on  p a c k a g e . T h e s e  d e s ig n s  a re  
l i k e l y  to  b e  b a s e d  o n  th e  p a te n ts  r e f e r e n c e d  [4 ]  an d  [5 ] .
O c tav e  b a n d  m o d e ls  a r e  s p e c if ie d  u p  to  1G H z a s  w e l l .  In  th is  c a s e , p o w e r  h a n d lin g  
is  l im it e d  to  1 W  an d  in s e r t io n  lo s s  is  u p  to  0 .5 d B . T h e se  d e s ig n s  a r e  a lso  l i k e l y  to  b e  
b a s e d  o n  th e  p a te n ts  r e f e r e n c e d  [4 ]  an d  [5 ] .
W ith  r e g a rd  to  th e ir  m u lt i-o c ta v e  m o d e ls , th e s e  a r e  s p e c if ie d  u p  to  4 0 0 M H z . A s  
m u c h  a s  12 5 :1  b a n d w id th  r a t io  is  o f fe re d . In se r t io n  lo s s  c a n  b e  a s  g r e a t  a s  2 d B  fo r  th e
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m o re  d e m a n d in g  f re q u e n c y  ra n g e d  m o d e ls  a t th e  h ig h e r  en d  o f  th e ir  b a n d , b u t is  g e n e r a l ly  
b e tte r  th an  ld B .  P o w e r  h a n d lin g  i s  t y p ic a l l y  1 W , b u t w i l l  b e  lo w e r  fo r  th e  lo w e r  
f r e q u e n c y  m o d e ls , th is  r e d u c t io n  l i k e l y  to  b e  d e te rm in e d  b y  m a x im u m  f lu x  d e n s i ty  l im it s  
o f  m a g n e t ic  co m p o n en ts . T h e s e  d e s ig n s  a r e  l i k e l y  to  b e  b a s e d  on  th e  p a te n ts  re fe re n c e d  
[6 ] .
2.5.2 M/A-Com
M / A -C O M  o ffe r  a  r a n g e  o f  q u a d ra tu re  h y b r id s , w h o s e  f r e q u e n c y  r e s p o n s e  a p p e a rs  to  b e  
se co n d  o rd e r  an d  fo u rth  o rd e r . M a n y  o f  th e  s e c o n d  o rd e r  c ir c u it s  a r e  b a s e d  o n  a  p a te n t b y  
P o d e ll [1 5 ] .  T h e  c ir c u it  in  th is  p a te n t is  n o t a  p e r fe c t  h y b r id , in  th a t i t  h a s  lu m p e d  
c a p a c ito r s  to  g ro u n d  on  a l l  p o rts , th e re b y  c o m p ro m is in g  th e  m a tc h  c o n d it io n  a t h ig h e r  
f re q u e n c ie s . H o w e v e r , o v e r  a n  o c ta v e  b a n d , th e  p u b lis h e d  p e r fo rm a n c e  p lo ts  a p p e a r  
s im i la r  to  a  s e c o n d  o rd e r  re sp o n se . P ro d u c ts  a r e  a v a i la b le  w ith  o c ta v e  b a n d  p e r fo rm a n c e  
up  to  5 0 0 M H z . In se r t io n  lo s s  i s  q u o ted  a s  b e t te r  th a n  0 .7 5 d B , a n d  p o w e r  h a n d lin g  is  4 W . 
T h o u g h  o c ta v e  b a n d  m o d e ls  a r e  o ffe re d  w ith  h ig h e r  o p e ra t in g  f r e q u e n c y  th a n  5 0 0 M H z , it  
i s  l ik e l y  th a t th e s e  a r e  d is tr ib u te d  c ir c u it s , a s  th e  f r e q u e n c y  re s p o n s e  d is p la y s  an  
a r ith m e t ic  s y m m e t r y  ab o u t th e  c e n tre  f r e q u e n c y .
F o r  th e  fo u rth  o rd e r  c ir c u it s , no  in fo rm a tio n  is  g iv e n  a s  to  th e  in te rn a l c o n s tru c tio n . 
It m a y  b e  th a t  th e  d e s ig n  is  b a s e d  o n  th e  C a p p u c c i p a te n t [6 ] ,  o r  p e rh a p s  o n  so m e  o f  th e  
c ir c u its  a p p e a r in g  in  th is  th e s is , o r  o n  a n o th e r  u n d is c lo s e d  c ir c u it . B a n d w id th s  g r e a te r  
th an  a d e c a d e  a r e  a v a i la b le ,  w ith  in s e r t io n  lo s s  0 .4  to  0 .8 d B , d e p e n d in g  o n  th e  f r e q u e n c y  
ra n g e . T h e  m a x im u m  f re q u e n c y  is  1 4 0 M H z . P o w e r  h a n d lin g  i s  1W  m a x im u m .
2.5.3 Mini-Circuits
M in i- C ir c u it s  p ro d u c e  a  w id e  r a n g e  o f  q u a d ra tu re  h y b r id s . T h e s e  in c lu d e  f ir s t  an d  
se co n d  o rd e r  c ir c u it s , w ith  a  f re q u e n c y  r a n g e  o f  u p  to  1 ,8 7 5 M H z . L it t le  in fo rm a t io n  is  
g iv e n  a s  to  th e  in te rn a l c o n s tru c tio n , an d  i t  m a y  b e  th a t  th e  h ig h e r  f r e q u e n c y  u n its  a r e  in  
fa c t  d is tr ib u te d . P o w e r  h a n d lin g  i s  1W  fo r  n e a r ly  a l l  th e  p ro d u c ts .
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2.6 Summary
It is  e v id e n t fro m  th e  l it e r a tu r e  r e v ie w  th a t th e re  is  no  d e f in it iv e  te x t  o n  th e  s u b je c t  o f  
lu m p e d  e le m e n t p a s s iv e  a n d  e x a c t  q u a d ra tu re  h y b r id s . T h e  m o s t a d v a n c e d  tr e a tm e n t c a n  
b e  fo u n d  in  th e  C a p p u c c i p a te n t [6 ] ,  b u t e v e n  th a t o m its  n e a r ly  a l l  th e  th e o ry . N o 
r e f e r e n c e  c a n  b e  m a d e  to  a c t iv e  c ir c u it s  e ith e r . N o te  th a t th e  re f e r e n c e s  a r e  a l l  ta k e n  fro m  
p a p e rs  an d  p a te n ts , an d  th a t  th e re  a re  no  r e f e r e n c e s  to  te x tb o o k s . L e a v in g  a s id e  th e  
p o s s ib i l i t y  o f  d e v e lo p in g  th e  th e o ry  fu r th e r , e v e n  th e  e x is t in g  th e o ry  n e e d s  to  b e  p re s e n te d  
in  a  c o h e s iv e  fo rm . T h is  th e s is  a tte m p ts  to  m a k e  a  s ta r t o n  b o th  th e s e  o b je c t iv e s .
A  c o n s id e ra t io n  o f  c o m m e rc ia l p ro d u c ts  is  im p o rtan t fo r  c o m p a r iso n  p u rp o se s . T h e  
th e o iy  p re s e n te d  in  th is  th e s is  is  a p p lie d  to  p r a c t ic a l c ir c u its  th a t  c a n  b e  b u i l t  an d  te s te d . 
T h e  p e r fo rm a n c e  o f  th e  n e w  c ir c u it s  c a n  th e n  b e  c o m p a re d  w ith  e x is t in g  c o m m e rc ia l 
p ro d u c ts  to  s e e  i f  p ro g re s s  h a s  b e e n  m a d e .
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3.1 Introduction
T h e  f ir s t  lo g ic a l  s tep  in  th e  tr e a tm e n t o f  q u a d ra tu re  h y b r id s  is  to  c o n s id e r  th e  fu n d a m e n ta l 
l im ita t io n s  th a t n e tw o rk  th e o ry  im p o se s  o n  a n y  p ro p o se d  s p e c if ic a t io n . S o m e  in fo rm a tio n  
on  t l i is  m a tte r  c a n  b e  g le a n e d  fro m  th e  lit e r a tu re . U n fo r tu n a te ly , th is  m a te r ia l  i s  
in s u f f ic ie n t  in  th a t th e  th e o ry  p re se n te d  ta k e s  e x is t in g  c ir c u it s  a s  it s  s ta r t in g  p o in t , r a th e r  
th an  d e r iv in g  th e  th e o ry  fro m  f ir s t  p r in c ip le s . T h e  r e a s o n  fo r  th is  is  u s u a l l y  th a t th e  
au th o r  in  e a c h  c a s e  h a d  a  p a r t ic u la r  a p p lic a t io n  in  m in d , an d  w o u ld  p a s s  o v e r  so m e  o f  th e  
d e ta il . U s u a l ly  th is  d e ta i l  i s  n o t o f  p r a c t ic a l in te re s t , b u t so m e t im e s  th e  o m is s io n  r is k s  
n e g le c t in g  a  p o te n t ia l ly  u s e fu l l in e  o f  e n q u ir y . F o r  th is  r e a s o n , th e  fu n d a m e n ta l 
l im ita t io n s  w i l l  b e  g iv e n  a  th o ro u g h  tr e a tm e n t in  th is  th e s is . T h is  w i l l  h a v e  th e  ad d e d  
a d v a n ta g e  o f  e s ta b lis h in g  th e  n o m e n c la tu re  th a t  w i l l  b e  u s e d  s u b se q u e n t ly .
3.2 Preliminary Quadrature Requirements
C o n s id e r  f ir s t  o f  a l l  a  g e n e ra l c ir c u it  g iv in g  tw o  o u tp u ts  in  q u a d ra tu re  w h e n  so u rc e d  fro m  
a  g e n e ra to r . F o r  th e  t im e  b e in g , i t  w i l l  o n ly  b e  r e q u ir e d  th a t  th e  c ir c u i t  sh o u ld  b e  lu m p e d , 
an d  m a y  c o n s is t  o f  a c t iv e  an d  n o n -re c ip ro c a l e le m e n ts  a s  w e l l  a s  p a s s iv e  e le m e n ts . S u c h  
a  d iv id e r  is  sh o w n  in  F ig u r e  3 -1 . T h e  e x c ita t io n  an d  r e s p o n se s  m a y  b e  e x p re s s e d  as  
v o lt a g e s , c u rre n ts  o r  t r a v e l l in g  w a v e  a m p litu d e s , b u t  fo r  th e  m o m e n t i t  i s  a s su m e d  th a t 
th e y  a re  a l l  v o lt a g e s .
A s  th e  c ir c u it  c o n s is ts  o f  lu m p e d  e le m e n ts , th e  tr a n s fe r  fu n c t io n s  c a n  b e  e x p re s s e d  
a s  ra t io n a l p o ly n o m ia ls  o f  th e  c o m p le x  f r e q u e n c y  p a ra m e te r  s .  S u p p o se  th a t th e  t r a n s fe r  
fu n c t io n s  a r e  g iv e n  b y :
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O/P 1
G E N E R A L  
I/P Q U A D R A T U R E
Y d
V i □ r
D IV ID E R
Q/P2 Vo2
F ig u re  3 -1  G e n e ra l Q u a d r a tu r e  D iv id e r  C ir c u it
(3 .2 )
T h e  d e n o m in a to rs  in  E q n s .3 .1  a n d  3 .2  w i l l  b e  H u rw itz , in  o rd e r  to  g iv e  a  s ta b le  
c ir c u it . O th er re s tr ic t io n s  c a n  b e  p la c e d  o n  th e  e q u a t io n s . F o r  e x a m p le , th e  n u m e ra to rs  
c a n n o t b e  o f  h ig h e r  o rd e r  th an  th e  d e n o m in a to rs , in  o rd e r  to  a v o id  a n  in f in it e  r e s p o n s e  a s  
f re q u e n c y  in c r e a s e s  to  in f in it y .  It i s  a ls o  c o n v e n ie n t  to  fo rb id  d e n o m in a to r  z e ro s  o n  th e  
im a g in a r y  a x is .  A lth o u g h  th e y  a r e  p e r m is s ib le  in  g e n e ra l c ir c u it s , th e y  co rre sp o n d  to  
c a s e s  w h e r e  an  in f in it e  r e sp o n se  r e s u lt s  f ro m  a  f in it e  e x c ita t io n  (u n -d a m p e d  o s c i l la t io n )  
an d  a re  o f  no  p r a c t ic a l v a lu e .
It is  d e s ir e d  th a t th e  tw o  o u tp u ts  sh o u ld  b e  in  q u a d ra tu re  a t a l l  f r e q u e n c ie s , in  o th e r  
w o rd s  th e  r a t io  i s  p u r e ly  im a g in a r y  o n  th e  im a g in a r y  a x is . T h e  ra t io  is  g iv e n  b y :
In  E q n .3 .3 , fo r  th e  r ig h t  h an d  s id e  to  b e  p u r e ly  im a g in a r y  o n  th e  im a g in a r y  a x is ,  i t  
m u s t  b e  an  o d d  fu n c t io n  o f  s .  N o w , th e  d e n o m in a to rs  b e in g  H u rw itz , a r e  c o m p o se d  o f  
f a c to rs  w h ic h  a r e  n e ith e r  o d d  n o r  e v e n , a n d  so  m u s t c a n c e l in  th e  fo rm a tio n  o f  E q n .3 .3  
a n d  h e n c e  b e  e q u a l . E q n .3 .3  th e n  s im p lif ie s  to :
(3 .4 )
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A fte r  co m m o n  fa c to rs  h a v e  b e e n  c a n c e l le d  o n  th e  r ig h t  h a n d  s id e  o f  E q n .3 .4 , th e  
r e s u lt  w i l l  b e  th e  ra t io  o f  an  e v e n  an d  o d d  fu n c t io n . T h e  s im p le s t  s o lu t io n  th e re fo re  is  
w h e n  no  c o m m o n  fa c to rs  a re  p re sen t .
In  s u m m a r y  th e n , fo r  a  c ir c u it  to  b e  a  q u a d ra tu re  d iv id e r , th e  t r a n s fe r  fu n c t io n s  to  
th e  tw o  o u tp u ts  m u s t  p o s s e s s  a  c o m m o n  d e n o m in a to r , an d  th e  n u m e ra to rs  m u s t c o n s is t  o f  
co m m o n  fa c to rs  m u lt ip l ie d  b y  a n  e v e n  fu n c t io n  in  o n e  c a s e  an d  an  o d d  fu n c t io n  in  th e  
o th er. T h e  s p e c if ic a t io n  o f  th e s e  t r a n s fe r  fu n c t io n s  w i l l  b e  a c c o rd in g  to  th e  p a r t ic u la r  
c ir c u it  s p e c if ic a t io n , w h ic h  u s u a l l y  m e a n s  m in im is in g  th e  d if f e r e n c e  in  a m p litu d e  o v e r  a  
p a r t ic u la r  f r e q u e n c y  r a n g e .
3.3 The Loss-less Hybrid
Q u ad ra tu re  h y b r id s  a re  a  f re q u e n t re q u ir e m e n t in  r a d io  f r e q u e n c y  c ir c u it s . F o r  th e s e  
p u ip o s e s  it  i s  d e s ir a b le  to  c o n s tru c t th e m  w ith  lo s s - le s s  e le m e n ts . T h e  re a s o n  fo r  th is  i s  in  
o rd e r  to  m in im is e  lo s s  o f  s ig n a l .  T h is  is  im p o rta n t fo r  e x a m p le  in  r e c e iv e r  c ir c u it s  to  g iv e  
im p ro v e d  n o is e  f ig u r e , an d  in  p o w e r  a p p lic a t io n s  to  a v o id  e x c e s s  d is s ip a t io n . It i s  a lso  
d e s ir a b le  th a t th e  p o rts  sh o u ld  b e  m a tc h e d  to  a  c h a r a c te r is t ic  im p e d a n c e , u s u a l ly  r e a l .  
T h is  is  im p o rta n t in  s y s te m s  to  re d u c e  r e f le c t io n s . T h e  a n a ly s is  o f  th e s e  c ir c u its  w i l l  b e  
ap p ro a c h e d  u s in g  s c a t te r in g  ( s )  p a ra m e te r s .
In  th e  a n a ly s is  th a t fo llo w s , i t  w i l l  b e  a s su m e d  th a t th e  c ir c u it s  a r e  m a tc h e d  o n  a l l  
p o rts  to  th e ir  c h a r a c te r is t ic  im p e d a n c e . In  g e n e r a l ,  th e  im p e d a n c e  a t e a c h  p o rt m a y  n o t 
n e c e s s a r i ly  b e  th e  s a m e , th o u g h  u s u a l l y  an d  m o s t c o n v e n ie n t ly  i t  w i l l  b e . In  a d d it io n , i t  
m a y  n o t b e  th e  c a s e  th a t e a c h  an d  e v e r y  p o rt h a s  o n e  te rm in a l c o n n e c te d  to  a  c o m m o n  
g ro u n d , th o u g h  a g a in  i t  i s  c o n v e n ie n t i f  i t  is .  I n i t ia l ly  to o , th e  q u a d ra tu re  r e q u ire m e n t w i l l  
n o t b e  in v o k e d . T h e  a n a ly s is  w i l l  a ls o  b e  c o n f in e d  to  th e  u s e  o f  lo s s le s s ,  r e c ip ro c a l 
e le m e n ts , th a t is  to  s a y ,  c a p a c ito r s , in d u c to rs  (b o th  s e l f  an d  m u tu a l)  an d  tr a n s fo rm e rs .
In  a  lo s s le s s  n e tw o rk , th e  m a tr ix  o f  ^ -p a ra m e te rs  is  u n i t a i y .  T h a t is  to  s a y ,  S  S  = /, 
w h e re  th e  s ta r  n o ta t io n  d en o te s  th e  t r a n s v e r s e  m a tr ix  o f  c o n ju g a te  e le m e n ts  fo r  th e  
p a r t ic u la r  c a s e  o f  s  -  j c o .  T h is  r e s u lt  a r is e s  fro m  th e  fa c t  th a t p o w e r  e n te r in g  th e  n e tw o rk  
is  e q u a l to  th a t  le a v in g . T h e  r e s u lt  is  t ru e  fo r  r e c ip ro c a l an d  n o n -re c ip ro c a l n e tw o rk s , 
th o u g h  o n ly  th e  fo rm e r  w i l l  b e  c o n s id e re d . N e ith e r  is  i t  n e c e s s a r y  fo r  th e  n e tw o rk  to  b e
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m a tc h e d  on  a l l  p o r ts , th o u g h  th e  n e tw o rk s  c o n s id e re d  h e re  a re . T h e  u n it a r y  p ro p e r ty  c a n  
b e  p ro v e d  a s  fo llo w s . F ir s t  p u t :
b  = S a  (3 .5 )
w h e re  b  i s  th e  c o lu m n  v e c to r  o f  e m a n a t in g  p o w e r  w a v e s , an d  a  i s  th e  co lu m n  
v e c to r  o f  in c id e n t  p o w e r  w a v e s . T h e  p o w e r  b a la n c e  w h e n  s  = j c o  c a n  b e  e x p re s s e d  a s :
b  b  = a  a  (3 .6 )
H o w e v e r , fro m  E q n .3 .5 ,
~b~b = ~a S * S a  (3 .7 )
A s  E q n s .3 .6  an d  3 .7  h o ld  tru e  fo r  an  a rb it r a r y  c h o ic e  o f  e x c ita t io n , th e  r ig h t  h a n d  
s id e s  m u s t b e  id e n t ic a l an d  h e n c e  th e  u n it a r y  p ro p e r ty  o f  S  i s  p ro v e d .
A t  f ir s t  g la n c e , i t  m ig h t  b e  th o u g h t th a t a  c ir c u it  w ith  th re e  p o rts  i s  a l l  th a t is  
r e q u ir e d  fo r a  q u a d ra tu re  h y b r id , c o m p r is in g  an  in p u t p o rt an d  th e  tw o  o u tp u t p o rts . A s  
a l l  th e  p o rts  a re  r e q u ir e d  to  b e  m a tc h e d , th e  m a t r ix  o f  5 -p a ra m e te rs  w i l l  b e  g iv e n  b y :
0 S 21
s 3 = 52i 0 *^ 23 (3 .8 )
_S 3l ^23 0 _
In  E q n .3 .8 , th e  r e c ip r o c a l  n a tu re  o f  th e  n e tw o rk  is  im m e d ia t e ly  a s su m e d . T h e  
u n it a r y  r e q u ire m e n t fo r  th is  m a t r ix  in  tu rn  r e q u ir e s  th a t :
‘^21*^21 +  ,S31,S31 =  S 2\S 2\ +  S 23S 23 =  ‘S'31*S'31 +  S 23S 23 =  L  ^  ^
^31^23 =  S 21S 23 =  S 2 lS 13 =  ^
It is  e v id e n t  th a t E q n s .3 .9  a r e  in c o n s is te n t . T h e  f ir s t  l in e  r e q u ir e s  a l l  th e  m a t r ix  
e le m e n ts  to  b e  n o n -z e ro , a n d  th e  s e c o n d  l in e  r e q u ir e s  th e m  a l l  to  b e  z e ro . It i s  th e re fo re  
n o t p o s s ib le  to  r e a l i s e  a  th re e  p o r t m a tc h e d  lo s s le s s  an d  r e c ip r o c a l  n e tw o rk . ( I f  n o n ­
re c ip ro c a l e le m e n ts  a r e  a l lo w e d , th e n  i t  i s  p o s s ib le , an d  th e  n e tw o rk  ta k e s  th e  fo rm  o f  a  
c ir c u la to r .)
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A s  th re e  p o rts  a r e  in s u f f ic ie n t , i t  i s  n e c e s s a r y  to  in c r e a s e  to  a  fo u r  p o rt n e tw o rk , fo r  
w h ic h  th e  ^ -p a ra m e te r  m a tr ix  is :
S A =
0 *21 *31 *41
*21 0 *23 *24
*31 *23 0 S 43
*41 *24 *43 0
(3 .1 0 )
A s  th e  m a tr ix  is  s y m m e t r ic a l , i t  i s  c o n v e n ie n t w h e n  c o n s id e r in g  th e  u n it a r y  
p ro p e r t ie s  to  m u lt ip ly  th e  e le m e n t v a lu e s  fro m  o n e  ro w  w ith  th e  c o n ju g a te  v a lu e s  o f  e ith e r  
th e  s a m e  ro w  to  g iv e  a  u n it y  r e s u lt , o r  a  d if fe r e n t  ro w  to  o b ta in  a  z e ro  r e s u lt ,  r a th e r  th an  
m u lt ip ly in g  a  ro w  b y  a  c o lu m n . C o n s id e r in g  f ir s t  th e  m u lt ip l ic a t io n  o f  th e  s a m e  ro w  
n u m b e rs , i t  fo l lo w s  th a t:
**21*21 +  *31*31 +  S 41s 41 =  D  
*21*21 +  *23*23  +  *24*24  =  D  
*31*31 +  *23*23 +  *43*43 =  D  
*41*41 *24*24  +  S 42S 43 ~  ^
(3 .1 1 )
I f  a  p ro c e s s  o f  e l im in a t io n  a n d  b a c k  s u b s t itu t io n  is  p e r fo rm e d  o n  E q n s .3 .1 1, th e n  i t  
w i l l  b e  fo u n d  th a t:
|*23| ~  |*4l|:>
(*43) “  |*2li>
U  = I*
(3 .1 2 )
31
It i s  s e e n  th en  fro m  E q n s .3 .1 2  th a t th e  m a g n itu d e  o f  th e  t r a n s fe r  fu n c t io n  fro m  o n e  
p o rt to  an o th e r  in  a  fo u r  p o rt lo s s le s s  an d  r e c ip ro c a l n e tw o rk  i s  th e  s a m e  a s  th a t f ro m  a  
th ird  p o rt to  th e  r e m a in in g  po rt.
F u rth e r  c o n s tra in ts  u p o n  th e  fo u r  p o rt a r e  d is c o v e re d  w h e n  th e  e le m e n ts  w h ic h  
e q u a te  to  ze ro  in  th e  p ro d u c t o f  th e  ^ -m a t r ix  w ith  it s  tr a n sp o se  c o n ju g a te  a r e  c o n s id e re d . 
M u lt ip ly in g  th e  c o n ju g a te s  o f  th e  e le m e n ts  o f  th e  f ir s t  ro w  w ith  th o se  o f  th e  r e m a in in g  
ro w s  g iv e s  r e s p e c t iv e ly :
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(3 .1 3 )
W ith  th e  a id  o f  E q n s .3 .12 , p u t th e  e le m e n ts  in  p o la r  fo rm  th u s :
1^ 2] — a Z a ,  
^31 =  b Z {3 , 
s41 =  c Z y ,
(3 .1 4 )
s 43 =  a Z ( a  +  6 \  
s 2 4 = b Z ( p +  </>), 
s 23 = c Z ( y  +  <p)
w h e re  a , b  an d  c  a r e  a l l  p u r e ly  r e a l  q u a n t it ie s . N o w  s u b s t itu te  th e s e  v a lu e s  in to  th e  
f ir s t  e q u a t io n  o f  E q n s .3 .1 3 , g iv in g :
T h e  c o m m o n  fa c to rs  fo r  e a c h  te rm  o f  th e  a b o v e  w i l l  c a n c e l le a v in g  o n ly  th e  a n g le s . 
A s  th e y  su m  to  z e ro , th e  a n g le s  in  e a c h  te rm  m u s t h a v e  a  d if f e r e n c e  o f  ± 1 8 0 ° . T h e  
e q u a t io n  th e n  s im p lif ie s  to :
N o w , i f  th e  e q u a t io n s  c o n s t itu t in g  E q n s .3 .1 5  a re  ad d e d  to g e th e r , th e  le f t  h a n d  su m s  
to  z e ro , a s  do  th e  te rm s  in  b r a c k e ts , le a v in g  o n ly  th e  ± 90° te rm s . A s  th e s e  c an n o t su m  to  
z e ro , th e  e q u a t io n s  a r e  c o n tra d ic to ry . T h e  p ro b le m  c a n  o n ly  b e  r e s o lv e d  b y  f ix in g  o n e  o f  
th e  p a ir s  o f  p a ra m e te r s  in  E q n .3 .1 2  to  z e ro . In  th is  a n a ly s is ,  s 2] an d  s 24 a r e  c h o se n  to  b e  
z e ro . It i s  th e n  o n ly  n e c e s s a r y  to  s a t is f y  th e  se c o n d  e q u a t io n  in  E q n s .3 .15 .
b Z ( -  f3 ).c Z (y  +  (£>) +  c Z ( -  y ).b Z (/3  +  (f) -  0
(3 .1 5 a )
S im i l a r ly  fo r  th e  o th e r  tw o  e q u a t io n s  in  E q n s .3 .13 , i t  w i l l  b e  fo u n d  th a t :
( 3 .1 5 b ,c )
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T h e  p r e c e d in g  a n a ly s is  p ro v e s  th a t  a  fo u r  p o rt lo s s le s s  r e c ip ro c a l an d  m a tc h e d  
n e tw o rk  is  d ir e c t io n a l, th a t  is  to  s a y  an  e x c ita t io n  o n  o n e  p o rt w i l l  g iv e  a n  o u tp u t o n  tw o  
o th e r  p o rts  w ith  th e  r e m a in in g  p o rt is o la te d . T h is  is  a  s a t is f a c to r y  r e s u lt  fo r  p r a c t ic a l 
r e a so n s , in  th a t  no  s ig n a l  w i l l  b e  lo s t .
3.4 The Quadrature Hybrid
H a v in g  in tro d u c e d  so m e  co n s tra in ts  on  n e tw o rk s  g iv in g  a  q u a d ra tu re  o u tp u t in  S e c t io n  
3 .2 , an d  in v e s t ig a t e d  th e  p ro p e r t ie s  o f  lo s s - le s s  h y b r id s  in  S e c t io n  3 .3 , th e  tw o  
c h a r a c te r is t ic s  c a n  n o w  b e  c o m b in ed , a n d  it  w i l l  b e  s e e n  th a t fu r th e r  im p o rta n t q u a l i t ie s  o f  
q u a d ra tu re  h y b r id s  c a n  b e  d e r iv e d . S u c h  a  fo u r-p o rt q u a d ra tu re  h y b r id  is  r e p re se n te d  in  
F ig u r e  3 -2 .
F ig u re  3 -2  F o u r  P o r t  Q u a d r a tu r e  H y b r id
T h e  a n a ly s is  o f  S e c t io n  3 .3  p ro v e d  th a t a  fo u r  p o rt lo s s le s s  h y b r id  h a s  is o la te d  p a ir s  
o f  p o rts , an d  p o rts  1 an d  3 an d  a lso  p o rts  2  a n d  4  w e r e  c h o se n  to  b e  is o la te d . I f  i t  i s  
su p p o sed  th a t p o rt 1 is  th e  in p u t p o rt, a n d  p o rts  2  an d  4  a r e  th e  q u a d ra tu re  o u tp u ts , th en  
E q n .3 .1 5 b  p la c e s  c o n s tra in ts  o n  th e  p h a s e  c h a r a c te r is t ic s  o f  a n  e x c ita t io n  a t p o rt 3 . In  
E q n .3 .1 5 b , th e  le f t  h a n d  s id e  is  th e  d if fe r e n c e  in  t r a n s m is s io n  p h a s e  b e tw e e n  th e  s ig n a ls  
fro m  th e  in p u t p o rt to th e  tw o  o u tp u ts . I f  th e s e  a r e  r e q u ir e d  to  b e  in  q u a d ra tu re , th e n  th e  
te rm  in  b ra c k e ts  o n  th e  r ig h t  h an d  s id e  m u s t e q u a l z e ro . H o w e v e r , th e  e le m e n ts  o f  th e  
te rm  in  b ra c k e ts  a r e  h a l f  th e  d if fe re n c e s  in  p h a s e  a n g le  fro m  o n e  o f  th e  s p e c if ie d  tr a n s fe r  
fu n c t io n s  {S21 o r  s 4j )  to  th e  u n s p e c if ie d  t r a n s fe r  fu n c t io n  (S43 o r  S23) ,  a n d  so  th e y  m u s t b e  
e q u a l , i .e .  0  = yz. T h is  m e a n s  th a t  a  s ig n a l  a t p o rt 3 w i l l  a lso  p ro d u c e  a  q u a d ra tu re
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r e s p o n s e  to  p o rts  2  an d  4 . I f  th e  in d iv id u a l  p h a s e  d if fe re n c e s  ( 6  an d  cp) a r e  z e ro , th e n  th e  
fo u r  p o rt b e c o m e s  c o m p le te ly  s y m m e t r ic , an d  w i l l  b e h a v e  a s  a  q u a d ra tu re  h y b r id  w ith  
e x c ita t io n  a t  a n y  p o rt. It w i l l  a lso  b e  a  q u a d ra tu re  h y b r id  fro m  th e  p o in t  o f  v ie w  o f  a n y  
p o rt i f  th is  p h a s e  a n g le  is  1 8 0 ° , b u t n o t i f  so m e  o th e r  a rb it r a r y  d e la y  in  th e  fo rm  o f  an  a l l ­
p a s s  fu n c t io n  is  p la c e d  a t  p o rt 3 . F o r  th e  p re s e n t i t  w i l l  b e  a s su m e d  th a t  th e  h y b r id  d o e s  
n o t c o n ta in  a l l -p a s s  fu n c t io n s  in  it s  tr a n s fe r  fu n c t io n s , b u t th e ir  in c lu s io n  w i l l  b e  
c o n s id e re d  la te r .
T h e  a n a ly s is  o f  S e c t io n  3 .3  i s  g e n e r a l in  th e  s e n s e  th a t i t  is  a p p l ic a b le  to  b o th  
lu m p e d  an d  d is tr ib u te d  n e tw o rk s . C o n f in in g  th e  a n a ly s is  n o w  to  lu m p e d  e le m e n ts , th e  
tr a n s fe r  fu n c t io n s  w i l l  b e  e x p re s s e d  a s  th e  ra t io  o f  p o ly n o m ia ls  in  5 o f  th e  fo rm  g iv e n  b y  
E q n s .3 .1  a n d  2 . In  S e c t io n  3 .2  i t  w a s  sh o w n  th a t th e  n u m e ra to rs  p o s s e s s e d  an  e v e n  an d  
o d d  c h a r a c te r is t ic . T o  in d ic a te  th is , th e  su b sc r ip ts  e  an d  o  w i l l  b e  a s s ig n e d  to  th e  
n u m e ra to r  fu n c t io n s . In  a d d it io n , th e  n u m e ra to r  w ith  th e  e v e n  c h a r a c te r is t ic  w i l l  b e  
a s s ig n e d  to  th e  t r a n s fe r  fu n c t io n  fro m  p o rt 1 to  4 . S im i la r ly  th e  o d d  n u m e ra to r  w i l l  b e  
a s s ig n e d  to  p o rt 2 . T h e  d e n o m in a to r  w a s  d is c o v e re d  to  b e  c o m m o n  to  b o th  tr a n s fe r  
fu n c t io n s , an d  so  it s  s u b sc r ip t  c a n  b e  d ro p p e d . T h e  tw o  tr a n s fe r  fu n c t io n s  to  b e  
c o n s id e re d  th e n  b e c o m e :
* 2 .0 )  =  " 1 + )  (3 -1 6 )
* 4 . 0 ) ( 3 -17)
C o n s id e r  n o w  th e  lo s s le s s  c h a r a c te r is t ic  o f  th e  h y b r id , w h ic h  g iv e s  r i s e  to  th e  
f o l lo w in g  e q u a t io n  (s e e  E q n .3 .1  l a ) :
1 0 < o ) L y ( -  j ® ) + ~  £  J 'm ) = 1 8 >
It is  a  r e s u lt  in  th e  th e o ry  o f  c o m p le x  fu n c t io n s  th a t a n  a n a ly t ic  fu n c t io n  th a t  is  
c o n s ta n t u p o n  a  l in e  s e g m e n t  is  a  c o n s ta n t e v e r y w h e r e  (N o te  th a t E q n s .3 .1 1 a r e  n o t 
s t r ic t ly  a n a ly t ic ,  b e c a u s e  o f  th e  c o n ju g a te  fu n c t io n . H o w e v e r , w h e n  th e  tr a n s fe r  fu n c t io n s  
a r e  e x p re s s e d  in  te rm s  o f  th e  f r e q u e n c y  v a r ia b le  s , f s ’ )  = f ( - s )  w h e n  s  = j c o  an d  so 
E q n .3 .1 8 b e c o m e s  a n a ly t ic ) .  F o r  E q n .3 .1 8 , th is  l in e  s e g m e n t is  th e  e n t ir e  im a g in a r y  a x is ,
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so  i t  i s  p e r m is s ib le  to r e p la c e  j c o  w ith  5. H a v in g  m a d e  th is  s u b s t itu t io n , E q n .3 .1 8  
b e c o m e s :
u X s ) N e { - s ) + N 0( S)N d { - s )  =  D {S)D(-s3 .1 9 )
It is  a p p ro p r ia te  n o w  to  in v e s t ig a t e  E q n .3 .1 9  w ith  r e g a rd  to  th e  p r e v io u s ly  a d m it te d  
p o s s ib i l i t y  th a t th e  n u m e ra to r  fu n c t io n s  h a v e  c o m m o n  fa c to rs . I f  co m m o n  fa c to rs  do 
e x is t , th en  th e y  m u s t  b e  fa c to rs  o f  th e  r ig h t  h an d  s id e  o f  E q n 3 .1 9 . T h e  o n ly  p o s s ib i l i t ie s  
th a t w o u ld  n o t h a v e  g iv e n  r is e  to  c a n c e lla t io n s  p r io r  to  th e  fo rm a tio n  o f  E q n .3 .1 9  a r e  o f  
th e  ty p e  ( s  -  z ) , w h e re  z  is  e ith e r  a  r e a l  n u m b e r  o r  o n e  o f  a  p a ir  o f  c o m p le x  c o n ju g a te s  
w ith  a  p o s i t iv e  r e a l p a r t. F o r  e a c h  o f  th e s e  fa c to r s  th e re  w i l l  b e  a  c o rre sp o n d in g  fa c to r  in  
th e  d e n o m in a to r  o f  th e  fo rm  (5 + z ) . T h e s e  c a n  b e  r e c o g n is e d  a s  a l l - p a s s  fu n c t io n s . A s  
th e s e  in c r e a s e  th e  o rd e r  o f  th e  n e tw o rk  w ith o u t  a f f e c t in g  th e  a m p litu d e  re sp o n se , i t  is  
c o n v e n ie n t to  e l im in a t e  th em  fro m  th e  a n a ly s is  (A s  m e n tio n e d  a b o v e , th e y  w i l l  b e  
c o n s id e re d  la t e r ) .  It f o l lo w s  th en  th a t  th e  n u m e ra to r  fu n c t io n s  w i l l  n o t c o n ta in  co m m o n  
fa c to rs  an d  a r e  p u r e ly  e v e n  an d  o d d  r e s p e c t iv e ly . N o w , p u tt in g  N e ( - s )  = N e ( s )  an d
N 0( - s )  = - N 0 ( s )  in  E q n .3 .1 9  g iv e s :
N l ( * ) - N l ( s )  =  D ( s ) D ( - s )  (3 .2 0 )
A s  th e  n u m e ra to r  p o ly n o m ia l o f  th e  tr a n s fe r  fu n c t io n  fro m  p o rt 1 to  4  is  c h o se n  to  
b e  e v e n , th a t m e a n s  it  w i l l  b e  f in it e  a t  z e ro  f r e q u e n c y . In  fa c t , a l l  th e  p o w e r  m u s t  b e  
t r a n s fe r re d  to. th is  p o rt a t  z e ro  f r e q u e n c y , an d  so  i t  c a n  b e  th o u g h t o f  a s  th e  “ th ro u g h  p o r t” . 
C o r re s p o n d in g ly , th e  n u m e ra to r  fo r  th e  t r a n s fe r  fu n c t io n  fro m  p o rt 1 to  2  is  o d d  an d  
th e re fo re  z e ro  a t z e ro  f r e q u e n c y . T h is  p o rt th en  b e c o m e s  th e  “ c o u p le d  p o rt” . P o rt 3 w ith  
no  p o w e r  tr a n s fe r re d  to  i t  a t a n y  f re q u e n c y  b e c o m e s  th e  “ is o la t e d  p o rt” . C o n s id e r  n o w  
th e  m a g n itu d e  o f  th e  tr a n s fe r  fu n c t io n  fro m  p o rt 1 to  4 . T h is  w i l l  b e  g iv e n  b y  th e  
e q u a t io n :
h i C H I 2 “ ^ - t / ® ) ^ - ( - 7 ® )  ( 3 -2 1 )
N o w , s u b s t itu t in g  fo r  th e  d e n o m in a to r  fu n c t io n  u s in g  E q n .3 .2 0  g iv e s  a f te r  
r e a r ra n g e m e n t :
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1
(3 .2 2 )
1 + F 1( a i )
(3 .2 3 )
w h e re  F(cd) i s  a n  o d d  fu n c t io n  o f  cd an d  is  p u r e ly  r e a l .  It w i l l  b e  fo u n d  a lso  fo r  th e  
c o u p le d  p o rt:
(3 .2 4 )
T h e  s p e c if ic a t io n  o f  F ( cd)  is  th e  s ta r t in g  p o in t fo r  th e  d e s ig n  o f  q u a d ra tu re  h y b r id s .
F o r  e x a c t  e q u a l p o w e r  d iv is io n  i t  m u s t  o f  c o u rs e  b e  e q u a l to  ± u n ity . T h is  r e q u ir e m e n t is  
in  c o n tra d ic t io n  to  b e in g  a n  o d d  fu n c t io n , so  i t  is  n e c e s s a r y  to  m a k e  a n  a p p ro x im a t io n  
o v e r  th e  d e s ig n  f r e q u e n c y  b a n d . T h e  n a tu re  o f  th is  a p p ro x im a t io n  w i l l  d ir e c t  th e  m e th o d s
fu n c t io n . It w i l l  b e  r e f e r r e d  to  s u b s e q u e n t ly  a s  th e  “ f i l t e r in g  fu n c t io n ” . It p ro v id e s  a  
u s e fu l m e a n s  to  c o n s tru c t th e  r e q u ir e d  tr a n s fe r  fu n c t io n s , a s  th e s e  do  n o t n e e d  to  b e  
in d iv id u a l ly  c o n tr iv e d , b u t r e s u lt  d ir e c t ly  u s in g  E q n s .3 .2 3  a n d  2 0 . E v en  th o u g h  th is  
d e r iv a t io n  is  d ir e c t ly  a p p l ic a b le  to  p a s s iv e  lo s s le s s  c ir c u it s , th e  te c h n iq u e  a lso  p ro v id e s  a  
c o n v e n ie n t m e th o d  o f  d e te rm in in g  t r a n s fe r  fu n c t io n s  e v e n  w h e n  a c t iv e  c ir c u its  a r e  in  
v ie w .
T h e  u s e  o f  th e  p re v io u s  e q u a t io n s  c a n  b e  d e m o n s tra te d  b y  an  e x a m p le .
E x a m p le  3 .1
r e q u ire d  to  r e a l i s e  th e  p h y s ic a l  c ir c u it . T h e  fu n c t io n  i s  f a m il ia r  fro m  f i l t e r  th e o iy , w h e r e  
i t  is  v a r io u s ly  d e s c r ib e d  a s  th e  c h a r a c te r is t ic  fu n c t io n , f i l t e r in g  fu n c t io n  o r d e s c r ib in g
G iv e n  F ( c o )  ~  j , d e te rm in e  th e  c o rre sp o n d in g  tr a n s fe r  fu n c t io n s  fo r  th e
1 +  co
th ro u g h  an d  c o u p le d  o u tp u ts  o f  a  q u a d ra tu re  c o u p le r .
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S o lu t io n
A n a ly s is  o f  F(a>) r e v e a ls  th a t  i t  r e a c h e s  a  m a x im u m  o f  1 w h e n  ct)=  1 ,  h e n c e  i t  m a y  
b e  c o n s id e re d  a s  a  s e c o n d  o rd e r  m a x im a l ly  f la t  s o lu t io n  to  th e  g e n e r a l p ro b le m .
A p p ly in g  E q n .3 .2 3  fo r s = j c o  g iv e s :
N . ( s ) .... , 2 ■S'/./
N e { s)  J \ - s 1
g iv in g  N 0( s )  = 2 s
an d  N e ( s )  = \ - s 2
A p p ly in g  E q n .3 .2 0  g iv e s :
D ( 5 ) D ( - 5 )  = 5 4 - 6 / + l
W ith  th e  a b o v e  e q u a t io n  p a r t it io n e d  in to  it s  H u rw itz  a n d  a n t i-H u rw itz  p a ir , th e  
r e q u ire d  d e n o m in a to r  fu n c t io n  b e c o m e s :
D ( s )  -  s 2 + + 1
F in a l ly  th en , th e  tw o  tr a n s fe r  fu n c t io n s  b e c o m e :
S+ )  =  T 7 % — 7S +  y  8 s  +  1
an d  , « ( , ) ‘ 7 7 7 E T I
It sh o u ld  b e  p o in te d  o u t th a t th e  s ig n  o f  F ( c o )  i s  a rb it r a r y , so  th a t i t  i s  a p p ro p r ia te  
g iv e n  F ( c o )  to  p e r fo rm  th e  s y n th e s is  o f  th e  t r a n s fe r  fu n c t io n s  u s in g  -F ( c d ) .  N o t o n ly  th a t , 
th e re  is  a n  a m b ig u ity  o f  s ig n  in  d e te rm in in g  N 0 ( s )  a n d  N e ( s )  in  E q n .3 .2 3 , so  th a t  fo r  a  
g iv e n  N 0( s )  an d  N e ( s \  i t  w o u ld  b e  a ls o  a p p ro p r ia te  to  u s e  - N a( s )  a n d  - N e ( s ) .  B o th  th e s e  
c o n s id e ra t io n s  m e a n  th a t th e  s ig n  o f  b o th  Na( s )  an d  N e( s )  c a n  b e  c h o se n  a r b it r a r i ly .  T h e  
c h o ic e  w o u ld  d ep en d  on  h o w  th e  q u a d ra tu re  h y b r id  is  e v e n tu a l ly  s y n th e s is e d , a s  o n e
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p a r t ic u la r  s e le c t io n  m ig h t  b e  m o re  e a s i l y  r e a l i s e d  th an  o th e rs . T h e  a m b ig u ity  c o m e s  a s  no  
su rp r is e , a s  a  c h a n g e  in  s ig n  c a n  b e  e a s i l y  r e a l i s e d  s im p ly  b y  c h a n g in g  th e  p o la r i t y  
d e f in it io n  o f  th e  te rm in a ls  a t  a n y  g iv e n  p o rt.
It w a s  s e e n  in  S e c t io n  3 .3  th a t  th e  t r a n s fe r  fu n c t io n s  fro m  th e  is o la t e d  p o rt to  th e  
o u tp u t p o rts  w h e n  a l l-p a s s  fu n c t io n s  w e r e  e x c lu d e d  w e r e  e ith e r  th e  s a m e  o r in  a n t i-p h a se  
to  th e  tr a n s fe r  fu n c t io n s  fi'om  th e  in p u t  p o rt . H a v in g  d e f in e d  th e  t r a n s fe r  fu n c t io n s  fro m  
th e  in p u t p o rt b y  m e a n s  o f  E q n s .3 .16  an d  17 , i t  i s  p o s s ib le  to  c o n s tru c t th e  m a tr ix  o f  s -  
p a r a m e te r s  fo r th e  q u a d ra tu re  h y b r id  a s  b e lo w .
[ s ]  =
D Cs)
0  N0(s)0
J V »  0  ± N e ( s )  0  
0  ± N e ( s )  0  ± N a ( s )
N e ( s )  0 ± N 0( s )  0
(3 .2 5 )
N o te  th a t in  E q n .3 .2 5 , th e  c h o ic e  o f  + o r  -  m u s t b e  ta k e n  c o n s is te n t ly  th ro u g h  th e  
m a tr ix .
3.5 All-pass Functions
T h e  p r e s e n c e  o f  a l l -p a s s  fu n c t io n s  in  th e  q u a d ra tu re  h y b r id  w i l l  n o w  b e  c o n s id e re d . T h e  
s ta r t in g  p o in t  w i l l  b e  a  q u a d ra tu re  h y b r id  a s  d e s c r ib e d  b y  th e  ^ -p a ra m e te r  m a t r ix  o f  
E q n .3 .2 5 .
I f  an  a l l -p a s s  fu n c t io n  i s  a d d e d  to  th e  in p u t p o rt, th en  th e  o u tp u ts  w i l l  r e m a in  in  
q u a d ra tu re , a s  b o th  s ig n a l  p a th s  w i l l  b e  d e la y e d  b y  th e  s a m e  am o u n t. S im i l a r ly ,  th e  
a d d it io n  o f  th e  s a m e  a l l -p a s s  fu n c t io n  a t b o th  o u tp u t p o rts  2  an d  4  w i l l  s t i l l  r e s u lt  in  a  
q u a d ra tu re  re sp o n se . I f  a n  a l l - p a s s  fu n c t io n  is  ad d e d  to  th e  is o la t e d  p o rt 3 , th e n  no  c h a n g e  
w i l l  r e s u lt  in  th e  re sp o n se s  fro m  p o rt 1. In  a d d it io n , i f  a  s ig n a l  is  a p p lie d  a t p o rt 3 , th en  
th e  re sp o n se s  to  p o rts  2  an d  4  w i l l  s t i l l  b e  in  q u ad ra tu re . I f  th e  s a m e  a l l -p a s s  fu n c t io n  is  
a d d e d  a t b o th  p o rts  2  an d  4 , th en  a  s ig n a l  a p p lie d  a t p o rt 3 w i l l  s t i l l  g iv e  a  q u a d ra tu re  
re s p o n s e  to  p o rts  2  an d  4 .
I f  an o th e r  p o rt is  u s e d  a s  th e  in p u t , s a y  p o rt 2 , th en  th e  u s e  o f  th e  s a m e  a l l -p a s s  
fu n c t io n  on  p o rts  2  an d  4  w i l l  s t i l l  r e s u lt  in  a  q u a d ra tu re  re sp o n se  to  p o rts  1 a n d  3 .
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H o w e v e r , i f  an  a l l - p a s s  fu n c t io n  i s  a p p lie d  to  o n ly  p o rt 1 o r  p o rt 3 , th e n  o f  c o u rs e  th e  
re sp o n se s  w i l l  n o t b e  in  q u a d ra tu re . In  s u m m a r y  th e n , i f  an  a l l - p a s s  fu n c t io n  is  a p p l ie d  to  
o n e  p o rt o f  an  o th e rw is e  q u a d ra tu re  h y b r id , th e n  i t  m u s t  b e  a p p lie d  to  th e  o p p o s ite  p o r t fo r  
th e  h y b r id  to  re m a in  q u a d ra tu re  fo r  an  a rb it r a r y  p o r t a s s ig n m e n t .
T h e  m o st c o m m o n ly  u s e d  a l l - p a s s  fu n c t io n  is  a  le n g th  o f  t r a n s m is s io n  l in e . It i s  
ta k e n  fo r g ra n te d  th a t  in  th e  m e a s u re m e n t o f  a  p h y s ic a l  q u a d ra tu re  h y b r id , a  r e la t iv e  p h a s e  
m e a su re m e n t is  o n ly  v a l id  i f  th e  le n g th s  o f  tr a n s m is s io n  l in e s  fro m  th e  q u a d ra tu re  o u tp u t 
p o rts  to  th e  m e a s u re m e n t p o rts  a re  th e  s a m e . In  a n  e le c t r ic a l  s y s t e m  to o , c a r e  m u s t  b e  
ta k e n  in  th e  u s e  o f  q u a d ra tu re  h y b r id s  to  e n su re  th a t  th e  o u tp u ts  a r e  d e la y e d  b y  th e  s a m e  
am o u n t. It w i l l  b e  s e e n  su b se q u e n t ly  th a t q u a d ra tu re  h y b r id s  c a n  b e  c o n s tru c te d  u s in g  a  
c a s c a d e  o f  s im p le  s e c t io n s  w ith  t r a n s m is s io n  l in e s  p ro v id in g  th e  co n n ec t io n s  b e tw e e n  
s e c t io n s , in  w h ic h  c a s e  e q u a l le n g th s  m u s t  b e  u s e d .
It is  a lso  p o s s ib le  to  c o n s tru c t lu m p e d  e le m e n t  a l l - p a s s  s e c t io n s . A s  th e s e  o n ly  ad d  
to  c ir c u it  c o m p le x ity , th e re  is  no  n e e d  to  in c lu d e  th e m , u n le s s  th e y  b e c a m e  a  p h y s ic a l  
n e c e s s it y .  T o  d a te , n o  n e c e s s it y  h a s  b e e n  e n c o u n te re d .
3.6 Review of Literature
It is  in s tru c t iv e  to  c o m p a re  th e  r e s u lt s  o f  th e  p r e c e d in g  a n a ly s is  w ith  th e  l it e r a tu re . A s  
r e g a rd s  th e  p r e l im in a r y  q u a d ra tu re  re q u ir e m e n ts  o f  S e c t io n  3 .2 , th is  r e s u lt  d o e s  n o t s e e m  
to  h a v e  b e e n  n o ted  p r e v io u s ly . It i s  l i k e l y  th a t th is  is  b e c a u s e  m o s t o f  th e  w o rk  h a s  b e e n  
d o n e  w ith  d is tr ib u te d  c ir c u it s  in  m in d , an d  so  th e  e x p re s s io n  o f  t r a n s fe r  fu n c t io n s  in  te rm s  
o f  th e  c o m p le x  f r e q u e n c y  v a r ia b le  s  is  n o t ap p ro p r ia te .
T h e  r e s u lt s  o f  S e c t io n  3 .3  o n  th e  lo s s - le s s  h y b r id  a r e  p a r a l le l  to  th e  a n a ly s is  o f  
r e fe r e n c e  [1 6 ] .  T h e  a n a ly s is  h e re  i s  u s e fu l in  th a t  i t  i s  m o re  r ig o ro u s , a n d  d o e s  n o t 
im m e d ia t e ly  a s su m e  a  s y m m e tr ic a l fo u r-p o rt , a s  r e f e r e n c e  [1 6 ]  d o e s .
T h e  p ro p e r t ie s  o f  a  lo s s - le s s  q u a d ra tu re  h y b r id  a s  d is c u s s e d  in  S e c t io n  3 .4  c a n  a lso  
b e  fo u n d  in  p a r t  in  re f e r e n c e  [1 7 ] .  O n ce  a g a in  h o w e v e r , th e  au th o r  a s su m e s  a  s y m m e t r ic  
n e tw o rk , an d  o v e r lo o k s  th e  p o s s ib i l i t y  o f  a l l - p a s s  n e tw o rk s  an d  p h a s e  r e v e r s a ls  a t  th e  
p o rts . T h e  re a so n  fo r  th is  is  a g a in  th a t th e  a u th o r  w a s  in te re s te d  in  s h o w in g  th e  p ro p e r t ie s  
o f  p h y s ic a l  d is tr ib u te d  c ir c u it s , w h ic h  s e ld o m  i f  e v e r  e x h ib it  p h a se  r e v e r s a l .  T h u s  th e  S -
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m a tr ix  o f  E q n .3 .2 5  a p p e a rs  in  a  s im i la r  fo rm  in  re fe r e n c e  [1 7 ] ,  b u t d o e s  n o t a l lo w  fo r  th e  
p r e s e n c e  o f  th e  n e g a t iv e  p o s s ib i l i t y .  A lth o u g h  th e  c o n s id e ra t io n  o f  a l l - p a s s  n e tw o rk s  
m ig h t  b e  c o n s id e re d  a  t r iv ia l  o m is s io n , th e  u s e  o f  p h a se  in v e r s io n s  is  im p o rta n t , as  a t  le a s t  
o n e  c la s s  o f  q u a d ra tu re  h y b r id  ( th e  C a p p u c c i c la s s  c o n s id e re d  in  S e c t io n  5 .4 .1 )  r e q u ir e s  
th e ir  u s e .
T h e  d is c u s s io n  o f  S e c t io n  3 .5  o n  a l l -p a s s  fu n c t io n s  m a y  b e  c o n s id e re d  p e d a n t ic , b u t 
i s  in c lu d e d  h e re  fo r  th o ro u g h n e s s .
3.7 Realisability
T h e  s e c t io n s  a b o v e  g iv in g  th e  c o n s tra in ts  o f  th e  q u a d ra tu re  h y b r id  in  te rm s  o f  i t s  m a tc h , 
is o la t io n , “ lo s s le s s n e s s ”  an d  q u a d ra tu re  r e s p o n s e  h a v e  d o n e  so  w ith o u t m u c h  
c o n s id e ra t io n  a s  to  w h e th e r  in  p r in c ip le  su c h  n e tw o rk s  c an  b e  c o n s tru c te d  a t  a l l ,  le t  a lo n e  
w h e th e r  th e  r e q u ir e d  e le m e n t  v a lu e s  a r e  p r a c t ic a l .  T h e  tre a tm e n t i s  s e lf -c o n s is te n t  an d  
d o e s  n o t c o n tra v e n e  a n y  c ir c u it  la w s ,  b u t  i t  i s  n e c e s s a r y  to c o n s id e r  fu r th e r  th e  m o re  
p o s i t iv e  q u e s t io n  o f  w h e th e r  a  c ir c u it  th a t p e r fo rm s  so m e  g iv e n  s p e c if ic a t io n  c a n  b e  
r e a l is e d .
In  o rd e r  to  a d d re s s  th is  p ro b le m , th e  c o n c e p t o f  e v e n  a n d  o d d  m o d e  e x c ita t io n  is  
n o w  in tro d u c e d . T h is  c o n c e p t i s  n o t n e w ; b e in g  w e l l  e s ta b lish e d  in  th e  a n a ly s is  o f  b o th  
lu m p e d  an d  d is tr ib u te d  q u a d ra tu re  c o u p le r s . It is  a  u s e fu l to o l fo r  th e  p u ip o s e s  o f  th is  
a n a ly s is ,  in  th a t  i t  p ro v id e s  a  w a y  o f  s im p l if y in g  th e  s y n th e s is  p ro b le m . It w i l l  b e  
s u f f ic ie n t  to  a d d re s s  th e  p ro b le m  o f  th e  r e a l i s a t io n  o f  a  p e r f e c t ly  s y m m e t r ic a l  q u a d ra tu re  
h y b r id , t a k in g  th e  p o s it iv e  s ig n  o p tio n  in  E q n .3 .2 5 . T h e  n e g a t iv e  s ig n  o p tio n  c an  th e n  b e  
in fe r r e d  s im p ly  b y  r e d e f in in g  th e  p o la r it y  o f  th e  is o la te d  p o rt 3 .
R e f e r r in g  to  F ig u r e  3 -2 , a n  e v e n  e x c ita t io n  c a n  b e  a p p lie d  b y  p la c in g  e q u a l 
g e n e ra to rs  a t p o rts  1 an d  2 . O w in g  to  th e  is o la t io n  an d  m a tc h e d  p ro p e r t ie s  o f  th e  h y b r id , 
th e  in c id e n t  an d  r e f le c te d  w a v e s  c a n  b e  e a s i l y  d e te rm in e d  fro m  E q n .3 .2 5 . E v a lu a t io n  o f
th e  e q u a t io n  b  = S a , g iv e n  th a t  a 2 = a j  g iv e s :
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b \ = b , =  Y - ( s ) a ,
F ro m  th e  p o in t o f  v ie w  o f  p o rts  1 an d  4 , th e  c ir c u it  a p p e a rs  a s  a  n e tw o rk  w ith  a  
t r a n s m is s io n  c o e f f ic ie n t  o f  N J D  an d  a  r e f le c t io n  c o e f f ic ie n t  o f  N J D . T h e  s a m e  is  t ru e  
fro m  th e  p o in t  o f  v ie w  o f  p o rts  2  an d  3 . I f  th e  e x c i ta t io n  is  n o w  p la c e d  a t  p o rts  3 a n d  4 , 
w h e re  a 3 = a 4, th en  e v a lu a t io n  o f  E q n .3 .2 5  g iv e s :
*1 = b 2 = 
b l = b 4
T h e s e  tw o  r e s u lt s  c a n  b e  c o m b in e d  to  g iv e  a n  ap p a re n t c ir c u it  b e tw e e n  p o rts  1 an d  
4 , th e  s c a t te r in g  m a tr ix  o f  w h ic h  is  g iv e n  b y :
sE= 1 X 0 0  A ± ) j
I f . ( a ) .
(3 .2 6 )
E x a c t ly  th e  s a m e  m a tr ix  w i l l  b e  fo u n d  w h e n  p o rts  2  an d  3 a re  c o n s id e re d , b e c a u s e  
o f  th e  s y m m e t r ic a l p ro p e r t ie s  o f  th e  h y b r id .
A  s im i la r  p ro c e d u re  c an  b e  fo llo w e d  fo r  o d d  m o d e  e x c ita t io n , w h e r e b y  p o rts  1 an d  
2 a re  s u p p lie d  w ith  s ig n a ls  e q u a l in  m a g n itu d e , b u t o p p o s ite  in  s e n s e . T h e  r e s u lt in g  
ap p a re n t c ir c u it  fro m  th e  p o in t v ie w  o f  p o rts  1 an d  4  b e c o m e s :
(3 .2 7 )
N o te  th a t in  E q n .3 .2 6  an d  E q n .3 .2 7 , th e  t r a n s m is s io n  c o e f f ic ie n ts  a r e  id e n t ic a l .  O n 
th e  o th e r  h an d , th e  re f le c t io n  c o e f f ic ie n ts  a r e  o p p o s ite  in  s ig n . T h e  tw o  c ir c u it s  a r e  th u s  
d u a ls  o f  e a c h  o th e r , a t le a s t  e le c t r ic a l ly .  N o te  too  th a t  b o th  c ir c u it s  a r e  s y m m e tr ic a l a b o u t 
a  v e r t ic a l  a x is  ( a g a in , e le c t r ic a l ly ) .  P re v io u s  c o n tr ib u to rs  o n  th e  to p ic  o f  q u a d ra tu re  
h y b r id s  h a v e  n o te d  th is  d u a l i t y ,  fo r  e x a m p le  K u ro k a w a  [1 ]  an d  C a p p u c c i ( [ 4 ] , [ 5 ]  an d  [6 ] ) .  
T h is  c o n c e p t o f  d u a l i t y  is  a p p ro p r ia te  fo r  th e  a n a ly s is  o f  t r a n s m is s io n  l in e  c o u p le r s  a s
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w e l l ,  a s  th e  d u a l o f  a  le n g th  o f  t r a n s m is s io n  l in e  w ith  c h a r a c te r is t ic  im p e d a n c e  e q u a l to  
th e  e v e n  m o d e  im p e d a n c e  o f  a  m a tc h e d  c o u p le d  l in e  is  an  id e n t ic a l  le n g th  o f  t r a n s m is s io n  
l in e  w ith  c h a r a c te r is t ic  im p e d a n c e  e q u a l to  th e  o d d  m o d e  im p e d a n c e  o f  th a t s a m e  c o u p le d  
l in e .
In sp e c tio n  o f  E q n s .3 .2 6  an d  3 .2 7  le a d  to th e  c ir c u it  o f  F ig u r e  3 -3 . In  th is  c ir c u it , th e  
o r ig in a l n e tw o rk  is  a  r e a l i s a t io n  o f  E q n .3 .2 6 , w h ils t  th e  d u a l n e tw o rk  is  a  r e a l is a t io n  o f  
E q n .3 .2 7 . T h e  u s e  o f  th e  h y b r id  t r a n s fo rm e rs  (a s s u m e d  to  b e  p e r fe c t )  m a k e s  i t  p o s s ib le  to  
is o la t e  th e  tw o  m o d e s . In  th e  e v e n  m o d e , th e  c en tre  ta p p e d  p r im a r y  o f  th e  f ir s t  
tr a n s fo rm e r  g iv e s  r is e  to  a  f lu x  c a n c e lla t io n  in  th is  co m p o n en t, an d  h e n c e  no  p o te n t ia l 
d if fe r e n c e  in  th e  s e c o n d a ry . T h u s  th e  in p u t o f  th e  d u a l n e tw o rk  r e c e iv e s  no  s ig n a l .  T h e  
s a m e  s itu a t io n  e x is t s  fo r  th e  s e c o n d  tr a n s fo rm e r . In  th e  o d d  m o d e , th e  o r ig in a l n e tw o rk  
r e c e iv e s  no  s ig n a l ,  a s  th e  c e n tre  tap  o f  th e  f ir s t  tr an s fo rm e r  is  a t z e ro  p o te n t ia l,  o w in g  to 
s y m m e try . H o w e v e r , th is  t im e  th e re  is  a  p o te n t ia l d if fe r e n c e  c o u p le d  to  th e  s e c o n d a ry , 
an d  th e  d u a l n e tw o rk  r e c e iv e s  a  s ig n a l .  A g a in , th e  s a m e  s itu a t io n  a r is e s  in  th e  s e c o n d  
tr an s fo rm e r .
In  th e  c ir c u it  o f  F ig u r e  3 -3 , i t  is  n e c e s s a iy  to  s c a le  th e  e le m e n t  v a lu e s  o f  th e  
n e tw o rk s  fo r  im p e d a n c e . T h e  o r ig in a l  n e tw o rk  w i l l  h a v e  a  r e f e r e n c e  im p e d a n c e  th a t is  
h a l f  th a t o f  th e  a p p a re n t e v e n  m o d e  c ir c u it . T h e  d u a l n e tw o rk  w i l l  h a v e  a  r e f e r e n c e  
im p e d a n c e  th a t  is  tw ic e  th a t  o f  th e  a p p a re n t o d d  m o d e  c ir c u it , a s s u m in g  th e  tr a n s fo rm e rs  
h a v e  a  u n it y  tu rn s  r a t io .
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F ig u re  3 -3  A  G e n e ra lis e d  Q u a d ra tu re  H y b r id
(G ro u n d  c o n n ec t io n s  o m itte d  fo r  c la r i t y )
It i s  s e e n  th e n  th a t th e  p ro b le m  o f  r e a l i s a b i l i t y  c a n  b e  r e d u c e d  to  o n e  o f  d e te rm in in g  
a  lo s s - le s s , s y m m e tr ic  n e tw o rk  w ith  s -p a r a m e te r s  s a t is f y in g  E q n .3 .2 6 , an d  it s  d u a l . 
W h e th e r  o r  n o t n e tw o rk s  w ith  th e  r e q u ir e d  p ro p e r t ie s  c a n  b e  r e a l i s e d  b e c o m e s  a  m a tte r  o f  
c o n v e n tio n a l c ir c u it  s y n th e s is . C o m b in e d  w ith  tw o  p e r fe c t  tr a n s fo rm e rs , a s  in  F ig u r e  3 -3 , 
th e se  n e tw o rk s  w i l l  r e a l i s e  a  q u a d ra tu re  h y b r id . It sh o u ld  b e  p o in te d  o u t th a t o n ly  th e  
m a tte r  o f  r e a l i s a b i l i t y  h a s  b e e n  a d d re s se d . It d o e s  n o t m e a n  th a t  th e  c ir c u i t  o f  F ig u r e  3 -3  
i s  th e  b e s t  c o n f ig u ra t io n . It w i l l  b e  fo u n d  s u b s e q u e n t ly  th a t  th e  b e s t  r e a l is a t io n  w i l l  
d ep en d  on  o th e r  fa c to rs .
3.8 Conclusions
T h e  re s u lt s  o f  th is  c h a p te r  c a n  b e  s u m m a r iz e d  a s  fo l lo w s :
A  q u a d ra tu re  d iv id e r  h a s  th e  p ro p e r ty  th a t th e  r a t io  o f  th e  t r a n s fe r  fu n c t io n s  to  it s  
tw o  p o rts  is  a  p u r e ly  im a g in a r y  q u a n t ity .
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A  q u a d ra tu re  h y b r id  w ith  p e r fe c t  m a tc h  o n  a l l  p o rts  m u s t  b e  a  fo u r-p o rt n e tw o rk  
w ith  th e  fo u rth  p o rt is o la te d  fro m  th e  in p u t p o rt. It p o s s e s se s  tw o -p la n e  s y m m e tr y , e x c e p t  
fo r  a n  a rb it r a r y  p h a s e  r e v e r s a l  a t  o n e  p o r t ;
T h e  tr a n s fe r  fu n c t io n s  o f  a  q u a d ra tu re  h y b r id  c an  b e  s p e c if ie d  b y  m e a n s  o f  a  
f i l t e r in g  fu n c t io n  F ( p ) ) , w h ic h  is  a n  o d d  fu n c t io n  o f  f r e q u e n c y .
A  q u a d ra tu re  h y b r id  i s  r e a l i s a b le  i f  i t s  c o u p lin g  an d  th ro u g h  re s p o n s e  c a n  b e  
r e a l i s e d  a s  th e  r e f le c t io n  an d  tr a n s m is s io n  o f  a  tw o  p o rt n e tw o rk  an d  it s  d u a l .
T o  d a te , n o  r e s tr ic t io n s  o n  th e  fu n c t io n  F ( c o )  h a v e  b e e n  d is c o v e r e d  o th e r  th a n  th o se  
a lr e a d y  g iv e n . T h e  s p e c if ic a t io n  o f  F ( cq)  w i l l  h a v e  in  v ie w  th e  e v e n tu a l r e a l is a t io n  o f  th e  
q u a d ra tu re  h y b r id  an d  it s  s p e c if ic a t io n . S u ita b le  a p p ro x im a t io n  fu n c t io n s  w i l l  b e  
c o n s id e re d  in  th e  n e x t  ch ap te r .
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4  A p p r o x i m a t i o n s
4.1 Introduction
It w a s  fo u n d  in  S e c t io n  3 .4  th a t th e  f re q u e n c y  re sp o n se  o f  a  q u a d ra tu re  h y b r id  w a s  
d e te rm in e d  b y  a  fu n c t io n  n o m in a te d  a s  F ( c o ) ,  th e  re sp o n se s  b e in g  g iv e n  b y  E q n s .3 .2 2  an d  
2 4 . T h is  fu n c t io n  is  o d d  ( in  th e  m a th e m a t ic a l s e n s e ) . I d e a l ly ,  i t  s h o u ld  e q u a l u n it y , b u t 
th is  is  n o t p o s s ib le  u n iv e r s a l ly ,  an d  so  a n  a p p ro x im a t io n  h a s  to  b e  m a d e  fo r  th e  f re q u e n c y  
b an d  o f  o p e ra tio n . T h is  c h a r a c te r is t ic  d if f e r e n t ia te s  q u a d ra tu re  h y b r id s  f ro m  in -p h a s e  o r 
a n t i-p h a se  h y b r id s , w h e re  th e re  is  no  th e o re t ic a l l im ita t io n  to  f r e q u e n c y  re sp o n se , a n d  th e  
o n ly  l im ita t io n s  a re  d u e  to p h y s ic a l  c o n s tra in ts . T h e  fo rm  o f  F ( c o )  w i l l  d e te rm in e  th e  
fo rm  o f  q u a d ra tu re  h y b r id  r e q u ir e d  to  r e a l i s e  it .  In  C h a p te r  3 , th e  a n a ly s is  im p lie d  
F (Q )  = 0 , ra th e r  th an  F ( 0 )  = in f in it y .  T h is  c h o ic e  is  a rb it r a r y , a s  i t  w a s  d e c id e d  th a t  p o rt 4  
sh o u ld  b e  th e  th ro u g h  p o rt , an d  p o rt 2  th e  c o u p le d  p o rt ( S e e  F ig u r e  3 - 2 ) .  In  p r a c t ic e , i t  
m a y  b e  e a s ie r  a t th e  r e a l is a t io n  s ta g e  (fo r  e x a m p le  u s in g  a  c ir c u it  o f  th e  fo rm  sh o w n  in  
F ig u re  3 -3 )  to  r e v e r s e  th e  fu n c t io n s  o f  th e  tw o  o u tp u t p o r ts , an d  th u s  ad o p t a  fu n c t io n  
w h e re  F (Q )  = in f in ity .
It w i l l  b e  o b se rv e d  th a t m u c h  o f  th e  a n a ly s is  o f  C h a p te r  3 c o u ld  b e  a p p lie d  e q u a l ly  
to  lu m p e d  e le m e n t c ir c u it s , d is tr ib u te d  c ir c u it s  o r  e v e n  c ir c u its  c o m p o se d  o f  a  m ix tu r e  o f  
b o th , an d  so  in  it s  m o s t g e n e r a l s e n s e , F ( c o )  m ig h t  b e  e x p re s s e d  a s  a n  a rb it r a r y  o d d  
fu n c t io n . H o w e v e r , a s  th e  to p ic  u n d e r  c o n s id e ra t io n  is  lu m p e d  e le m e n t  q u a d ra tu re  
h y b r id s , i t  w i l l  b e  a s su m e d  th a t F(a>) w i l l  b e  e x p re s s e d  a s  a  r a t io n a l fu n c t io n  o f  co.
4.2 Optimisation Goal
In th e  p ro c e s s  o f  o p t im is in g  F ( c o )  to  u n it y  o v e r  th e  d e s ig n  f r e q u e n c y  b a n d , th e  q u e s t io n  o f  
w h a t d e v ia t io n  is  a c c e p ta b le  n e e d s  to  b e  d e c id e d . N o t o n ly  th a t , h o w  sh o u ld  th e  lo w e r  
an d  u p p e r  l im it s  b e  d e f in e d ?  F o r  e x a m p le , in  th e  d e s ig n  o f  w e a k  c o u p le r s , i t  i s  f r e q u e n t ly  
d e s ir e d  to  s p e c if y  th e  c o u p lin g  fa c to r  a s  so m e  m e a n  v a lu e , w ith  a  m a x im u m  d e v ia t io n
28
C h a p te r  4. A p p ro x im a tio n s
w ith in  c e r ta in  l im it s  o n  a  d e c ib e l s c a le , fo r  e x a m p le  “ lO dB  ± 0 .5 d B ” . H o w e v e r , th e  
p re se n t in te re s t  is  in  e q u a l p o w e r  d iv is io n  c ir c u it s , an d  so  th e  g o a l is  to m in im is e  th e  
im b a la n c e  o f  p o w e r  t r a n s fe r re d  to  th e  o u tp u ts . S u p p o se  th e n  th a t th e  t r a n s fe r  o f  p o w e r  is  
d e f in e d  to  b e  w ith in  th e  l im it s  54 ± 8 , an d  th a t  th e  lo w e r  l im it  o f  54 - 8  co rre sp o n d s  w ith  a  
v a lu e  o f  F (oS )  o f  m . A p p lic a t io n  o f  E q n s .3 .2 2  an d  2 4  w i l l  th e n  g iv e  th e  c o r re sp o n d in g  
v a lu e  o f  F ( c o )  a t th e  u p p e r  l im it  o f  54 + 8  a s  l/ m .  It is  th u s  s e e n  th a t th e  o p tim u m  
p e r fo rm a n c e  w i l l  b e  a c h ie v e d  b y  s p e c i f y in g  g e o m e tr ic  l im it s  to  F ( c o ) .
It w i l l  b e  a p p re c ia te d  th a t s p e c i f y in g  g e o m e tr ic  l im it s  to  F (oS )  w i l l  n o t g iv e  a n  e q u a l 
d e v ia t io n  on  a  d e c ib e l s c a le . In  th e  m o s t e x tr e m e  c a s e , w h e re  th e  c o u p le d  p o w e r  v a r ie s  
fro m  v i r tu a l ly  z e ro  to  u n it y , th e  m e a n  lo s s  o n  a  d e c ib e l s c a le  w i l l  b e  3 .0 1 d B , v a r y in g  fro m  
-  in f in it y  to + 3.01  d B . A s  th e  d e v ia t io n  is  r e d u c e d , th is  d is c r e p a n c y  b e c o m e s  m u c h  le s s  
s e v e re . F o r  e x a m p le , i f  th e  p o w e r  t r a n s fe r  to  a  p a r t ic u la r  p o rt is  s p e c if ie d  a s  0 .5  ± 0 .0 4 , 
th e n  th e  c o rre sp o n d in g  l im it s  o n  a  d e c ib e l s c a le  w i l l  b e  3 .01  d B  + 0 .3 3 d B / -0 .3 6 d B . F o r  
m a n y  p r a c t ic a l a p p lic a t io n s  w h e r e  th e  d e v ia t io n  is  s m a ll , a  d e c ib e l s p e c if ic a t io n  w i l l  b e  
s a t is f a c to r y . A  d e c ib e l s c a le  is  a ls o  u s e fu l  to  e x p re s s  th e  a m p litu d e  b a la n c e  o f  a  
q u a d ra tu re  h y b r id , th a t is  to  s a y  th e  m a x im u m  ra t io  o f  th ro u g h  to  c o u p le d  lo s s  o v e r  th e  
d e s ig n  f r e q u e n c y  b an d . A p p ly in g  E q n s .3 .2 2  a n d  3 .2 4  fo r  F ( c o )  = m  ( in  > 1 ), th is  c a n  b e  
e v a lu a te d  a s :
A ( d B )  = 2 0 .1 o g 101n  (4 .1 )
T h e  q u e s t io n  o f  w h a t  is  a  s a t is f a c to iy  s p e c if ic a t io n  fo r  a m p litu d e  b a la n c e  w i l l  
d e p e n d  on  th e  a p p lic a t io n . F o r  e x a m p le , i f  th e  q u a d ra tu re  h y b r id  i s  u s e d  in  a  b a la n c e d  
c ir c u it  su ch  a s  a  b a la n c e d  a m p lif ie r  s t a g e  o r  a tte n u a to r , a  v a lu e  o f  0 .6 d B  w i l l  u s u a l l y  b e  
q u ite  su f f ic ie n t . E v en  a  v a lu e  o f  a s  m u c h  a s  2 d B  c an  s t i l l  b e  u s e fu l fo r  th e s e  a p p lic a t io n s . 
O n th e  o th e r  h an d , i f  th e  a p p lic a t io n  is  fo r  a  H a r t le y  d is c r im in a to r , th e n  an  a m p litu d e  
b a la n c e  in  th e  re g io n  o f  0 .1  d B  o r  b e t te r  m a y  b e  n e c e s s a r y  in  o rd e r  to  s a t is f a c to r i ly  
a t te n u a te  th e  u n w a n te d  s id e -b a n d .
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4.3 F(co) as a Polynomial
T h is  s im p le  fo rm  o f  F ( cd )  a r is e s  i f  th e  d e n o m in a to r  o f  th e  in  g e n e r a l r a t io n a l 
fu n c t io n  is  a  c o n stan t. T h e  tr a n s fe r  fu n c t io n  a r is in g  c a n  b e  re c o g n is e d  a s  th e  s a m e  a s  a  
lo w  p a s s  f i l te r . T h is  fo rm  m a y  b e  a t t r a c t iv e , a s  i t  h a s  no  r ig h t  h a l f  p la n e  z e ro s  in  o n e  o f  
th e  tr a n s fe r  fu n c t io n s , an d  so  th e  e q u iv a le n t  e v e n  an d  o d d  m o d e  c ir c u it s  c a n  b e  r e a l i s e d  a s  
la d d e r  n e tw o rk s . T h e  r e q u ir e d  fo rm  fo r  F ( c o )  is :
F ( c o )  = a xco  + a 3c o 3+ . . .+ a llc o "  (4 .2 )
A  ty p ic a l  r e s p o n s e  fo r  F ( c o )  i s  sh o w n  in  F ig u r e  4 -1  fo r  n  = 5 , an d  a  lo w e r  p a s s -b a n d  
l im it  o f  c o  = 1/3. T h e  fu n c t io n  h a s  b e e n  n o rm a lis e d  su c h  th a t  it s  h ig h e s t  f r e q u e n c y  w ith in  
th e  p a s s -b a n d  l im it s  o c c u rs  a t c o  — 1. F o r  th e  c a s e  w h e n  n  — 5 , F ( l )  = m .  It w i l l  b e  
a p p re c ia te d  th a t w h e n  n  = 4./--1, th en  F ( l )  =  1/m, a n d  w h e n  n  == 4 .r - 3 ,  th e n  F ( l )  = m .
F (o o )
Figure 4-1 Fifth Order Example of F(co)
T h e  e v a lu a t io n  o f  th is  fo rm  o f  F ( c o )  i s  n o t a  n e w  c o n c e p t , a s  th e  p ro b le m  o c c u rs  
d u r in g  th e  d e s ig n  s ta g e s  o f  tr a n s m is s io n  l in e  c o u p le r s  [1 8 ] .  It is  in a p p ro p r ia te  to  t a k e  th e  
r e su lt s  fro m  th is  w o rk  h o w e v e r , a s  th e  d e s ig n  ta b le s  a r e  g iv e n  fo r  a r ith m e t ic  d e c ib e l
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l im it s . . T h is  is  b e c a u s e  in  th e ir  t r a n s m is s io n  l in e  c o u p le r  d e s ig n s , th e  au th o rs  w e r e  
c o n c e rn e d  w ith  g iv in g  m in im u m  d e v ia t io n  fro m  a  s p e c if ie d  c o u p lin g  v a lu e . T h e  e f fe c t  o n  
th e  th ro u g h  re s p o n s e  w a s  n o t a  co n c e rn . In  a d d it io n , d a ta  w a s  g iv e n  w ith  r ip p le  a s  th e  
s p e c if ie d  c r ite r io n . P r a c t ic a l s itu a t io n s  u s u a l ly  s p e c if y  th e  f r e q u e n c y  b an d . H o w e v e r , th e  
l i t e r a tu r e  d o e s  m a k e  a  c o n tr ib u t io n  to  th e  p re s e n t  w o rk , in  th a t  i t  p o in ts  o u t th a t th e re  i s  no  
a n a ly t ic a l  so lu t io n  fo r  th e  c o e f f ic ie n ts  in  E q n .4 .2 . It i s  th e re fo re  n e c e s s a iy  to  e m p lo y  
n u m e r ic a l m e th o d s .
T h e  p ro c e d u re  to  d e te rm in e  th e  c o e f f ic ie n ts  in  E q n .4 .2  is  to  o p t im is e  a l l  th e  m a x im a  
to  b e  th e  s a m e , a n d  a l l  th e  m in im a  to  b e  th e  s a m e . T h e  lo w e r  b a n d  e d g e  c h o se n  m u s t  b e  
o p t im is e d  to  th e  m in im u m  a s  w e l l .  T h e  u p p e r  b a n d  e d g e  m u s t  b e  o p t im is e d  to  e q u a l 
e ith e r  th e  m in im u m  o r  m a x im u m , d e p e n d in g  on  th e  v a lu e  o f  n ,  a s  d is c u s s e d  a b o v e . 
F in a l ly ,  th e  c o e f f ic ie n ts  o f  F ( c o )  a r e  s c a le d  so  th a t  th e  m in im u m  an d  m a x im u m  h a v e  a  
g e o m e tr ic  m e a n  o f  u n ity . It m a y  b e  th o u g h t th a t th is  f in a l c r ite r io n  c o u ld  b e  in tro d u c e d  
d u r in g  th e  o p t im is a t io n  o f  th e  m in im a  an d  m a x im a , b u t d o in g  i t  la s t  m a k e s  i t  p o s s ib le  to 
s im p l i f y  th e  n u m e r ic a l a n a ly s is ,  b y  a l lo w in g  o n e  c o e f f ic ie n t  to  b e  in i t i a l l y  f ix e d . T h is  
p ro c e d u re  a lso  g u a ra n te e s  th a t  th e  r e s u lt in g  F ( c o )  is  o p tim u m  in  th e  s e n s e  th a t i t  p ro v id e s  
th e  m in im u m  r ip p le  fo r  th e  o rd e r  o f  th e  p o ly n o m ia l . T h is  fa c t  c a n  b e  m o s t r e a d i ly  
a p p re c ia te d  b y  p o s tu la t in g  a  s e c o n d  fu n c t io n  b e tte r  th an  th e  f ir s t  (b e t te r  in  th e  s e n s e  th a t  
th e  m in im u m  an d  m a x im u m  a re  b o th  c lo s e r  to  u n it y ) .  I f  th e  z e ro s  o f  th e  f ir s t  m in u s  th e  
s e c o n d  a r e  in sp e c te d  (a s  s e e n  o n  th e  g ra p h  a t  th e  c ro s s in g  p o in ts ) , i t  w i l l  b e  s e e n  th a t  th e ir  
n u m b e r  is  g r e a te r  th an  th e  o rd e r  o f  F ( c o ) .  It th e re fo re  fo llo w s  o f  n e c e s s it y  th a t  th e  s e c o n d  
im p ro v e d  fu n c t io n  is  o f  h ig h e r  o rd e r  th a n  F ( c o ) .  T h is  a rg u m e n t is  a  f a m il ia r  o n e  in  f i l t e r  
th e o ry .
R e f e r r in g  to  th e  s p e c if ic  c a s e  in  F ig u r e  4 -1 , a t  co\ an d  a p ,  th e  d if f e r e n t ia l  o f  F(a>) 
e q u a ls  z e ro . A ls o  F ( c o d)  e q u a ls  F ( a p )  an d  F(a>\) e q u a ls  F ( l ) .  T h is  in fo rm a tio n  is  
s u f f ic ie n t  to  g iv e  a  s c a le d  in te rm e d ia te  v e r s io n  o f  th e  f in a l  fu n c t io n . I f  th e  g e o m e tr ic  
m e a n  o f  th e  v a lu e s  o b ta in e d  b y  s e t t in g  c o  to  a)a f ir s t  an d  su b se q u e n t ly  to  1 is  ta k e n , th e n  
th e  in te rm e d ia te  fu n c t io n  c a n  b e  d iv id e d  b y  th is  v a lu e  to  g iv e  th e  f in a l fu n c t io n  F ( o ) ) .
A p p ly in g  n u m e r ic a l m e th o d s  to  th e  p ro b le m  o f  s o lv in g  fo r F ( c o ) ,  ta b le s  c an  b e  
d ra w n  u p  g iv in g  th e  p e r fo rm a n c e  fo r  v a r io u s  v a lu e s  o f  n ,  w ith  b a n d w id th  a s  th e  
p a ra m e te r , e x p re s s e d  a s  th e  r a t io  o f  th e  u p p e r  to  lo w e r  f re q u e n c y  l im it s .  In  th e  f o llo w in g
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ta b le s , th e  b a n d w id th  is  g iv e n , r a th e r  th an  coa. F o r  th e  t r iv ia l  c a s e  o f  n  — 1, th e  b a n d w id th  
is  a lso  e x p re s s e d  a s  a  p e rc e n ta g e . T h e  a m p litu d e  b a la n c e , a s  d e f in e d  b y  E q n .4 .1 , i s  g iv e n  
as  a  f ig u r e  o f  m e r it  fo r  e a c h  e n try . T h e  a r v a lu e s  co rre sp o n d  to  E q n .4 .2  an d  th e  o y  v a lu e s  
a re  a s  im p lie d  in  F ig u r e  4 -1 , an d  g iv e n  fo r  r e fe r e n c e .
Bandwidth Ratio B W (% ) A(dB)
1.05 5 0.21 1.0247
1.1 10 0.41 1.0488
1.15 14 0.61 1.0724
1.2 18 0.79 1.0954
1.25 22 0.97 1.118
1.3 26 1.14 1.1402
1.35 30 1.3 1.1619
1.4 33 1.46 1.1832
1.45 37 1.61 1.2042
1.5 40 1.76 1.2247
1.55 43 1.9 1.245
T a b le  4-1  F irs t  O r d e r  P o ly n o m ia l F u n c tio n
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Bandwidth
Ratio
A(dB) a i Ch O) i
1.2 0.054 1.6443 -0.6505 0.9179
1.4 0 .182 1.7789 -0.7997 0.8611
1.6 0.352 1.9057 -0.9455 0.8197
1.8 0.545 2.026 -1.0868 0.7883
2 0.748 2 .1407 -1.2233 0.7638
2.2 0.957 2.2505 -1.3548 0.7441
2.4 1.165 2.3559 -1.4815 0.7281 .
2.6 1.371 2.4575 -1.6036 0.7147
2.8 1.573 2.5557 -1.7213 0.7035
3 1.771 2.6506 -1.835 0.6939
T a b le  4 -2  T h i r d  O r d e r  P o ly n o m ia l F u n c tio n
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Bandwidth
Ratio
A(dB) a\ «3 as o>i Oh
'
1.5 0 .044 2 .3023 -2 .2423 0 .9451 0 .7 5 6 6 0 .9 2 2 6
1.8 0 .13 2 .5292 -2 .8669 1.3528 0 .6795 0 .8999
2 0 .209 2 .6 7 16 -3 .2863 1.639 0 .6421 0 .8892
2.5 0 .456 3 .0033 -4 .3256 2 .3762 0 .577 0 .8 7 14
3 0 .745 3 .3076 -5 .3326 3 .1 1 4 5 0 .5 3 5 6 0 .8605
3.5 1.048 3 .5905 -6 .2965 3 .8342 0 .5072 0 .8533
4 1.354 3 .8 5 6 -7 .2 14 4 4 .527 0 .4866 0 .8482
4.5 1.653 4 .10 6 9 -8 .0875 5 .19 0 3 0 .4 7 1 1 0 .8444
4.8 1.828 4 .2 5 13 -8 .591 5 .574 0 .4 6 3 6 0 .8425
T a b le  4 -3  F if th  O r d e r  P o ly n o m ia l F u n c tio n
It c a n  b e  s e e n  fro m  th e  ta b le s  th a t  o n ly  a  m o d e s t  im p ro v e m e n t c a n  b e  a t ta in e d  b y  a n  
in c r e a s e  in  th e  o rd e r  b e y o n d  th e  f ir s t . B r o a d ly  s p e a k in g , w ith  th e  f ir s t  o rd e r  s u it a b le  fo r 
n a r ro w -b a n d  o p e ra t io n , th ird  o rd e r  m ig h t  b e  u s e fu l u p  to  a b o u t a n  o c ta v e , f if th  o rd e r  u p  to  
ab o u t P/4 o c ta v e s  an d  s e v e n th  o rd e r  u p  to  a b o u t 2  o c ta v e s . O n ly  p o ly n o m ia ls  u p  to 
se v e n th  o rd e r  w e r e  c o n s id e re d , a s  a  g e n e ra l-p u rp o se  n u m e r ic a l a n a ly s is  p ro g ra m m e  w a s  
u s e d , an d  c o n v e rg e n c e  w a s  s lo w . I f  h ig h e r  o rd e rs  w e r e  d e s ir e d , i t  w o u ld  p ro b a b ly  b e  
b e tte r  to  s e e k  a  m o re  s p e c ia l is e d  o p t im is a t io n  p ro c e d u re .
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Bandwidth
Ratio
A(dB) a x 05 07 G>\ CO!
2 0.061 3.1225 -5 .9111 6.2301 -2.4385 0.5878 0.7748 0.9376
2.5 0.172 3.4959 -7.9467 ,9 .4 9 9 9 -4.0687 0 .5115 0.738 0.9282
3 0.328 3.8476 -10 .003 13.0093 -5.891 0.4627 0.7156 0.9227
3.5 0.515 4.175 -12 .0398 16.6167 -7.8094 0.4291 0.7008 0.919
4 0.719 4.4817 -14 .0335 20.233 -9.7617 0.4048 0.6904 0.9165
4.5 0.932 4.7742 -15 .9717 23.8049 -11.7092 0.3722 0.677 0.9147
5 1.149 5.0516 -17 .8486 27.3017 -13.6287 0.3722 0.677 0.9133
5.5 1.365 5.3169 -19 .6626 30.7073 -15.5071 0.3608 0.6724 0.9122
6 1.579 5.5715 -21 .4 14 6 34.0142 -17.3374 0 .3516 0.6687 0 .9113
6.5 1.789 5.8166 -23 .1067 37.2204 -19 .1164 0.3439 0.6657 0 .9106
Table 4-4 Seventh O rde r Polynom ial Function
4.4 F(a>) a Rational Function with Single Term Numerator
T h e  d is c u s s io n  o f  th e  p r e v io u s  s e c t io n  h a d  in  v ie w  a  lo w -p a s s  la d d e r  s tru c tu re , in  
o rd e r  to  e l im in a te  th e  p ro sp e c t o f  r ig h t - h a l f  p la n e  z e ro s  in  o n e  c h a n n e l. It i s  o f  c o u rs e  
p o s s ib le  to  m a in ta in  th e  a b s e n c e  o f  r ig h t - h a l f  p la n e  z e ro s  b y  a d d in g  h ig h -p a s s  e le m e n ts  to 
th e  s tru c tu re . T h e  im m e d ia te  e f fe c t  o n  F ( c o )  w o u ld  b e  to  m a k e  i t  in to  a  r a t io n a l fu n c t io n  
w h e re  e ith e r  th e  n u m e ra to r  o r  d e n o m in a to r  w a s  a  s in g le  te rm . O f  n e c e s s it y ,  th is  s in g le  
te rm  w o u ld  h a v e  to  b e  a n  o d d  p o w e r  o f  cd, w ith  th e  o th e r  p a r t  o f  th e  r a t io n a l fu n c t io n  
b e in g  a n  e v e n  p o ly n o m ia l in  c o  w ith  a  c o n s ta n t te rm . O ne w a y  o f  a c h ie v in g  th is  w o u ld  b e  
to  p e rfo rm  a  lo w -p a s s  to  h ig h -p a s s  t r a n s fo rm a t io n  on  th e  p o ly n o m ia ls  e x a m in e d  in  th e  
p re v io u s  s e c t io n . T h e  tr a n s fo rm a tio n  w o u ld  p r e s e r v e  th e  b a n d w id th  o f  th e  o r ig in a l .  T h e  
s in g le  te rm  w o u ld  b e  o f  o rd e r  n ,  an d  th e  p o ly n o m ia l  p a r t w o u ld  b e  o f  o rd e r  77-1. T h is
35
C h a p te r 4. A p p ro x im a tio n s
b e in g  so , th e re  i s  no  n e e d  to  c o n s id e r  th e s e  c a s e s  fu r th e r , a s  lo w -p a s s  to  h ig h - p a s s  
tr a n s fo rm a tio n s  c a n  b e  in tro d u c e d  a t th e  s y n th e s is  s ta g e .
In th e  in tro d u c t io n , i t  w a s  d e c id e d  to  a s s ig n  F ( c o )  th e  v a lu e  o f  0  w h e n  co= 0 . T h is  
im p lie s  th a t th e  s in g le  te rm  sh o u ld  a p p e a r  in  th e  n u m e ra to r . C o n s id e r  f ir s t  th e  c a s e  w h e re  
th e  n u m e ra to r  is  o f  f ir s t  o rd e r , an d  th e  d e n o m in a to r  is  a n  e v e n  p o ly n o m ia l , b e g in n in g  w ith  
s e co n d  o rd e r  an d  in c r e a s in g  to  fo u rth  o rd e r  an d  so  on .
4.4.1 F(co) with 1st Order Numerator and 2nd Order Denominator
T h e  g e n e ra l fo rm  fo r  th is  c a s e  is :
T h e  p ro b le m  c a n  b e  s im p lif ie d . T o  i l lu s t r a t e  h o w , c o n s id e r  a  lo w -p a s s  to  h ig h -p a s s  
tr an s fo rm a tio n  o f  th e  a b o v e  e q u a t io n , w h ic h  w e  c a n  d e s ig n a te  a s  G (co ) .  O n r e p la c in g  c o  
w ith  a f la ^ c o  an d  s im p l if y in g  th e  r e s u lt  b e c o m e s :
I f  a  g e o m e tr ic  lo w -p a s s  to  h ig h -p a s s  tr a n s fo rm a tio n  le a v e s  a  fu n c t io n  u n c h a n g e d , it  
m u s t b e  g e o m e t r ic a l ly  s y m m e tr ic . It i s  th e re fo re  c o n v e n ie n t to  n o rm a lis e  th e  fu n c t io n  
su ch  th a t i t  is  c e n tre d  o n  a  g e o m e tr ic  m e a n  o f  u n it y , an d  th is  is  a c c o m p lis h e d  b y  s e t t in g  a o  
e q u a l to  a 2. T h e re  w i l l  th en  b e  o n ly  o n e  v a r ia b le  to  d e f in e  F ( c o ) ,  w h ic h  c a n  b e  g iv e n  a s :
F o r  th e  s e c o n d  o rd e r  c a s e  su c h  a s  th is , an  a n a ly t ic a l  so lu t io n  i s  r e a d i l y  d e te rm in e d . 
P u tt in g  F ( l )  e q u a l to  m  an d  F ( a p )  e q u a l to  1/m (w h e r e  a p  i s  th e  lo w e r  b a n d  e d g e ) , g iv e s :
G(a>) =
c o
~ F ( a o )
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an d  a x — 2 m
T h e  b a n d w id th  o f  th e  fu n c t io n  i s  f ro m  o f  to  1 /<%, g iv in g  a  b a n d w id th  ra t io  o f  H c o f .  
A s  in  th e  c a s e s  a b o v e  fo r  p u r e ly  p o ly n o m ia l  e x p re s s io n s  o f  F ( c o ) ,  a  ta b le  o f  v a lu e s  c a n  b e  
c o n s tru c te d  a s  b e lo w .
Bandwidth Ratio A(dB) ai
1.5 0.177 2.0205
2 0.256 2.0598
2.5 0.441 2.1041
3 0.625 2.1491
3.5 0.801 2.1933
4 0.969 2.2361
5 1.276 2.3166
6 1.55 2.3907
7 1.795 2.4592
8 2.017 2.5227
Table 4-5 Second Order Rational Function
I f  th e  r e s u lt s  in  T a b le  4 -5  a r e  c o m p a re d  w ith  th e  p re v io u s  ta b le s  fo r  p o ly n o m ia l 
fu n c t io n s , i t  c an  b e  s e e n  th a t  th e  a m p litu d e  b a la n c e  is  a lw a y s  b e t te r  th an  th e  th ird  o rd e r , i s  
b e t te r  th an  f if th  o rd e r  fo r  b a n d w id th  r a t io s  g r e a te r  th an  ab o u t 2 .5 , an d  b e tte r  e v e n  th a n  th e  
s e v e n th  o rd e r  fo r  b a n d w id th  r a t io s  g r e a te r  th an  ab o u t 6 . T h is  r e s u lt  s u g g e s ts  th a t th e  u s e  
o f  a  r a t io n a l fu n c t io n  fo r F ( c o )  w i l l  y ie ld  m u c h  le s s  c o m p le x  c ir c u i t s  fo r  a  g iv e n  
p e r fo rm a n c e .
It is  in tu it iv e  a t th is  s t a g e  to  sh o w  an  e q u iv a le n c e  b e tw e e n  th e  s e c o n d  o rd e r  
r a t io n a l fu n c t io n  d is c u s s e d  a b o v e , an d  th e  c o rre sp o n d in g  fu n c t io n  o f  a  s in g le  s e c t io n
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t r a n s m is s io n  l in e  co u p le r . T h e  m a g n itu d e  o f  th e  th ro u g h  tr a n s fe r  fu n c t io n  fo r  a  
t r a n s m is s io n  l in e  c o u p le r , w ith  e le c t r ic a l  le n g th  6  an d  c e n tre  f r e q u e n c y  c o u p lin g  fa c to r  c ,  
is  g iv e n  a s :
I |2 \ ~ c 2
4 (1 -  c 2 ) c o s2 0  + s in 2 0
1
c 2 t a n 2 0  
1 +  r -1 — c
 1______________
c 2 (  2  ta n  0/2 >2
+ (1 -  c 2 ) V l + ta n 2 6 / 2 ;
F ro m  th e  a b o v e  r e su lt , a  f i l t e r in g  fu n c t io n  c o r re sp o n d in g  to  F ( c o )  c a n  b e  in fe r re d , w h ic h
. c  2 ta n # / 2
w i l l  b e  g iv e n  a s  F (&) — —? = = ----------- —— . F ( 6 )  c a n  b e  d e r iv e d  fro m  E q n .4 .3  b y
V l  - c 2 1 + t a n 2 0/2
2 c
p u tt in g  a ,  = —j===== an d  co  = ta n  <9/2, th a t  is ,  o n e  fo rm  o f  th e  R ic h a r d ’ s tr a n s fo rm a tio n , 
v  1 — c
T h e  lu m p e d  e le m e n t  fo rm  F ( c o )  w i l l  g iv e  a  b a n d w id th  im p ro v e m e n t o v e r  th e  d is tr ib u te d  
e le m e n t  fo rm  F (0 ) .  F o r  e x a m p le , i f  th e  d is tr ib u te d  c o u p le r  w e r e  d e s ig n e d  fo r  a n  o c ta v e  
b a n d w id th , th en  i t  w o u ld  b e  d e s ig n e d  fo r  v a lu e s  o f  # ffo m  6 0 °  to  1 2 0 ° . S u b s t i tu t in g  th e s e  
v a lu e s  in to  th e  R ic h a r d ’ s  t r a n s fo rm a tio n  a b o v e  w i l l  y ie ld  v a lu e s  o f  c o  o f  1/V3 an d  V3 
r e s p e c t iv e ly , th a t is  to  s a y ,  a  3 to  1 b a n d w id th .
4.4.2 F(co) with 1st Order Numerator and 4th Order Denominator
W h e n  th e  d en o m in a to r  is  o f  o rd e r  fo u r  o r  h ig h e r , th e re  is  no  a n a ly t ic  so lu t io n . A s  fo r  th e  
p o ly n o m ia l c a s e , n u m e r ic a l te c h n iq u e s  a r e  o n c e  m o re  re q u ir e d . F o r  th e s e  fu n c t io n s , i t  i s  
b e tte r  to  re tu rn  to  th e  p ra c t ic e  o f  s e t t in g  th e  n o rm a lis e d  f r e q u e n c y  to  th e  u p p e r  b a n d  l im it .  
T h e  lo w e r  b an d  l im it  r e m a in s  a s  co^. A t y p ic a l  r e sp o n se  fo r  a  fo u rth  o rd e r  d e n o m in a to r  is  
sh o w n  in  F ig u re  4 -2  fo r  a  6  to  1 b a n d w id th  ra t io . N o te  th a t th e re  is  a  f in it e  p o le  o f  
a t te n u a t io n  ju s t  a b o v e  b a n d . T h is  w i l l  a lw a y s  b e  th e  c a s e  fo r  o p t im is e d  so lu t io n s  w h e re
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th e  n u m e ra to r  o rd e r  i s  u n it y  an d  th e  d e n o m in a to r  o rd e r  is  a  m u lt ip le  o f  4 . T h e  g e n e r a l 
e q u a t io n  fo r  th is  c a s e  w i l l  b e :
co
F(co) = -----------------2-------------7
a 0 +  a 2co +  a4co
F ig u re  4 -2  F ir s t  O r d e r  N u m e ra to r ,  F o u r th  O r d e r  D e n o m in a to r
It is  a g a in  p o s s ib le  to  c o n s tru c t a  ta b le  o f  v a lu e s , a n d  th e s e  a r e  fo u n d  b e lo w  in  T a b le
4 -6 .
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Bandwidth Ratio A(dB) «o a 2 a4 CO\ oh
2 0.044 0.2593 1.052 -0.3163 0.6081 0.8595
3 0.165 0.2047 1.27 -0.4935 0.4639 0.8016
4 0.317 0 .17 16 1.4431 -0.6505 0.3859 0.7685
5 0.474 0 .149 1.5874 -0.7895 0.336 0.7465
6 0.629 0 .1324 1.7116 -0.9139 0.3007 0.7306
8 0.923 0.1093 1.9185 -1 .1286 0.2535 0.7088
10 1.188 0.0939 2.0879 -1.3096 0.2227 0.6941
15 1.743 0.0708 2.4153 -1.6679 0 .177 0.6718
20 2.187 0.0577 2.6632 -1.9435 0.151 0.6588
T a b le  4 -6  1st O r d e r  N u m e ra to r ,  4 th O r d e r  D e n o m in a to r  F u n c tio n
T h e re  is  so m e  b a n d w id th  im p ro v e m e n t in  in c r e a s in g  th e  d e n o m in a to r  o rd e r  f ro m  2  
to  4 . T h is  im p ro v e m e n t w i l l  c o n t in u e  fo r  h ig h e r  o rd e rs .
In  th e  c o n s id e ra t io n  o f  r a t io n a l fu n c t io n s , i t  m ig h t  b e  th o u g h t a p p ro p r ia te  to  
in c r e a s e  th e  o rd e r  o f  th e  s in g le  te rm  to  th re e , an d  ab o v e . H o w e v e r , i t  w i l l  b e  fo u n d  
s u b se q u e n t ly  th a t th e s e  fu n c t io n s  a r e  o f  o n ly  a c a d e m ic  in te r e s t , a s  n o  p r a c t ic a l  r e a l is a t io n s  
c a n  b e  o ffe re d  a t p re sen t . T h is  c o m m e n t a lso  in c lu d e s  th e  1st o rd e r  n u m e ra to r , 4 th o rd e r  
d e n o m in a to r  fu n c t io n s  ju s t  c o n s id e re d . T h e  r e s u lt s  h a v e  b e e n  in c lu d e d  in  o rd e r  to  
d e m o n s tra te  th a t im p ro v e m e n t c o n t in u e s  w ith  in c r e a s in g  o rd er .
A tte n tio n  w i l l  n o w  b e  tu rn ed  to  a  m u c h  m o re  s ig n if ic a n t  c la s s  o f  fu n c t io n s .
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4.5 F(co) a General Rational Function
(T h e  m a te r ia l  c o n ta in e d  in  th is  s e c t io n  h a s  b e e n  p u b lish e d  d u r in g  th e  c o u rse  o f  th e  
r e s e a rc h . [ 1 9 ] )
T h e  a p p ro x im a t io n s  so  f a r  c o n s id e re d  h a v e  b e e n  w ith  a  v ie w  to  r e m o v in g  r ig h t  h a n d  
tr a n s fe r  fu n c t io n  z e ro s  fro m  o n e  o u tp u t o r  th e  o th er . T h e  p u rp o se  o f  th is  h a s  b e e n  to  e a s e  
p ro b le m s  a n t ic ip a te d  a t th e  r e a l is a t io n  s ta g e . It i s  h o w e v e r  p o s s ib le  to  d e s ig n  c ir c u its  th a t 
h a v e  r ig h t  h a n d  z e ro s  in  th e ir  t r a n s fe r  fu n c t io n , so  it  i s  n o t r e a s o n a b le  to  e x c lu d e  th em  
a lto g e th e r . O n th e  c o n tr a iy , i t  w i l l  b e  fo u n d  th a t v e i y  s ig n if ic a n t  c ir c u it s  w i l l  b e  p o s s ib le  
w h e n  th e y  a re  c o n s id e re d .
It h a s  b e e n  s e e n  in  th e  p re v io u s  d is c u s s io n s  th a t  a  r a t io n a l fu n c t io n  g iv e s  an  
im p ro v e m e n t in  b a n d w id th  o v e r  a  p u re  p o ly n o m ia l . T h e  r a t io n a l fu n c t io n s  w e r e  
c o n s tra in e d  in  th a t th e  n u m e ra to r  e x p re s s io n  w a s  a  s in g le  te rm . It m a y  b e  a s k e d  a t  th is  
s t a g e  w h a t  w o u ld  b e  th e  e f f e c t  o f  r e m o v in g  th is  c o n s tra in t, an d  a l lo w in g  b o th  n u m e ra to r  
an d  d e n o m in a to r  e x p re s s io n s  to  b e  p o ly n o m ia ls ?
It w i l l  b e  r e c a l le d  fro m  th e  in tro d u c t io n  th a t F ( c o )  w i l l  b e  d e f in e d  su c h  th a t th e  
n u m e ra to r  is  o d d , an d  th e  d e n o m in a to r  e v e n . T o  i l lu s t r a t e  th e  p o w e r  o f  a  r a t io n a l 
fu n c t io n , c o n s id e r  F ( c o )  e x p re s s e d  a s  b e lo w :
F o r  th e  p u rp o se  o f  th is  p a r t  o f  th e  in v e s t ig a t io n , i t  w i l l  b e  su p p o se d  th a t th e  d e g re e  
o f  th e  n u m e ra to r  an d  d e n o m in a to r  w i l l  d if f e r  b y  o n e . F u r th e rm o re , th e  v a lu e s  o f  th e  
n a tu ra l f r e q u e n c ie s  s u g g e s te d  in  th e  f a c to rs  o f  th e  fu n c t io n  w i l l  b e  m a g n itu d e  o rd e re d  
cod i,a )n\ ,a )d2, 0 n2 e tc . T h e  v a lu e  o f  A w i l l  n e e d  to  b e  d e te rm in e d  fro m  th e  re q u ir e m e n t th a t 
th e  fu n c t io n  sh o u ld  r ip p le  b e tw e e n  g e o m e tr ic  l im it s  ab o u t u n ity .
(4 .4 )
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C o n s id e r  n o w  th e  p lo t  o f  F (aS ) a s  cd  in c r e a s e s  fro m  ze ro . N e a r  to  z e ro , th e  f ir s t  
o rd e r  fa c to r  in  th e  n u m e ra to r  w i l l  d o m in a te , c a u s in g  F (c6 )  to  in c r e a s e  a p p ro x im a te ly  
l in e a r ly .  A s  c o  in c r e a s e s  fu rth e r , th e  f ir s t  q u a d r a t ic  te rm  in  th e  d e n o m in a to r  w i l l  th e n  
b e g in  to  ta k e  s ig n if ic a n t  e ffe c t , c a u s in g  th e  fu n c t io n  to  le v e l  o ff , an d  th e n  d e c re a s e . I f  
th a t w e r e  a l l  th e re  w a s  to  F ( c o ) ,  th en  th e  fu n c t io n  w o u ld  ta k e  th e  fo rm  a lr e a d y  d is c u s s e d  
fo r  a  f ir s t  o rd e r  n u m e ra to r , se co n d  o rd e r  d en o m in a to r . A t  th is  p o in t, in  o rd e r  to  g iv e  
g r e a te r  b a n d w id th , w e  sh o u ld  l ik e  th e  f ir s t  q u a d r a t ic  f a c to r  in  th e  n u m e ra to r  to  b e g in  to  
ta k e  e ffe c t . T h is  w i l l  a r re s t  th e  d e c r e a s e  in  F ( c o ) ,  an d  e v e n tu a l ly  c a u s e  th e  fu n c t io n  to  
le v e l  o f f  an d  in c r e a s e  a g a in . In  o rd e r  to  fu r th e r  in c r e a s e  th e  b a n d w id th , i t  w o u ld  b e  
d e s ir a b le  fo r  th e  n e x t q u a d ra t ic  te rm  in  th e  d e n o m in a to r  to  ta k e  e f fe c t , c a u s in g  th e  
fu n c t io n  o n c e  m o re  to  le v e l  o f f  an d  th en  d e c r e a s e . T h is  p a tte rn  w i l l  b e  r e p e a te d  u n t i l  th e  
la s t  q u a d ra t ic  te rm  m a k e s  it s  f in a l co n tr ib u t io n , an d  th e  fu n c t io n  w i l l  te n d  e ith e r  to  z e ro  i f  
th e  d e n o m in a to r  o rd e r  p re d o m in a te s , o r  in c r e a s e  to  in f in it y  i f  th e  n u m e ra to r  o rd e r  sh o u ld  
p r e v a i l .
F ig u r e  4 -3  an d  F ig u re  4 - 4  sh o w  th e  r e sp o n se  fo r  a  f if th  a n d  s ix th  o rd e r  fu n c t io n  
r e s p e c t iv e ly . B o th  h a v e  b e e n  s e le c te d  to  h a v e  a  b a n d w id th  ra t io  o f  1 0 0 :1 , in  a  n o rm a lis e d  
r a n g e  o f  0 .1  to  10 . N o te  th a t th e  h ig h e r  o rd e r  fu n c t io n  g iv e s  le s s  r ip p le  a m p litu d e .
F ig u re  4 -3  F if th  O r d e r  R a tio n a l F u n c tio n
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F ig u re  4 -4  S ix th  O r d e r  R a tio n a l F u n c tio n
A s  w a s  th e  c a s e  fo r  p re v io u s  a p p ro x im a t io n s , th e  so lu t io n  fo r  a  p a r t ic u la r  o rd e r  o f  
r a t io n a l fu n c t io n  an d  f r e q u e n c y  r a n g e  is  u n iq u e  an d  o p tim u m . T h is  c a n  b e  p ro v e d  b y  
p o s tu la t in g  a  s o lu t io n  o f  e q u a l o r  b e t te r  p e r fo rm a n c e , an d  th en  s h o w in g , b y  th e  n u m b e r  o f  
c ro s s in g s  o f  th e  o r ig in a l  fu n c t io n , th a t th e  p o s tu la te d  so lu t io n  m u s t  b e  o f  h ig h e r  o rd e r  th a n  
th e  o r ig in a l .
4.5.1 Geometric Symmetry of the Optimum Rational Function
In  co m m o n  w ith  o th e r  f i l t e r  fu n c t io n s , th e  r a t io n a l fu n c t io n s  in tro d u c e d  a b o v e  d is p la y  
g e o m e tr ic  s y m m e tr y  c h a r a c te r is t ic s ,  w h ic h  is  e x h ib ite d  in  a  d if fe re n t  w a y  a c c o rd in g  to  
w h e th e r  th e  o rd e r  is  o d d  o r e v e n . T o  i l lu s t r a t e  th is , su p p o se  f ir s t  o f  a l l  th a t th e  fu n c t io n s  
a r e  in i t i a l l y  d e f in e d  w ith  a  n o rm a lis e d  u n it y  g e o m e tr ic  m e a n  f r e q u e n c y . I f  o p  an d  o f f  a re  
th e  lo w e r  an d  u p p e r  b a n d  e d g e s  r e s p e c t iv e ly , th e n  a f f . c o u = l. F o r  e ith e r  c a s e , o dd  o r  e v e n , 
c o n s id e r  f ir s t  th e  lo w -p a s s  to  h ig h -p a s s  tr a n s fo rm a tio n  o f  F ( c o ) ,  g iv e n  b y :
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N o w  m u lt ip ly  n u m e ra to r  an d  d e n o m in a to r  b y  o f  to  re s to re  th e  fu n c t io n  to  o n e  
c o n s is t in g  o f  a  ra t io  o f  tw o  p o ly n o m ia ls ,  w ith  th e  o rd e r  r e m a in in g  u n c h a n g e d . T h e  
fu n c t io n  so  fo rm e d  w i l l  o s c i l la t e  b e tw e e n  th e  o r ig in a l  l im it s  o v e r  th e  s a m e  b a n d , w ith  th e  
s a m e  n u m b e r  o f  t im e s .
N o w  su p p o se  th a t n  i s  o d d . F (\ / cd)  w i l l  d e c r e a s e  fro m  in f in i t y  a s  c o  g o e s  fro m  ze ro  
to  cp l ,  w h e r e  i t  t a k e s  th e  v a lu e  m .  It w i l l  th e n  o s c i l la t e  th e  p r e s c r ib e d  n u m b e r  o f  t im e s  
b e fo re  e x it in g  th e  f r e q u e n c y  r a n g e  a t a  v a lu e  o f  1/m. I f  w e  n o w  c o n s id e r  th e  r e c ip ro c a l o f  
F ( l/ c o ) ,  th is  w i l l  in c r e a s e  fro m  z e ro  to  1/m a s  c o  g o e s  fro m  z e ro  to  col. It w i l l  a lso  
o s c i l la t e  th e  p re s c r ib e d  n u m b e r  o f  t im e s  b e fo re  e x it in g  th e  f r e q u e n c y  r a n g e  a t a  v a lu e  o f  
m . N o te  th e re fo re  th a t it s  o s c i l la t io n  p a tte rn  is  e x a c t ly  th e  s a m e  a s  th e  o r ig in a l  fu n c t io n  
F ( c o ) .  F u r th e rm o re , e x a m in a t io n  o f  th e  r e s u lt in g  fu n c t io n  w i l l  in d ic a t e  th a t  th e  o rd e r  o f  
b o th  n u m e ra to r  an d  d e n o m in a to r  i s  a ls o  e x a c t ly  th e  s a m e  a s  F ( c o ) .  A s  i t  h a s  b e e n  
e s ta b lish e d  th a t th is  fu n c t io n  is  u n iq u e , i t  th e re fo re  fo llo w s  th a t  F ( c d )= 1/ F i l l e d ) ,  o r :
F { co ) .F { \ / co )  = 1 , n  o d d  (4 .6 a )
F o r  th e  e v e n  c a s e , e x a m in a t io n  o f  F i l l e d )  w i l l  sh o w  th a t  i t  o s c i l la t e s  in  e x a c t ly  th e  
s a m e  m a n n e r  a s  F ( c d ) ,  an d  a ls o  i s  o f  th e  s a m e  o rd e r  in  n u m e ra to r  an d  d e n o m in a to r . A s  
th is  fu n c t io n  is  u n iq u e , it  f o l lo w s  th e re fo re  th a t :
F ( c o )  = F ( l/ c o ) , n  e v e n  (4 .6 b )
4.5.2 Analytic Solution of the Optimum Rational Function
T h e  p re v io u s  a p p ro x im a t io n s  c o n s id e re d  h a d  no  a n a ly t ic  s o lu t io n , e x c e p t  fo r  th e  
t r iv ia l  c a s e s . T h is  is  n o t th e  c a s e  fo r  th e  o p tim u m  ra t io n a l fu n c t io n , fo r  w h ic h  so lu t io n s  
w i l l  n o w  b e  d e r iv e d .
p i c o )
L e t  F ( c o )  = —;  -  an d  c o n s id e r  it s  d if f e r e n t ia l ,  w h ic h  e v a lu a te s  to :
q ( o o )
\ q { ( » ) . p ’ ( ( D ) - p ( a o ) . q ' ( c o )
F \ c o )  = ------------------- j - — ----------------- (4 .7 )
q  ( c o )
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T h e  o rd e r  o f  th e  n u m e ra to r  o f  E q n .4 .7  is  2 ( n -\ )  w h e th e r  n  i s  o d d  o r  e v e n , an d  so 
F  '( c o )  h a s  2 ( n - l )  z e ro s . L o o k in g  n o w  a t F ig u r e  4 -3  an d  F ig u r e  4 -4 , d e v e lo p e d  fro m  th e  
a rg u m e n t a b o v e , it  c an  b e  s e e n  th a t  n -\  tu rn in g  p o in ts  o c c u r  in  th e  p o rtio n  sh o w n . A s  th e  
fu n c t io n s  a r e  o d d , th e re  w i l l  b e  a n  e q u a l n u m b e r  o f  tu rn in g  p o in ts  in  th e  n e g a t iv e  h a l f  o f  
th e  g ra p h s . T h e  to ta l n u m b e r  o f  tu rn in g  p o in ts  is  th e re fo re  2 ( n -\ ) ,  a n d  h e n c e  a l l  th e  z e ro s  
o f  F  '( c o )  a r e  r e a l  a n d  s im p le .
p ( c o ) -  m .q ( o ) )
C o n s id e r  n o w  th e  fu n c t io n  F ( c o )  -  m  = ----------- — ----------. T h is  c a n  b e  in te rp re te d
q ( o ) )
fro m  F ig u r e  4 -3  an d  F ig u r e  4 -4  b y  s h if t in g  th e  x - a x is  u p  to  m . T h e  n u m e ra to r  o f  th is  
fu n c t io n  is  o f  o rd e r  n .  In sp e c tio n  o f  F ig u r e  4 -3  an d  F ig u r e  4 -4  w i l l  in d ic a te  th a t th is  
fu n c t io n  h a s  n  r e a l  z e ro s . A l l  w i l l  b e  d o u b le , e x c e p t fo r  a  s im p le  z e ro  a t th e  to p  e d g e  o f  
th e  b a n d  i f  n  is  o dd .
C o n s id e r  too  th e  fu n c t io n  F ( c o ) ~  1/m - - - - - - -  -  ^ x b i s  c a n  b e  in te rp re te d
m .q ( c o )
fro m  F ig u r e  4 -3  an d  F ig u r e  4 -4  b y  s h if t in g  th e  x - a x is  u p  to  1/m. A g a in  th e  n u m e ra to r  is  
o f  o rd e r  n .  In sp e c tio n  o f  F ig u r e  4 -3  an d  F ig u r e  4 - 4  w i l l  o n c e  a g a in  c o n f irm  th e re  to  b e  n  
r e a l  z e ro s . T h e re  w i l l  b e  a  s im p le  z e ro  a t  th e  lo w e r  e d g e  o f  th e  b a n d , a n d  a n o th e r  a t th e  
u p p e r  e d g e  i f  n  i s  ev en . T h e  r e m a in in g  z e ro s  a r e  d o u b le .
A  c o rre sp o n d in g  p ro c e d u re  c a n  b e  fo llo w e d  fo r  F ( c o )  + m  an d  F ( c o )  + 1/m.
I f  n o w  a l l  th e s e  le v e l- s h if te d  fu n c t io n s  a re  m u lt ip l ie d  to g e th e r , th e  r e s u lt in g  
fu n c t io n  w i l l  p o s s e s s  d o u b le  z e ro s  a t  th e  tu rn in g  p o in ts  o f  F ( c o ) ,  an d  s in g le  z e ro s  a t  th e  
b a n d  e d g e s . T h e  d e n o m in a to r  w i l l  b e  th a t o f  F ( c o )  ta k e n  to  th e  fo u rth  p o w e r . C o m p a re  
th is  w ith  F  '( c o ) ,  w h ic h  h a s  th e  s a m e  z e ro s  a s  th e  m u lt ip l ie d  le v e l- s h if te d  fu n c t io n s , o n ly  
s im p le , e x c e p t  fo r  th e  b a n d  e d g e s , an d  it s  d e n o m in a to r  is  th a t o f  F (oS ) ta k e n  to  th e  s e c o n d  
p o w e r . It th e re fo re  fo llo w s  th a t th e  m u lt ip l ie d  le v e l- s h if te d  fu n c t io n s , i f  d iv id e d  b y  th e  
fa c to rs  a t  th e  b a n d  e d g e s , is  e q u a l to  th e  s q u a re  o f  F  ' ( c o ) ,  e x c e p t  fo r  a  c o n s tan t m u lt ip l ie r .  
W e  c a n  th e re fo re  w r ite :
r , , l2  1 { D (co )  -  \ / m )(F ( c o )  + 1/ m ) ( F ( c o )  -  m ) ( F ( w )  + m )
L M v j ~ (  \f \f y  \ (4*8)
C  ( c o - c o L) ( c o  + c o L) ( c o - c o u ) ( c o  + ( o u )
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E q n .4 .8  is  a  d if f e r e n t ia l  e q u a t io n  in  a ) an d  F ( c o )  w ith  v a r ia b le s  s e p a ra b le . 
S u b s t itu t in g  col=1/cou an d  s im p l if y in g  g iv e s :
E q n .4 .9  c an  b e  id e n t if ie d  a s  a n  e l l ip t ic  d if f e r e n t ia l  e q u a t io n , w h o s e  so lu t io n  w i l l  
d ep en d  on  e l l ip t ic  fu n c t io n s  [2 0 ] .  In  o rd e r  to  s im p lif y  th e  p ro b le m  o f  s o lv in g  th is  
e q u a t io n , i t  is  c o n v e n ie n t to  d e f in e  a  p a r a m e te r  th a t  is  e q u a l to  th e  in te g r a l  o f  e a c h  s id e ,
(A lth o u g h  it  is  c u s to m a ry  to  u s e  th e  v a r ia b le  co  = u  + i v  in  th e  th e o ry  o f  e l l ip t ic  fu n c t io n s , 
th is  w o u ld  g iv e  r is e  to  c o n fu s io n  in  th is  w o rk ) . T a k in g  th e  le f t -h a n d  s id e  f ir s t  an d  
in te g r a t in g  g iv e s :
w h e re  c\  is  a  c o n s ta n t o f  in te g r a t io n , an d  th e  m o d u lu s  fo r  th e  e l l ip t ic  fu n c t io n  is  
d e f in e d  a s  k x = . It i s  c o n v e n ie n t to  ta k e  th e  co n s tan t o f  in te g r a t io n  to  b e  z e ro , an d  so
COy
z  = 0  w h e n  co  = 0 .
T h e  u s e  o f  e l l ip t ic  fu n c t io n s  m a y  s e e m  in c o n v e n ie n t , o w in g  to  th e ir  la c k  o f  
f a m il ia r i t y .  H o w e v e r , o n e  b le s s in g  a r is e s  fro m  th e ir  d o u b ly  p e r io d ic  c h a ra c te r , w h ic h  
m a k e s  it  p o s s ib le  to  m a p  th e  w h o le  o f  a>-plane on to  a  f in it e  d o m a in  in  th e  z -p la n e . T h e  
p lo t o f  co  on  th e  z -p la n e , a s  co  g o e s  fro m  0  to  in f in i t y  a lo n g  th e  p o s i t iv e  r e a l  a x is  i s  sh o w n  
in  F ig u r e  4 -5  b e lo w . T h e  c o n stan t K\ i s  th e  c o m p le te  e l l ip t ic  in t e g r a l o f  k\, an d  K\ i s  th e
c o m p le te  e l l ip t ic  in te g r a l o f  th e  c o m p le m e n ta ry  m o d u lu s  k x -  1 -  k (  .
d c o C .d F
(4 .9 )
w h ic h  w e  s h a l l  c a l l  z  in  a n t ic ip a t io n  o f  e x a m in in g  it s  p ro p e r t ie s  in  th e  c o m p le x  p la n e
z  =  s n  H co .r co )  + c x
60v
(4 .1 0 )
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jK \  7  o f f  ) CO -  O ff
z -p la n e
j K \ / 2 c f f
F ig u r e  4 -5  L o c u s  o f  cd  o n  th e  z - P la n e
In te g ra t in g  th e  r ig h t  h a n d  s id e  o f  E q n .4 .9  g iv e s :
C
z  = —  sn~ x ( m F )  + c n (4 .1 1 )
m
w h e re  c n i s  a  c o n s ta n t o f  in te g r a t io n , an d  th e  m o d u lu s  fo r  th e  e l l ip t ic  fu n c t io n  is
d e f in e d  a s  k n = . A s  a  co n s tan t o f  in te g r a t io n  w a s  a lr e a d y  d e f in e d  in  th e  m a p p in g
m
fro m  c o  to  z , an o th e r  c an n o t a r b it r a r i ly  b e  a s s ig n e d  th is  t im e . It w i l l  a lso  b e  n e c e s s a r y  to  
d e te rm in e  v a lu e s  fo r  C  an d  m  to  c o m p le te ly  d e f in e  F ( c o )  (I t w i l l  b e  fo u n d  s u b se q u e n t ly  
■ th a t a lth o u g h  m  n e e d s  to  b e  d e te rm in e d , th e re  is  no  n e e d  to  e v a lu a te  C ).
It i s  w o rth  m a k in g  th e  o b se rv a t io n  th a t th e  d if f e r e n t ia l  e q u a t io n  4 .9  is  a lm o s t  
id e n t ic a l  to  th a t w h ic h  a r is e s  d u r in g  th e  d e r iv a t io n  o f  e l l ip t ic  f i l t e r s ,  so  i t  i s  p o s s ib le  to  
d e te rm in e  th e  u n k n o w n s  to  g iv e  a  lo w -p a s s  e l l ip t ic  re sp o n se . F o r  th e  p re se n t p u rp o se s , i t  
is  n e c e s s a r y  to  d e te rm in e  o th e r  so lu t io n s  th a t le a d  to  th e  k in d  o f  r e sp o n se s  sh o w n  in  
F ig u r e  4 -3  an d  F ig u r e  4 -4 . R e - a r r a n g in g  E q n .4 .1 1 in  te rm s  o f  F  g iv e s :
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It w i l l  b e  n e c e s s a r y  to  d e te rm in e  a  s o lu t io n  su c h  th a t F  d e s c r ib e s  fu n c t io n s  o f  th e  
k in d  sh o w n  in  F ig u r e  4 -3  an d  F ig u r e  4 - 4  a s  z  d e s c r ib e s  th e  lo c u s  sh o w n  in  F ig u r e  4 -5 . 
O ne o b se rv a t io n  th a t c a n  im m e d ia t e ly  b e  m a d e  is  th a t w h e n  c o  = 0 , z  = 0  a n d  F  = 0 . F ro m  
E q n .4 .1 2  th is  g iv e s  s n ( - c a ,kn)  = 0 . T h is  w i l l  b e  s a t is f ie d  w h e n  c n e q u a ls  0  a n d  K n a n d  a l l  
c o n g ru e n t p o in ts . P u t t in g  c n = 0  g iv e s  th e  s im p le s t  so lu t io n , an d  w i l l  b e  th e  o n e  c h o sen . 
T h e  r e q u ir e d  c la s s  o f  so lu t io n s  to  E q n s .4 .1 1  an d  4 .1 2  ta k e  th e  fo rm  o f  e l l ip t ic  s in e  
fu n c t io n s  w ith  a  lo w e r  ra t io  o f  c o m p le m e n ta ry  c o m p le te  e l l ip t ic  in t e g r a l  to  c o m p le te  
e l l ip t ic  in te g r a l th an  th e  fu n c t io n  o f  E q n .4 .1 0 . A n  e x a m p le  o f  th is  fo r  o rd e r  n  =  5 is  
sh o w n  in  F ig u r e  4 -6 , w h e r e  th e  lo c u s  in  th e  z -p la n e  i s  e x a c t ly  th e  s a m e  a s  th a t in  F ig u r e  
4 -5 .
F ig u r e  4 - 6  L o c u s  o f  F  o n  th e  z - P la n e
In F ig u r e  4 -6 , th e  lo c u s  te rm in a te s  a t  a  p o in t w h e re  F  e q u a ls  in f in i t y ,  a s  i t  w o u ld  fo r 
a n y  o d d  o rd e r . F o r  e v e n  o rd e r , F  t a k e s  a  v a lu e  o f  z e ro  w h e r e  th e  lo c u s  te rm in a te s .
O ne im m e d ia te  r e s u lt  th a t  c a n  b e  g a th e re d  fro m  th e  m a p p in g s  o f  F ig u r e  4 -5  an d  
F ig u r e  4 -6  a r is e s  fro m  th e  r a t io  o f  th e  h e ig h t  an d  w id th  o f  th e  lo c u s  r e c ta n g le . R e a d in g  
o f f  th e  v a lu e s  fro m  th e  g ra p h s  an d  s im p l if y in g  le a d s  to  th e  e q u a t io n :
48
C h a p te r  4. A p p ro x im a tio n s
n- K = Y  (4 .1 3 )
K ,  K ,
T h e  le f t  h a n d  s id e  o f  E q n .4 .1 3  is  a  fu n c t io n  o f  m  (a n d  n ) ,  a n d  th e  r ig h t  h a n d  s id e  i s  a  
fu n c t io n  o f  c p j .  It i s  th e re fo re  p o s s ib le  to  d e te rm in e  o n e  fro m  th e  o th e r , an d  m a k e  a n  
in i t ia l  c a lc u la t io n  o f  th e  r e q u ir e d  o rd e r  o f  fu n c t io n  F ( cd )  to  a c h ie v e , a  g iv e n  s p e c if ic a t io n . 
T h is  e q u a t io n  is  m o s t d ir e c t ly  a p p l ic a b le  to  th e  p ro b le m  o f  d e te rm in in g  th e  m in im u m  
o rd e r  o f  fu n c t io n  r e q u ir e d  to  a c h ie v e  a  b a n d w id th  an d  r ip p le  s p e c if ic a t io n , u s in g  ta b le s  o f  
v a lu e s  fo r  th e  c o m p le te  e l l ip t ic  in t e g r a ls . H o w e v e r , i f  i t  i s  r e q u ir e d  to  f in d  th e  r ip p le  
g iv e n  th e  o rd e r  an d  b a n d w id th , o r  th e  b a n d w id th  g iv e n  th e  r ip p le  an d  o rd er, th e n  a n  
in v e r s e  fu n c t io n  to  d e te rm in e  th e  e l l ip t ic  m o d u lu s  in  te rm s  o f  th e  ra t io  o f  th e  c o m p le te  
e l l ip t ic  in te g r a l an d  it s  c o m p le m e n t n e e d s  to  b e  fo u n d .
(N o te . E q n .4 .1 3  i s  o f  s im i la r  fo rm  to  th a t w h ic h  r e la t e s  th e  a t te n u a t io n  l im it  
f r e q u e n c y  to  th e  m in im u m  lo s s  in  e l l ip t ic  f i l te r s . T h e  p ro c e d u re  a b o v e  c o m p re s se d  
p e r io d s  in  th e  im a g in a r y  d ir e c t io n  o f  th e  z -p la n e , to  g e n e ra te  th e  r e q u ir e d  fu n c t io n . F o r  
e l l ip t ic  f i l te r s , th e  c o m p re s s io n  is  p e r fo rm e d  in  th e  r e a l  d ir e c t io n .)
E q n .4 .1 3  c a n  b e  t r a n s la te d  to  a lg e b r a ic  r e la t io n s  b e tw e e n  k\ an d  kn fo r  a  g iv e n  n  
u s in g  th e  th e o ry  o f  e l l ip t ic  fu n c t io n s . H o w e v e r , th e s e  r e la t io n s  b e c o m e  o f  h ig h  o rd e r  fo r  
e v e n  m o d e s t n ,  an d  so  a r e  n o t d e s ir a b le  fo r  o b ta in in g  so lu t io n s . I f  n  = 2 , th e n  th e  r e la t io n  
b e c o m e s :
i j k ,
/C2= t t i ;  ( 4 -14 )
S u b s t itu t in g  k\ = l/o\ j2, an d  k2 -  U rn2, a n d  s im p lif y in g  g iv e s :
(4 .1 5 )
C o m p a r in g  th is  w ith  S e c t io n  4 .4 .1 , i t  is  s e e n  to  b e  th e  s a m e  r e s u lt , s h o w in g  th a t  th e  
f ir s t  o rd e r  n u m e ra to r , s e c o n d  o rd e r  d en o m in a to r  is  th e  s e c o n d  o rd e r  e x p re s s io n  o f  th e  
o p tim u m  ra t io n a l fu n c t io n .
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S o lu t io n s  to  E q n .4 .1 3  fo r  a rb it r a r y  o rd e r  c a n  b e  d e te rm in e d  u s in g  a p p ro x im a t io n s  to  
K V K , an d  th e  o n es  b e lo w  a re  a c c u ra te  to  w ith in  3 p a r ts  p e r  m i l l io n  [2 1 ] :
§ ( * ) S I l n
7 s\
2 .
l + y r
i - V u
, k <  l/ V 2 (4 .1 6 a )
E L
K
(k )  = 7T In
1 + y fk  
1 -  l i t
-1
, k> l/ V 2 (4 .1 6 b )
E q n s .4 .1 6  m a y  b e  in v e r te d  to  g iv e :
U s
f  K' \
71-----
e  K - 2
f a  K
E L
K
> 1 (4 .1 7 a )
k  s
(  n F  '
e  K - 2
K_
f a * * ’ + 2 /
E L
K
< 1 (4 .1 7 b )
A  fu rth e r  a p p ro x im a t io n  is  a v a i la b le  w h e n  k  i s  “ s m a ll” , a n d  i s  a c c u r a te  to  w ith in  
o n e  p a r t in  3 0 0  w h e n  k  is  le s s  th an  0 .2 , an d  is  u s e fu l in  a p p re c ia t in g  th e  im p ro v e m e n t 
a v a i la b le  a s  o rd e r  is  in c r e a s e d . T h e  a p p ro x im a t io n  is :
K '  2 , 4  
—  s  — In — 
K  i t  k
(4 .1 8 )
G iv e n  th a t k j  = l/ a> u , a n d  th a t b a n d w id th  B W  = (Du/col, i t  f o l lo w s  th a t k j = 1/BW. 
U s in g  th is  s u b s t itu t io n  in  E q n .4 .1 8 , a n d  th e n  su b s t itu t in g  fo r  K jV K ]  in  E q n .4 .1 3  g iv e s  
a f te r  r e a r r a n g e m e n t :
(4 .1 9 )
E q n .4 .1 9  sh o w s  th a t fo r  a  p a r t ic u la r  v a lu e  o f  K n 7 K m  d e te rm in e d  fro m  a  r ip p le
s p e c if ic a t io n , th e  b a n d w id th  in c r e a s e s  e x p o n e n t ia l ly  w ith  th e  o rd e r  o f  c ir c u it . T h is  is  in
c o n tra s t to  o th e r  c o u p le r  g e n e r a t in g  fu n c t io n s , w h ic h  o fte n  o n ly  g iv e  a n  a r ith m e t ic
im p ro v e m e n t in  b a n d w id th  w ith  in c r e a s in g  o rd e r . T h is  e x p o n e n t ia l im p ro v e m e n t m e a n s  
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th a t  th e  o p tim u m  ra t io n a l fu n c t io n  g iv e s  b a n d w id th s  w h ic h  f a r  e x c e e d s  th e  c a p a b i l i t y  o f  
th e  fu n c t io n s  d e s c r ib e d  in  S e c t io n s  4 .3  a n d  4 .4 . In  a d d it io n , th e s e  fu n c t io n s  g iv e  
b a n d w id th s  m u c h  g r e a te r  th a n  c a n  b e  a c c o m p lis h e d  u s in g  d is tr ib u te d  c ir c u its . F o r  
e x a m p le , fo r  th e  s p e c i f ic  c a s e  o f  a n  a m p litu d e  b a la n c e  s p e c if ic a t io n  o f  0 .6 d B  (a s  is  
a c h ie v e d  fo r  an  o c ta v e  b a n d  s in g le  s e c t io n  d is tr ib u te d  c o u p le r ) , a  s e c o n d  o rd e r  fu n c t io n  
w i l l  g iv e  b e t te r  p e r fo rm a n c e  th an  a  s in g le  s e c t io n  d is tr ib u te d  c o u p le r  (3  to  1) an d  a  th ird  
o rd e r  fu n c t io n  n e a r ly  a s  g o o d  a s  a  f iv e  s e c t io n  d is tr ib u te d  c o u p le r  (1 0  to  1).
It is  th is  e x c e p t io n a l b a n d w id th  p o te n t ia l th a t  m a k e s  th e  o p t im u m  r a t io n a l fu n c t io n  
w o r th y  o f  s p e c ia l  a tte n tio n .
S t i l l  an o th e r  m e th o d  o f  s o lv in g  E q n .4 .1 3  is  a v a i la b le  th a t i s  th e o r e t ic a l ly  e x a c t . T h e  
m e th o d  m a k e s  u s e  o f  w h a t  is  k n o w n  a s  th e  e l l i p t i c  n o m e  fu n c t io n  q ,  a n d  is  d e f in e d  b y  th e  
e q u a t io n :
# ) = e~ "T
T h is  fu n c t io n  is  a v a i la b le  in  c e r ta in  m a th e m a t ic a l a n a ly s is  s o f tw a re  p ro g ra m m e s , o r  
i t  m a y  b e  fo u n d  in  ta b le s  o f  e l l ip t ic  fu n c t io n s , a lb e it  in  th e  fo rm  lo g io  q  v s . s in '1 k. It m a y  
b e  u s e d  in  c o n ju n c tio n  w ith  a n o th e r  fu n c t io n , th e  e l l i p t i c  m o d u l u s  fu n c t io n  k (q ) ,  w h ic h  is  
th e  in v e r s e  o f  th e  e l l ip t ic  n o m e  fu n c t io n . T h is  fu n c t io n  c a n  b e  a p p lie d  to  E q n .4 .1 3 . 
M u lt ip ly  b o th  s id e s  b y  - n  a n d  th e n  ta k e  th e  e x p o n e n t ia l g iv in g :
K ' K [-nn—  - tt—-
e  K" -  e  Ki
N o w , a p p ly in g  th e  e l l ip t ic  n o m e  fu n c t io n  g iv e s :
( ? , ) " = < ? . (4 .2 0 )
E q n .4 .2 0  is  a m e n a b le  to  th e  e l l ip t ic  m o d u lu s  fu n c t io n . U s u a l ly  i t  i s  th e  b a n d w id th  
th a t  is  s p e c if ie d , a n d  th e  r ip p le  n e e d s  to  b e  d e te rm in e d . A p p ly in g  E q n .4 .1  an d  E q n .4 .2 0  
g iv e s :
A = — 10  lo g j0 \ k (j[q x)} (4 .2 1 )
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(  1 ^
an d  ? , = # i )  = 7  —
\ B W
It  w o u ld  b e  h e lp fu l a t th is  s ta g e  to  d e m o n s tra te  th e  th e o ry  o f  th is  s e c t io n  w ith  th e  
h e lp  o f  an  e x a m p le .
E x a m p le  4 .1
D e te rm in e  th e  m in im u m  o rd e r  o f  fu n c t io n  n e c e s s a r y  to  a c h ie v e  a  0 .5 d B  r ip p le  
s p e c if ic a t io n  fro m  a  q u a d ra tu re  h y b r id  o p e ra t in g  o v e r  a  10  to  1 b a n d w id th . D e te rm in e  th e  
a c tu a l th e o re t ic a l r ip p le .
S o lu t io n
F ro m  E q n .4 .1 , th e  v a lu e  o f  m  c o rre sp o n d in g  w ith  a  0 .5 d B  r ip p le  i s  1 .0 5 9 , g iv in g  a  
v a lu e  o f  kn = 0 .8 9 1 . T h e  b a n d w id th  ra t io  o f  10  co rre sp o n d s  w ith  k j = 0 .1 .
T o  d e te rm in e  th e  m in im u m  o rd e r , th e  a p p ro x im a t io n s  o f  E q n s .4 .1 6  w i l l  b e  
s u f f ic ie n t ly  a c c u ra te . A s  kn > 1/V2, E q n .4 .1 6 b  m a y  b e  u s e d  to  g iv e  K ’n/Kn = 0 .7 4 0 7 . A s  
k j < 1/V2, E q n .4 .1 6 a  m a y  b e  u s e d  to  g iv e  K j/ K i  = 2 .3 4 7 . N o w , u s in g  E q n .4 .1 3  g iv e s  
n  = 3 .1 7 .
A s  f r a c t io n a l o rd e r  is  n o t p e rm itte d , th e  n e x t  la r g e s t  in te g e r  w i l l  g iv e  th e  r e q u ir e d  
o rd e r  o f  fu n c t io n  a s  th e  fo u rth .
T o  d e te rm in e  th e  a c tu a l r ip p le  o v e r  a  10 to  1 b a n d w id th , u s e  E q n .4 .2 1 . E v a lu a t io n  
o f  th e  e l l ip t ic  n o m e  fu n c t io n  g iv e s  # (0 .1 ) = 0 .0 0 0 6 2 8 , fo r  w h ic h  th e  fo u rth  ro o t is  0 .1 5 8 . 
N o w , t a k e  th e  e l l ip t ic  m o d u lu s  fu n c t io n  fo r  th is  v a lu e , g iv in g  kn = 0 .9 6 2 9  a n d  h e n c e  
A = 0 .1 6 4 d B .
T h e  a b o v e  e x a m p le  i l lu s t r a t e s  th e  im p ro v e m e n t th a t c a n  b e  m a d e  b y  a n  in c r e a s e  in  
o rd er. In p r a c t ic e , g iv e n  th e  sp e c if ic a t io n , th e  d e s ig n e r  m ig h t  w e l l  h a v e  c o n s id e re d  
w h e th e r  it  w o u ld  b e  a c c e p ta b le  to  r e la x  th e  r ip p le  s p e c if ic a t io n  in  o rd e r  to  s im p l if y  to  a  
th ird  o rd e r  s o lu t io n  (A n a ly s is  p re d ic ts  a  r ip p le  o f  0 .6 3 d B  o v e r  th is  b a n d w id th .) .
A lt e r n a t iv e ly , th e  b a n d w id th  c o u ld  b e  in c r e a s e d  to  a l lo w  so m e  m a r g in  a t  th e  b a n d  
e d g e s . In  a n y  e v e n t , th e  p r e c is e  v a lu e  o f  th e  o rd e r  r e q u ir e d  i s  n o t u s u a l l y  im p o rtan t .
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W h a t w o u ld  b e  o f  m o re  v a lu e  to  th e  d e s ig n e r  is  a  s im p le  g ra p h  s h o w in g  th e  r ip p le  
a c h ie v e d  o v e r  a n y  p a r t ic u la r  b a n d w id th , w ith  th e  o rd e r a s  a  p a ra m e te r . S u c h  a  g ra p h  is  
s h o w n  in  F ig u r e  4 -7 .
1.8
1.7
1.6
1.5
1.4*
1,3
1.2
1.1
AMPLITUDE 1X'
IMBALANCE 
(dB) °-9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
F ig u r e  4 - 7  G r a p h  o f  A m p l i t u d e  B a la n c e  a g a in s t  B a n d w id t h
4 .5 .3  D e t e r m in a t i o n  o f  F ( c o )  i n  T e r m s  o f  c o
T h e  a n a ly s is  o f  th e  p r e v io u s  s e c t io n  is  s u f f ic ie n t  to  d e te rm in e  th e  o rd e r  r e q u ir e d  to  
a c h ie v e  a  p a r t ic u la r  s p e c if ic a t io n . F o r  m o st a p p lic a t io n s , th is  i s  s u f f ic ie n t . F o r  th e  s a k e  o f  
th o ro u g h n e s s , a  c o m p le te  so lu t io n  to  E q n .4 .4  sh o u ld  b e  d e te rm in e d . T h is  w i l l  m a k e  i t  
p o s s ib le  to  d e te rm in e  th e  lo s s  to  e a c h  p o rt a t a  p a r t ic u la r  f r e q u e n c y  p o in t. T h e  ze ro  an d  
p o le  f r e q u e n c ie s  c an  b e  d e te rm in e d  b y  c o n s id e r in g  F ig u r e  4 -5  an d  F ig u r e  4 -6 . N o te  th a t
53
C h a p te r  4. A p p ro x im a tio n s
F ig u r e  4 -5  o n ly  sh o w s  th e  lo c u s  fo r  p o s i t iv e  r e a l  v a lu e s  o f  co . In  o rd e r  to  e n c o m p a ss  a l l  
th e  z e ro s  an d  p o le s , i t  w i l l  b e  n e c e s s a r y  to  c o n s id e r  a  f u n d a m e n t a l  r e g i o n  o f  th e  z -p la n e  
( s e e  C h .V  o f  [2 0 ] ) ,  th a t  i s  to s a y ,  o n e  w h ic h  w i l l  m a p  o n to  th e  e n t ir e  o+ p lane. A  
c o n v e n ie n t r e g io n  fo r  th is  p u rp o se  is  a  r e c ta n g le  b o u n d e d  in  th e  z -p la n e  b y  th e  l in e s  
x  = -K \ / cp j, x  = K \/ cou , y  -  -K \ ja> u , y  = K f l c p j .  I f  th is  r e g io n  i s  p la c e d  o n to  F ig u r e  4 -6 , 
th en  th e  z e ro  an d  p o le  p o s it io n s  w i l l  c o n t in u e  in  th e  n e g a t iv e  im a g in a r y  d ire c t io n , 
r e p e a t in g  a lt e r n a te ly  w ith  e q u a l sp a c in g .
C o n s id e r in g  f ir s t  th e  z e ro s , F ig u r e  4 -6  r e v e a ls  th e m  to o c c u r  a t v a lu e s  o f  z  g iv e n  b y :
z  = 2 r . -Y Y 'L  r  = - —( n -  ! ) . . . —( « -  l)  , n  o d d
m
V2~1J''\2_1' ’Meven (4-22)
C o m p a r in g  F ig u r e  4 -5  an d  F ig u r e  4 -6 , an d  th e  lo c u s  o f  z  c o r re sp o n d in g  to  c o  an d
rv  x • • 1 K '\ n C K 'n a C K „  ^  .F ( c o ) ,  i t  i s  s e e n  th a t — L = -----------  an d  — -  =   . A ls o , E q n .4 .1 0  g iv e s  z  m  te rm s  o f  co.
c o v  m  c o y  m
S u b s t itu t in g  in to  E q n .4 .2 2  a n d  r e a r r a n g in g  in  te rm s  o f  o g i v e s :
c o Zr — —— s i i t —— , Arjl (4 .2 3 )
(Oy \ n  J
w ith  r  in  th e  r a n g e  d e f in e d  b y  E q n .4 .2 2 .
F ro m  th e  th e o ry  o f  e l l ip t ic  fu n c t io n s , s n ( j y ,k )  = j . s n ( y , k y c n ( j * , k %  so  th a t  th e  ze ro  
f r e q u e n c ie s  a r e  a l l  p u r e ly  im a g in a r y . T h is  in fo rm a t io n  c a n  b e  in fe r r e d  fro m  E q n .4 .4  a s  
w e l l .  In sp e c tio n  o f  E q n .4 .4  w i l l  a ls o  le a d  to  th e  c o n c lu s io n  th a t c o j '  = (Ozr<Oz{-ry 
T h e re fo re  it  fo llo w s  th a t :
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r  = — -  1 J , n  e v e n  (4 .2 4 )
P ro c e e d in g  n o w  to  th e  p o le s , F ig u r e  4 -6  in d ic a te s  th e m  a s  o c c u r r in g  a t th e  p o in ts
w h e re :
z = ( 2 r ~ l ) — — r  = — —( n  — 1 ) . . .—(ni  — 1) , n  o d d
m  2  2
n  n  
2 ’ " 2
n  e v e n  (4 .2 5 )
F o llo w in g  th e  s a m e  p ro c e d u re  th a t w a s  ta k e n  fo r th e  z e ro s , th e  p o le s  w i l l  th e n  b e  
g iv e n  b y :
1
CO Pr = ------- sn
CO,
j ( 2 r - \ ) . K (
\ n
(4 .2 6 )
fro m  w h ic h  fo llo w s  th e  r e s u lt  fo r  c o l :
c o l .  =
2 f  ( 2 r  - 1). K (  f f
sn ---------------------- , kl
1 V n
dr o o 2 'u  21 ( 2 r - l  ) . K ;  '
o n  I .........   , k{
n
n
r -  1 . . .— , n  e v e n  (4 .2 7 )
E q n s .4 .2 4  an d  4 .2 7  th u s  g iv e  th e  n a tu ra l f r e q u e n c ie s  r e q u ir e d  in  E q n .4 .4 . It i s  n o w  
n e c e s s a r y  to  d e te rm in e  th e  v a lu e  o f  th e  c o n s tan t m u lt ip l ie r .
In  th e  c a s e  w h e re  n  i s  o d d , a  s o lu t io n  is  r e a d i ly  o b ta in ed . F ro m  E q n .6 a , i t  c a n  b e  
s e e n  th a t i f  oopT i s  a  p o le  th en  l/ copY is  a  z e ro , in  o rd e r  to  m a in ta in  a  f in it e  r e s u lt . T h e  ze ro  
f re q u e n c ie s  c a n  th u s  b e  d e te rm in e d  fro m  th e  p o le  f r e q u e n c ie s . It c a n  a lso  b e  in fe r re d  
fro m  E q n .6 a  th a t F ( l )  = 1. T h e se  fa c ts  le a d  to  th e  r e s u lt  th a t w h e n  n  i s  o d d , F ( c o )  i s  g iv e n  
b y :
55
C h a p te r 4. A p p ro x im a tio n s
V t  ®  ®  dr +  1
F ( c o )  = ao. ]~ [ — j-------- 2 j n  ° d d  (4 .2 8 )
, =1 0)  + c o dr
In th e  c a s e  w h e r e  n  i s  e v e n , th e  so lu t io n  is  m o re  in v o lv e d . W ith  th e  z e ro  an d  p o le  
f r e q u e n c ie s  d e te rm in e d , th e  c o n s ta n t m u lt ip l ie r  c a n  b e  d e te rm in e d  b y  c o n s id e r in g  a  p o in t 
w h e re  F ( c o )  i s  k n o w n . R e tu rn in g  to  F ig u re  4 - 6 , c o n s id e r  th e  p o in t w h e r e  
C K  C K '
z    n  + j  — < S u b s t i tu t in g  th is  v a lu e  in to  E q n .4 .12 (r e m e m b e r in g  th a t c n = 0 )  g iv e s :
m  2 m
F = L s ^ K „ + j K ' J l )
m
m  d n (K 'n / 2 ,  k ’n )
1  1
m
=1
a s  kn -  U rn2.
W ith  a  v a lu e  o f  z  c o r re sp o n d in g  to  F  — 1 d e te rm in e d , c o  c a n  b e  d e te rm in e d  u s in g  
E q n .4 .10  ( r e a r r a n g e d  in  te rm s  o f  co , an d  r e m e m b e r in g  th a t c\ -  0 ) . I f  th is  v a lu e  i s  d en o ted  
a s  o f f ,  th en  i t  w i l l  b e  g iv e n  b y :
1
co... -■ s n
c o t
E L )
2 no
co ,
(4 .2 9 )
E q n .4 .4  c a n  n o w  b e  f u l l y  d e f in e d  fo r  n  e v e n  b y :
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F ( a , ) = d L .  n
CO
I - 1
/•=!
1 +
1 +
c o 2 )
1 +
d r
2
n
r=l
d r
d
2 1 +
c o 2
2
J I dr J
CO
n
CO + © „
n
K + d f
y a ) 2 + c a i j
, n  e v e n (4 .3 0 )
T h e  so lu t io n  to  E q n .4 .4  h a s  th u s  b e e n  a r r iv e d  a t.
4 . 6  T r a n s f e r  F u n c t i o n s  i n  T e r m s  o f  t h e  C o m p l e x  F r e q u e n c y  V a r i a b l e
T h e  a n a ly s is  in  te n n s  o f  th e  f r e q u e n c y  v a r ia b le  co  a l lo w s  fo r  th e  d e te n n in a t io n  o f  th e  
f r e q u e n c y  re sp o n se  o f  th e  e v e n tu a l q u a d ra tu re  h y b r id , so  th a t fo r  a  g iv e n  c la s s  o f  fu n c t io n  
F ( c o ) ,  th e  n e c e s s a r y  o rd e r  o f  c ir c u it  to  a c h ie v e  a  g iv e n  a m p litu d e  b a la n c e  s p e c if ic a t io n , 
a n d  th en  th e  m a g n itu d e  o f  th e  re s p o n s e  to  e a c h  o u tp u t o v e r  f r e q u e n c y  c a n  b e  d e te n n in e d . 
H o w e v e r , fo r  th e  p u rp o se  o f  c ir c u it  s y n th e s is ,  i t  is  n e c e s s a r y  to  d e te rm in e  t r a n s fe r  
fu n c t io n s  in  te n n s  o f  th e  c o m p le x  f r e q u e n c y  v a r ia b le  s .
O n e w a y  o f  d o in g  th is  i s  to u s e  E q n .3 .2 3  to  d e te n n in e  th e  n u m e ra to r  p o ly n o m ia ls ,  
an d  th e n  u s e  E q n .3 .2 0  to  d e te n n in e  th e  c o m m o n  d e n o m in a to r  p o ly n o m ia l .  A s  d is c u s s e d  
in  S e c t io n  3 .4 , th e  s ig n  o f  b o th  t r a n s fe r  fu n c t io n s  c a n  b e  c h o se n  a r b it r a r i ly ,  th e  e v e n tu a l 
c h o ic e  b e in g  su b je c t  to  p re fe re n c e s  a r is in g  in  th e  s y n th e s is  s ta g e . W h e re  F ( c o )  h a s  b e e n  
d e te n n in e d  u s in g  n u m e r ic a l te c h n iq u e s , th is  is  th e  b e s t  m e a n s  o f  t r a n s fe r  fu n c t io n  
d e te n n in a t io n . H o w e v e r , fo r  th e  c a s e  o f  th e  o p tim u m  ra t io n a l fu n c t io n  d is c u s s e d  in  
S e c t io n  4 .5 , th e  tr a n s fe r  fu n c t io n s  c a n  b e  g e n e r a te d  u s in g  a n a ly t ic  te c h n iq u e s .
In  th e  u s e  o f  E q n s .3 .2 3  an d  3 .2 0 ,  th e  n u m e ra to r  p o ly n o m ia ls  a r e  d e te rm in e d  f ir s t . 
H o w e v e r , w h e n  c o n s id e r in g  th e  o p tim u m  ra t io n a l fu n c t io n , i t  i s  c o n v e n ie n t to  d e a l w ith  
th e  d en o m in a to r  f ir s t .
(T h e  m a te r ia l  in  th e  r e m a in d e r  o f  S e c t io n  4 .6  h a s  b e e n  p u b lis h e d  d u r in g  th e  c o u rs e  
o f  th is  r e s e a rc h . [2 2 ] )
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4 .6 .1  D e t e r m in a t i o n  o f  t h e  O p t im u m  R a t i o n a l  F u n c t io n  T r a n s f e r  F u n c t io n  
D e n o m in a t o r
T h e  s ta r t in g  p o in t fo r  th e  a n a ly s is  i s  E q n .3 .2 1 . C o m p a r in g  th e  r ig h t  h a n d  s id e  w ith  th e  
r ig h t  h a n d  s id e  o f  E q n .3 .2 2 , i t  i s  s e e n  th a t th e  ro o ts  o f  th e  d e n o m in a to r  fu n c t io n s  D ( ja ) )  
an d  D ty j c o )  a re  g iv e n  b y :
l  + F 2( o ) )  = 0  (4 .3 1 )
T h u s  i t  is  n e c e s s a iy  to  s o lv e  th e  e q u a t io n :
F ( c o )  = ± j
N o w , su b s t itu t in g  fo r  F ( c o )  u s in g  E q n .4 .12  a n d  a lso  b y  m a k in g  u s e  o f  th e  r e la t io n  
1m  -  —r= , g iv e s  a f te r  r e a r r a n g e m e n t :
V ^ «
f  m 'Z)  4. J
A p p lic a t io n  o f  e l l ip t ic  fu n c t io n  th e o ry  ( s e e  fo r  e x a m p le  IV , 3 o f  [2 0 ] )  g iv e s  th e  
g e n e ra l so lu t io n  to  th e  a b o v e  e q u a t io n  a s  fo llo w s :
m .z  jK 'n j K ’n
—jY  -  ± ——  ,2 K n ± —— , an d  a l l  c o n g ru e n t p o in ts .
K ;  n C K '
It w a s  n o ted  p r e v io u s ly  b y  c o n s id e r in g  F ig u r e  4 -5  an d  F ig u r e  4 -6  th a t
K  C K.
an d  — -  = ------ - .  S u b s t i tu t in g  th e s e  re la t io n s  in  th e  so lu t io n  a b o v e  g iv e s  fo r  th e  v a lu e s  o f
a ) ,, m
j K [  j l r K l  2 s K
z  — ±  1 + - -------  + -------- -
2  n cO y  n c o v  G)v
In th e  a b o v e  e q u a t io n , r  an d  s  a r e  a n y  in te g e r s , p o s i t iv e  o r  n e g a t iv e . T h e  o n ly  
so lu t io n s  r e q u ire d  a re  th o se  fo u n d  in  th e  fu n d a m e n ta l r e g io n  o f  th e  z -p la n e , a s  d is c u s s e d
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in  S e c t io n  4 .5 .3 , b o u n d ed  b y  th e  l in e s  x  =  - K J c o u, x  = K J c o u ,  y  -  -K \ lco\ j, y  = K f l c p u. 
W ith  th is  b o u n d a ry  d e f in e d , i t  i s  c le a r  th a t th e  o n ly  so lu t io n s  r e q u ir e d  a re  to  b e  fo u n d  
a lo n g  th e  im a g in a r y  a x is ,  an d  th e s e  w i l l  b e  l im it e d  to  th e  v a lu e s :
z  = ± j ( r - \ ) -
n . c o T
A n  e x a m p le  o f  th is  r e s u lt  c a n  b e  s e e n  in  F ig u r e  4 -8 , w h e re  a  f if th  o rd e r  so lu t io n  is  
i l lu s t r a te d . N o te  h o w  th e  so lu t io n s  to  th e  e q u a t io n  a r e  e q u a l ly  s p a c e d  a lo n g  th e  im a g in a r y  
a x is  in  th e  z -p la n e .
-K ]/ (Du
J K i Vcdu
9 jK j/ \ 0 c o u  ~ 
I jK j/ lO c o u  ~ 
j K f / l c o u  -  
3 jK j/ \ 0 c o u ~  
jK j '/ lO c o u  ~
z -p la n e
- jK / / lO co u
- I jK f/ lO cQ u  ~
- jK i '/ l c o u  ~
- I jK f/ lO & u  "
- 9 jK i  /XOcdu -
- jK j'/ o o u
K J  (Du
F ig u r e  4 -8  S o lu t io n s  to  F  = ± j o n  th e  z - P la n e .  n  = 5 .
E q n .4 .1 0  c a n  n o w  b e  a p p lie d  to  su b s t itu te  fo r  z  an d  g iv e  an  e q u a t io n  in  te rm s  o f  co. 
H a v in g  d o n e  th is , th e  s u b s t itu t io n  s  = j c o  c a n  th e n  b e  m a d e , an d  th e  f in a l s e t  o f  so lu t io n s  
to  E q n .4 .3 1 w i l l  th en  b e  g iv e n  b y :
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c o u  V n  /
(4 .3 2 )
In  E q n .4 .3 2 , u s e  is  m a d e  o f  th e  sh o rth an d  n o ta t io n , s c (x )  = s n (x )/ cn (x ) .  A s  th is  
fu n c t io n  is  o d d , <j.r  = -crr. E q n .4 .1 0  r e q u ir e d  I n  s o lu t io n s , w h ic h  i s  th e  n u m b e r  o f  
s o lu t io n s  in  E q n .4 .3 2 . In o rd e r  to  c o n s tru c t th e  d e n o m in a to r  fu n c t io n , i t  i s  n e c e s s a r y  to  
ta k e  th e  n e g a t iv e  v a lu e s ,  so  th a t th e  f in a l fu n c t io n  i s  H u rw itz . T h e  so lu t io n  to  th e  
d en o m in a to r  is  th e re fo re  g iv e n  b y :
A  s im p lif ic a t io n  o f  th e  p ro c e d u re  to  d e te n n in e  th e  ro o ts  i s  a v a i la b le .  It c a n  b e  
c o n f in n e d  b y  a lg e b r a ic  m a n ip u la t io n s  o f  e l l ip t ic  fu n c t io n s , th a t :
4 .6 .2  D e t e r m in a t i o n  o f  t h e  O p t im u m  R a t i o n a l  F u n c t io n  T r a n s f e r  F u n c t io n  
N u m e r a t o r s
T h e  n u m e ra to rs  o f  th e  tr a n s fe r  fu n c t io n  c a n  b e  d e te rm in e d  b y  u s e  o f  E q n .3 .2 3 , w h e re  th e y  
c a n  b e  id e n t if ie d  a s  th e  n u m e ra to r  an d  d e n o m in a to r  o f  F ( c o ) :  It w i l l  b e  n e c e s s a r y  to  
e s ta b lish  a  c o n stan t m u lt ip l ie r  fo r  b o th  n u m e ra to r  fu n c t io n s , so  th a t c o n se rv a t io n  o f  p o w e r  
is  s a t is f ie d . A lth o u g h  th is  p ro c e d u re  is  e n t i r e ly  v a l id ,  i t  w i l l  m a k e  e x te n s iv e  u s e  o f  
e l l ip t ic  fu n c t io n s . H a p p ily , a  s im p le r  s o lu t io n  c a n  b e  d e r iv e d . T o  s e e  h o w  th is  m a y  b e  
a c c o m p lish e d , c o n s id e r  th e  q u a l i t a t iv e  p ro p e r t ie s  o f  th e  n u m e ra to r  fu n c t io n s .
T h e  z e ro s  an d  p o le s  o f  F  a s  m a p p e d  on to  th e  z -p la n e  i s  sh o w n  in  F ig u r e  4 -6 , w h e re  
th e y  a lte rn a te  a lo n g  th e  im a g in a r y  a x is  l in e ,  w ith  a  z e ro  o c c u r r in g  w h e n  z  = 0 . A s  th e  
lo c u s  o f  co  to w h ic h  th is  l in e  m a p s  o n to  i s  a  m o n o to n ic  p u r e ly  im a g in a r y  fu n c t io n , th e s e  
z e ro s  an d  p o le s  a lso  a lte rn a te  a lo n g  th e  im a g in a r y  a x is  in  th e  co -p la n e , w ith  a  z e ro  a t 
co  — 0 . S u b s t i tu t in g  s  = j c o  g iv e s  v a lu e s  in  th e  5 -p la n e  w h ic h  a lte rn a te  a lo n g  th e  r e a l  a x is .  
A  s a m p le  p lo t o f  N e ( s )  an d  N a( s )  fo r  r e a l  s  i s  sh o w n  in  F ig u r e  4 -9  fo r  o rd e r  3 , i l lu s t r a t in g
//
(4 .3 3 )
1
(4 .3 4 )
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th e  n a tu re  o f  th e  tw o  fu n c t io n s . N o te  th a t N c ( s )  i s  e v e n  an d  N 0( s )  i s  o d d , a s  sh o w n  in  
S e c t io n  3 .4 .
F ig u r e  4 -9  G r a p h  o f  N e ( s )  a n d  N 0( s )  f o r  n  -  3 .
N o w  c o n s id e r  E q n .3 .2 0 . F a c to r is in g  th e  le f t  h an d  s id e  g iv e s  th e  e q u a t io n :
{N e ( s )  +  N 0{s)).{N e ( s ) - N c {S) )  = D { s ) D ( - S)  (4 .3 5 )
C o n s id e r  th e  z e ro s  o f  th e  se c o n d  te rm  in  th e  le f t  h a n d  s id e  o f  E q n .4 .3 5 . T h e  
p h y s ic a l  in te rp re ta t io n  o f  th is  c a n  b e  s e e n  in  F ig u r e  4 -9  b y  th e  p o in ts  a t  w h ic h  th e  tw o  
n u m e ra to r  fu n c t io n s  N e ( s )  an d  N 0( s )  c ro s s . F ig u r e  4 -9  sh o w s  th a t  th e  so lu t io n s  o f  s  fo r  
th e s e  p o in ts  a lte rn a te  in  s ig n  w ith  in c r e a s in g  m a g n itu d e . T h e  n u m e r ic a l v a lu e s  w i l l  b e  
z e ro s  o f  th e  r ig h t  h a n d  s id e  o f  E q n .4 .3 5 , w h o se  so lu t io n s  a re  g iv e n  b y  E q n .4 .3 2 . T h e  
r e m a in in g  so lu t io n s  to  th e  r ig h t  h an d  s id e  o f  E q n .4 .3 5  fo rm  a  se t, w h ic h  a r e  th e  z e ro s  o f  
th e  f ir s t  te rm  o f  th e  le f t  h a n d  s id e . T h e  p h y s ic a l  in te rp re ta t io n  o f  th e  z e ro s  o f  th e  f ir s t  
te rm  o f  th e  le f t  h a n d  s id e  o f  E q n .4 .3 5  c a n  b e  s e e n  in  F ig u r e  4 -8 , b y  th e  p o in ts  a t w h ic h  th e  
tw o  n u m e ra to r  fu n c t io n s  a re  e q u a l an d  o p p o s ite  in  s ig n . T h e se  p o in ts  h a v e  a  s im i la r  
a lt e rn a t in g  p a tte rn .
In  o rd e r  to  c a n y  th e  a n a ly s is  fu r th e r , i t  is  c o n v e n ie n t to  d e f in e  a  n u m e ra to r  
g e n e r a t in g  fu n c t io n  N (s ) = N e ( s )  + N 0( s ) ,  r e fe r re d  to  s u b se q u e n t ly  a s  th e  “n u m e ra to r
61
C h a p te r  4. A p p ro x im a tio n s
fu n c t io n ” . T h is  fu n c t io n  c a n  b e  id e n t if ie d  a s  b e in g  e q u a l to  th e  f ir s t  te rm  in  E q n .4 .3 5 . A s  
N e ( s )  is  e v e n  an d  N 0( s )  i s  o d d , i t  f o l lo w s  th a t N (- s )  = N e ( s )  -  N a( s ) ,  th e  se c o n d  te rn i in  
E q n .4 .3 5 . In  o rd e r  to  g e n e ra te  N (s ) ,  a n  a lt e r n a t in g  s e t  o f  s o lu t io n s  a s  g iv e n  b y  E q n .4 .3 2  
n e e d s  to  b e  c h o se n , fo r  e x a m p le  s  = c r j , - c j 2, <73 e tc . T h e  fa c to rs  a r is in g  fro m  th is  so lu t io n  
se t is  th en  m u lt ip l ie d  to g e th e r  to  g iv e  N (s ) .  E x p a n d in g  N (s )  in to  a  p o ly n o m ia l , th e  e v e n  
an d  o d d  p a r ts  c a n  b e  id e n t if ie d  b y  in sp e c t io n  to  g iv e  N e ( s )  a n d  N 0( s )  s e p a r a te ly .
T h e  a b o v e  p ro c e d u re  le a v e s  a n  a m b ig u ity  in  s ig n  fo r  b o th  n u m e ra to r  fu n c t io n s , a s  
in sp e c t io n  o f  E q n .4 .3 5  r e v e a ls  i t  to  b e  u n a f fe c te d  b y  c h a n g e s  o f  s ig n  o f  e ith e r  n u m e ra to r  
te n n . In  a d d it io n , i t  h a s  a lr e a d y  b e e n  n o ted  in  S e c t io n  3 .4  th a t  th e  s ig n  o f  b o th  N e( s )  an d  
N 0( s )  c a n  b e  c h o se n  a rb it r a r i ly .  T h e  p h y s ic a l  in te rp re ta t io n  o f  th is  is  a p p a re n t f ro m  
c o n s id e ra t io n  o f  F ig u r e  3 -2 . V e r y  l i t t l e  c o n s tra in t  h a s  b e e n  p la c e d  on  th e  c o n s tru c tio n  o f  
th e  h y b r id . It i s  a s su m e d  to  b e  c o m p o se d  o f  a  n e tw o rk  o f  c a p a c ito r s  an d  in d u c to rs  w ith  
v a iy in g  d e g re e s  o f  c o u p lin g , an d  p o s s ib ly  so m e  id e a l  tr a n s fo rm e rs  a s  w e l l .  T h e  
te n n in a t io n s  c o u ld  b e  th o u g h t o f  a s  r e s is to r s  c o n v e n ie n t ly  a t ta c h e d  to  th e  n e tw o rk , w ith  
e x c ita t io n  p ro d u c e d  b y  m e a n s  o f  c u rre n t g e n e ra to r s  c o n n ec te d  a c ro s s  th e  re s is to r s . T h e  
a m b ig u ity  o f  th e  s ig n  o f  th e  n u m e ra to r  te rm s  e q u a te s  to  th e  a m b ig u it y  o f  p o la r i t y  o f  th e  
p o rts  in  th e  c o n c e p tu a l h y b r id .
In  r e a l i t y ,  i t  i s  f r e q u e n t ly  d e s ir a b le  in  th e  c o n s tru c t io n  o f  th e  h y b r id  to  c o n n ec t o n e  
te rm in a l o f  e a c h  p o rt to  a  co m m o n  g ro u n d  p la n e . T h e  p o la r i t y  a t  e a c h  p o rt is  d e f in e d  a s  
th e  n o n -g ro u n d  te rm in a l w ith  re s p e c t  to  th e  g ro u n d  te rm in a l . W ith  th e  h y b r id  c o n s tru c te d  
so , c o n s id e r  th e  s ig n a l  p a th  fro m  th e  in p u t to  th e  th ro u g h  p o rt. It w o u ld  b e  d e s ir a b le  fo r  
th is  tr a n s fe r  fu n c t io n  to  b e  p lu s  u n it y  a t  a r b it r a r i ly  lo w  f r e q u e n c ie s , in  o rd e r  to  a v o id  th e  
in i t ia l  n e c e s s it y  fo r  a  p e r fe c t  tr a n s fo rm e r . C o n s id e r  a ls o  th e  s ig n a l  p a th  f ro m  th e  in p u t to 
th e  c o u p le d  p o rt. W e  w o u ld  e x p e c t th e  c o u p lin g  a t  lo w  f r e q u e n c ie s  to  b e  th e  c o m b in a t io n  
o f  th e  f ir s t  o rd e r  e f fe c ts  o f  c a p a c ito r s  an d  m u tu a l in d u c ta n c e . A lth o u g h  th e  m u tu a l 
in d u c ta n c e  p o la r i t y  c an  b e  c h o se n  a r b it r a r i ly ,  th e  c a p a c it iv e  p a r t  w i l l  r e q u ir e  th a t th e  f ir s t  
te rm  in  th e  n u m e ra to r  o f  th e  tr a n s fe r  fu n c t io n  a lso  sh o u ld  b e  p o s it iv e , i f  th e  in i t ia l  
n e c e s s it y  fo r  a  p e r fe c t  t r a n s fo rm e r  i s  a g a in  to  b e  a v o id e d . T h e s e  tw o  r e q u ire m e n ts  c an  b e  
s a t is f ie d  b y  d e f in in g  N (s )  a s :
N ( s )  = n ( < r r + ( “  l ) r l -s )  (4 *3 6 )
r- 1
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A n  ad d e d  a d v a n ta g e  to  th is  te c h n iq u e  o f  d e te rm in in g  th e  n u m e ra to r  fu n c t io n s , a s  
o p p o sed  to  th e  u s e  o f  E q n .3 .2 3 , is  th a t th e re  i s  no  n e c e s s it y  to  e v a lu a te  co n s tan t 
m u lt ip l ie r s  fo r  th e  t r a n s fe r  fu n c t io n s , a s  E q n .4 .3 5  g u a ra n te e s  th e  c o rre c t v a lu e s . A  
c o m p le te  so lu t io n  to  th e  t r a n s fe r  fu n c t io n s  h a s  th u s  b e e n  a c h ie v e d .
It sh o u ld  b e  p o in te d  o u t th a t th e  n u m b e r  o f  e l l ip t ic  fu n c t io n s  th a t n e e d  to  b e  
c o m p u ted  is  m u c h  le s s  th a n  th e  to ta l n u m b e r  o f  c o e f f ic ie n ts  in  th e  tr a n s fe r  fu n c t io n s . 
B o th  E q n s .4 .3 3  an d  4 .3 6  r e q u ir e  th e  s a m e  n  v a lu e s , an d  E q n .4 .3 4  r e d u c e s  th e s e  
a p p ro x im a te ly  b y  h a lf . W ith  so  f e w  p a ra m e te r s  r e q u ir in g  d e te rm in a t io n , i t  i s  c o n v e n ie n t 
to  co n s tru c t a  g ra p h  o f  v a lu e s ,  w h ic h  c a n  b e  c o n su lte d  b y  th e  d e s ig n e r . S u c h  a  g ra p h  is  
sh o w n  in  F ig u r e  4 -1 0 , fo r  b a n d w id th  r a t io s  u p  to  1 5 0 0 , an d  f if th  o rd e r . T h e  r a n g e  an d  
a c c u r a c y  o f  th e  g ra p h  w i l l  b e  su f f ic ie n t  fo r  m o s t p r a c t ic a l p u rp o se s .
F ig u r e  4 -1 0  G r a p h  o f  F r e q u e n c y  P a r a m e t e r s
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4 .6 .3  A n  E x a m p l e  o f  a n  O p t im u m  R a t i o n a l  F u n c t io n
In o rd e r  to d e m o n s tra te  th e  p ro c e d u re  fo r  d e te rm in in g  th e  t r a n s fe r  fu n c t io n s  o f  a  
q u a d ra tu re  h y b r id  e x h ib it in g  a n  o p tim u m  ra t io n a l fu n c t io n  f r e q u e n c y  r e s p o n se , c o n s id e r  
th e  fo l lo w in g  e x a m p le .
E x a m p le  4 .2
D e te rm in e  th e  th ro u g h  an d  c o u p le d  tr a n s fe r  fu n c t io n s  fo r  a n  o p t im u m  fo u rth  o rd e r  
q u a d ra tu re  h y b r id  o p e ra t in g  o v e r  a  10  to  1 f r e q u e n c y  r a n g e , n o rm a lis e d  to  a  g e o m e tr ic  
c e n tre  r a d ia n  f r e q u e n c y  o f  u n ity .
S o lu t io n
W ith  th e  g e o m e tr ic  c e n tre  r a d ia n  f r e q u e n c y  n o rm a lis e d  to  u n it y , c o u  = V10  an d  
k i -  U co u  = 0 .1 .  T h e re fo re  k[ = y ] l - k (  = 0 .9 9 5 .  A p p ly in g  E q n .4 .3 2  g iv e s  fo r  th e  f ir s t  
tw o  v a lu e s :
cd = 0 .1 5 1 3 9
( j2 = 0 .5 9 7 0 2
E q n .4 .3 2  m a y  b e  a p p lie d  fu r th e r  fo r  th e  tw o  r e m a in in g  v a lu e s ; o th e rw is e  E q n .4 .3 4  
m a y  b e  a p p lie d  to  g iv e :
0 5 = 1 / 0 2 =  1 .6 7 4 9 8 .
OV = 1/0) = 6 .6 0 5 2 6
F ro m  E q n .4 .3 6 , fo r  a  fo u rth  o rd e r  p ro b le m , N (s )  w i l l  b e  g iv e n  b y :
N ( s )  = (05 + ~ + SX&4 ~ *0
an d  a f te r  e x p a n s io n  an d  s im p lif ic a t io n :
N ( s )  = 1 + ( 0*4 -  0*3 + 0"2 -  0*j ) s  -  {(o*4 -  0-j Xcr3 -  0-2)  + l } s 2 -  (o -4 -  0-3 + c r 2 -  o-j) /  +
S e p a r a t in g  th e  a b o v e  in to  e v e n  an d  o d d  p a r ts  g iv e s :
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■ ^ 0 0  = I " {(^4 - X^ 3  - < t 2)  + 2}^2 + s 4 
N 0( s )  = (c r4 -  cr3 + <t2 -  cr, ).s{\  -  s 2 )
S u b s t itu t in g  th e  v a lu e s  o f  a r  in to  th e  a b o v e  an d  in to  E q n .4 .3 3  g iv e  fo r  th e  t r a n s fe r  
fu n c t io n s  d e f in e d  b y  E q n s .3 .1 7  a n d  3 .1 6 :
1 - 8 .9 5 7 0 1 .5 '2 + S 4 
“  (0 . X 5 1 3 9  + sX O .5 970 2  + ^X1 -6 7 4 9 8  + s \ 6 . ( ,0 5 2 6  + s )
5 .3 7 5 9 1 .5 .(1  - s 2)
s  ( s ) = ---------------------------------------------------------------------------------------
21 v 7 (0 .1 5 1 3 9  + s ) ( 0 .5 9 7 0 2  + s ) (  1 .67498  + s ){ 6 .6 0 5 2 6  + s )
4 . 7  C o n c l u s i o n s
It h a s  b e e n  sh o w n  h o w  th e  b e s t  a p p ro x im a t io n  fo r  a n y  p a r t ic u la r  c la s s  o f  f i l t e r in g  fu n c t io n  
F ( cd )  i s  a  fu n c t io n  w h ic h  r ip p le s  b e tw e e n  th e  l im it s  1/m an d  m ,  w h e r e  m  is  m a d e  a s  c lo s e  
a s  p o s s ib le  to  u n ity .
T h e  b a n d w id th  p o te n t ia l  fo r  a  p u r e ly  p o ly n o m ia l fo rm  o f  F{oS) h a s  b e e n  
in v e s t ig a te d , a n d  i t  h a s  b e e n  s e e n  th a t  u s e fu l  a m p litu d e  b a la n c e  a n d  b a n d w id th  c a n  b e  
a c h ie v e d . A n  im p ro v e m e n t in  b a n d w id th  c a n  b e  a c h ie v e d  b y  a l lo w in g  F ( oj)  to  b e  a  
r a t io n a l fu n c t io n , f ir s t  b y  s e t t in g  th e  n u m e ra to r  to  b e  a  s in g le  te rm , an d  th en  a l lo w in g  a  
g e n e r a l r a t io n a l fu n c t io n . T h e  e x p o n e n t ia l n a tu re  o f  th e  b a n d w id th  im p ro v e m e n t w ith  
o rd e r  m a k e s  th e  o p tim u m  ra t io n a l fu n c t io n  th e  o n ly  p r a c t ic a l m e a n s  o f  a c h ie v in g  v e r y  
w id e  b a n d w id th s .
T h e  g e n e ra t io n  o f  t r a n s fe r  fu n c t io n s  in  te rm s  o f  th e  c o m p le x  v a r ia b le  5 h a s  a lso  
b e e n  c o n s id e re d ; m o st e s p e c ia l ly  th o se  d e r iv e d  fro m  th e  o p tim u m  r a t io n a l fu n c t io n . T h e  
r e s u lt s  g iv e  a  v e r y  c o n c is e  fo rm .
H a v in g  c o n s id e re d  th e  p o s s ib le  a p p ro x im a t io n s , th e  n e x t  s ta g e  w i l l  b e  to  in v e s t ig a te  
h o w  p r a c t ic a l c ir c u it s  c a n  b e  s y n th e s is e d  th a t  e x h ib it  th e ir  p re d ic te d  re sp o n se .
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5 .1  I n t r o d u c t i o n
In C h a p te r  3 , a  p o s s ib le  s tru c tu re  fo r  a  lu m p e d  e le m e n t  q u a d ra tu re  h y b r id  w a s  p re s e n te d , 
in  th e  fo n n  o f  F ig u r e  3 -3 . It w a s  s ta te d  h o w e v e r , th a t  th is  fo rm  w a s  n o t n e c e s s a r i l y  th e  
o n ly  w a y  to  s y n th e s iz e  a  p a r t ic u la r  tr a n s fe r  fu n c t io n . In  th is  c h a p te r , o th e r  m e a n s  o f  
s y n th e s iz in g  lu m p e d  e le m e n t  q u a d ra tu re  h y b r id s  a r e  p re s e n te d , a p p ro p r ia te  to  th e  
p a r t ic u la r  a p p ro x im a t io n  fu n c t io n  e m p lo y e d  ( s e e  th e  p re v io u s  c h a p te r ) .
5 . 2  L o w - P a s s  P r o t o t y p e
W h e n  F (o o )  i s  a  p u re  p o ly n o m ia l ,  a s  d e s c r ib e d  in  S e c t io n  4 .3 , th e n  th e  t r a n s fe r  fu n c t io n  o f  
th e  th ro u g h  r e sp o n se  w i l l  b e h a v e  a  l i t t l e  l ik e  a  lo w -p a s s  f i l te r . H o w e v e r , u n l ik e  a  
c o n v e n tio n a l lo w -p a s s  f i l te r , w h e re  th e  lo s s  i s  m in im is e d , th e  q u a d ra tu re  h y b r id  is  
c h a ra c te r is e d  b y  a  f in it e  lo s s  in  its  p a s s -b a n d . T h e  s im p le s t  e x a m p le  is  th a t o f  a  f ir s t  o rd e r  
h y b r id , fo r  w h ic h  F (o o )  =  oo. A p p ly in g  E q n s .3 .2 3  a n d  3 .2 0  a n d  s u b s t itu t in g  in to  E q n s .3 .1 7 
an d  3 .1 6  g iv e s  fo r  th e  t r a n s fe r  fu n c t io n s :
c o e f f ic ie n t  g iv e n  b y  E q n .5 .2 , an d  th e  o d d  m o d e  w i l l  b e  o p p o s ite  in  s ig n . T h e  ap p a re n t 
im p e d a n c e  c a n  b e  d e r iv e d  fro m  th e  r e f le c t io n  c o e f f ic ie n t  b y  u s e  o f  th e  e q u a t io n :
(5 .1 )
(5 .2 )
A  c ir c u it  to  s y n th e s iz e  E q n s .5 .1  an d  5 .2  c a n  b e  fo u n d  b y  c o n s id e r in g  e v e n  a n d  o d d  
m o d e  e x c ita t io n . T h e  ap p a re n t c ir c u it  u n d e r  e v e n  m o d e  e x c ita t io n  w i l l  h a v e  a  r e f le c t io n
Z = Z0 i + r (5.3)
l - r
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It i s  u s e fu l a t  p re se n t to  n o rm a lis e  th e  c h a r a c te r is t ic  im p e d a n c e  to  u n it y , an d  so  
s u b s t itu t in g  E q n .5 .2  fo r  F  in  E q n .5 .3  g iv e s  fo r  th e  e v e n  m o d e :
T h e  ap p a re n t e q u iv a le n t  c ir c u it  i s  a n  in d u c ta n c e  o f  v a lu e  2  in  s e r ie s  w ith  th e  u n it y  
te rm in a t in g  im p e d a n c e . N o w  a p p ly in g  E q n .5 .2  w ith  a  r e v e r s a l o f  s ig n  g iv e s  fo r  th e  o d d  
m o d e :
T h e  ap p a re n t e q u iv a le n t  c ir c u it  i s  a  c a p a c ito r  o f  v a lu e  2  in  p a r a l le l  w ith  th e  
te rm in a t in g  im p e d a n c e .
R a th e r  th an  u s e  th e  c ir c u it  o f  F ig u r e  3 -3  to  im p le m e n t th e s e  tw o  ap p a re n t e q u iv a le n t  
c ir c u it s , i t  i s  b e tte r  to  im p le m e n t th e m  m o re  d ir e c t ly .  T h e re  a r e  tw o  m e th o d s  to do  th is . 
T h e  f ir s t  is  to  u s e  a  p e r f e c t ly  c o u p le d  in d u c to r  p a ir  an d  p la c e  a  c a p a c ito r  b e tw e e n  th e  tw o  
w in d in g s . In th e  e v e n  m o d e , th e re  i s  no  p o te n t ia l a c ro s s  th e  c a p a c ito r , an d  so  th is  e le m e n t  
d is a p p e a r s  fro m  th e  e q u iv a le n t  c ir c u it . T h e  v a lu e  o f  th e  in d u c ta n c e  b e c o m e s  u n it y , in  
o rd e r  th a t it  ap p e a rs  a s  a  v a lu e  o f  2  f ro m  th e  p o in t o f  v ie w  o f  o n e  in p u t . In  th e  o d d  m o d e , 
s y m m e t r y  e n su re s  th e re  to  b e  e q u a l an d  o p p o s ite  c u rre n ts  in  e a c h  w in d in g , a n d  a s  th e y  
h a v e  b e e n  d e f in e d  to  b e  p e r f e c t ly  c o u p le d , th e re  is  no  f lu x  g e n e ra te d , an d  h e n c e  th is  
e le m e n t  d is a p p e a r s  fro m  th e  e q u iv a le n t  c ir c u it . T h e  v a lu e  o f  th e  c a p a c it a n c e  b e c o m e s  
u n it y , in  o rd e r  th a t  i t  a p p e a rs  to  h a v e  a  v a lu e  o f  2  fro m  th e  p o in t o f  v ie w  o f  o n e  in p u t . 
T h e  c ir c u it  i s  sh o w n  in  F ig u r e  5 -1 .
Z e — 2  s  +1 (5 .4 )
L =  1
4
3
F ig u r e  5 -1  F i r s t  O r d e r  Q u a d r a t u r e  H y b r id  -  C o u p le d  I n d u c to r  V e r s io n
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In  F ig u r e  5 -1 , th e  g ro u n d  c o n n e c t io n s  h a v e  b e e n  o m itte d  fo r  c la r i t y .  T h is  h y b r id  
d e s ig n  h a s  b e e n  a ro u n d  fo r  so m e  t im e , h a v in g  b e e n  f ir s t  p u b lis h e d  b y  F ir e s to n e  [2 ] ,  an d  
a n a ly s e d  b y  s e v e r a l au th o rs  s in c e  ( [ 4 ] , [ 5 ] , [ 9 ]  an d  [1 1 ] ) .  T h e  c a p a c ito r  h a s  b e e n  sh o w n  in  
th e  c e n tre  o f  th e  w in d in g . It h a s  b e e n  d ra w n  th u s  o n ly  to  r e in fo rc e  th e  s y m m e t r ic a l n a tu re  
o f  th e  c ir c u it ;  i t  c a n  b e  p la c e d  a t  a n y  p o in t  a lo n g  th e  c o u p le d  in d u c to r , an d  s o m e t im e s  
a p p e a rs  a s  d iv id e d  in to  2  h a lv e s , o n e  e a c h  e n d  o f  th e  c o u p le d  in d u c to r . H o w e v e r  th e  
c a p a c ito r  m a y  b e  a t ta c h e d , th is  fo rm  o f  th e  f ir s t  o rd e r  h y b r id  h a s  th e  a d v a n ta g e  o f  h a v in g  
o n e  te rm in a l o f  e a c h  p o rt c o n n ec te d  to  a  co m m o n  g ro u n d .
T h e  se c o n d  im p le m e n ta t io n  o f  a  f ir s t  o rd e r  h y b r id  in v o lv e s  p la c in g  th e  c o m m o n  
in d u c ta n c e  o f  th e  e v e n  m o d e  a c tu a l ly  in  th e  g ro u n d  p a th  b e tw e e n  p o rts  1 ,2  an d  3 ,4 . T h e  
e le m e n t v a lu e s  a r e  e x a c t ly  th e  s a m e  a s  th e  f ir s t  im p le m e n ta t io n . T h e  c ir c u i t  i s  sh o w n  in  
F ig u r e  5 -2 .
r r y y \
L - \
2 3
F ig u r e  5 -2  F i r s t  O r d e r  Q u a d r a t u r e  H y b r id  -  G r o u n d  I n d u c to r  V e r s io n
A t f ir s t  s ig h t , th e  c ir c u it  o f  F ig u r e  5 -2  m ig h t  a p p e a r  to  p re s e n t  a n  o b s ta c le , in  th a t 
th e  v a r io u s  p o rts  do  n o t sh a re  a  co m m o n  g ro u n d . T h is  h o w e v e r  i s  n o t a  p ro b le m  in  
p ra c t ic e , a s  th e  s ig n a ls  c a n  b e  g u id e d  to  th e  h y b r id  u s in g  tr a n s m is s io n  l in e s ,  an d  th e  
g ro u n d  in d u c to r  c a n  b e  fo rm ed  u s in g  th e  g ro u n d  co n d u c to r  o f  th e s e  t r a n s m is s io n  l in e s . 
R a th e r  th an  b e in g  an  o b s ta c le , th e  se c o n d  im p le m e n ta t io n  o ffe rs  th e  p ro sp e c t o f  o p e ra t in g  
up  to  m ic ro w a v e  f r e q u e n c ie s , u n l ik e  th e  f ir s t  im p le m e n ta t io n , w h ic h  is  l im it e d  b y  th e  u s e  
o f  a  c o u p le d  in d u c to r . T h is  s e c o n d  im p le m e n ta t io n  is  n o t n e w  e ith e r , h a v in g  b e e n
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in tro d u c e d  b y  M o n te a th  [3 ] ,  th o u g h  it s  a p p lic a t io n  h a s  o n ly  b e e n  in v e s t ig a te d  r e c e n t ly  
d u r in g  th e  c o u rse  o f  th is  r e s e a r c h  ( [2 3 ]  an d  [2 4 ]) .
5 .2 .1  H i g h e r  O r d e r  L o w - p a s s  P r o t o t y p e s
T h e  s y n th e s is  o f  h ig h e r  o rd e r  lo w -p a s s  q u a d ra tu re  h y b r id  c ir c u it s  a ls o  m a k e s  u s e  o f  e v e n  
a n d  o d d  m o d e  a n a ly s is .  It w o u ld  b e  p o s s ib le  to  ta k e  th e  f i l t e r in g  fu n c t io n  F { cd ) an d  a p p ly  
E q n s .3 .2 3  an d  3 .2 0  to  d e te rm in e  th e  tr a n s fe r  fu n c t io n s  a n d  th en  s y n th e s iz e  th e  e q u iv a le n t  
e v e n  an d  o d d  m o d e  c ir c u it s . F in a l ly ,  i t  i s  n e c e s s a r y  to  c o m b in e  th e  tw o  c ir c u its  in to  o n e  
h y b r id , fo r  e x a m p le  b y  u s in g  th e  c ir c u it  o f  F ig u r e  3 -3 , o r  b y  so m e  o th e r  m e a n s .
It is  u s e fu l in  th e  s y n th e s is  p ro c e d u re  to  e x p lo it  th e  s y m m e tr ic  q u a l i t ie s  o f  th e  e v e n  
a n d  o d d  m o d e  c ir c u its . T o  sh o w  h o w , c o n s id e r  th e  c ir c u it  o f  F ig u r e  5 - 3 , w h ic h  re p re se n ts  
th e  e q u iv a le n t  c ir c u it  o f  e ith e r  th e  e v e n  o r  o d d  m o d e .
R + jX  R + jX
<   ►
P o rt 1 P o rt 2
F ig u r e  5 -3  L o s s le s s  S y m m e t r ic  C i r c u i t
In  F ig u r e  5 -3 , th e  r e f le c t io n  c o e f f ic ie n t  d en o ted  b y  T  i s  r e fe r r e d  to  th e  im p e d a n c e  
lo o k in g  in to  th e  o u tp u t o f  th e  le f t -h a n d  tw o -p o rt , w ith  it s  in p u t te rm in a te d . F ro m  n e tw o rk  
Z  -  Z*
th e o ry , F  = —-— . In  th is  c a s e , Z L = Z 0 = R  + j X ,  w h e re  R  is  th e  r e a l  p a r t an d  X  is
Z L + Z 0
th e  im a g in a r y  p a r t  o f  th e  c o m p le x  im p e d a n c e . S u b s t itu t in g  th e s e  v a lu e s  in to  th e  
e x p re s s io n  fo r th e  r e f le c t io n  c o e f f ic ie n t , le a d s  a f te r  s im p lif ic a t io n  to :
69
C h a p te r  5. P a ss ive  Syn thes is
j X
v = T T ] x  ( 5 ' 6 )
A s  th e  c ir c u i t  is  lo s s le s s  b e tw e e n  th e  te n n in a t io n s , E q n .5 .6  w i l l  h o ld  tru e  in  te rm s  o f  
m a g n itu d e  w h e r e v e r  th e  c ir c u it  is  b ro k e n . O f  p a r t ic u la r  in te r e s t  is  th e  r e s u lt  th a t th e  
m a g n itu d e  in  E q n .5 .6  is  e q u a l to  th e  m a g n itu d e  o f  th e  in p u t r e f le c t io n  c o e f f ic ie n t  5 n  in  
F ig u r e  5 -3 . It fo llo w s  th en  th a t :
\s+  = Hrf
an d  h e n c e  = T T F J W  ( 5 ' 7 )
C o m p a r in g  E q n .5 .7  w ith  E q n .3 .2 2 , i t  c a n  b e  s e e n  th a t F ( c o )  = ± — , b o th  s ig n s
R
b e in g  p o s s ib i l i t ie s ,  a s  a  c ir c u it  an d  it s  d u a l c a n  b e  s y n th e s iz e d .
T h is  r e s u lt , th a t th e  f i l t e r in g  fu n c t io n  sh o u ld  b e  e q u a l to  th e  ra t io  o f  th e  im a g in a r y  to  
r e a l co m p o n en ts  o f  th e  im p e d a n c e  o f  th e  c ir c u it , w h e n  s p lit  in  th e  p la n e  o f  s y m m e tr y , i s  
s ig n if ic a n t . It m e a n s  th a t i f  a  c o u p le r  is  d e s ig n e d  fo l lo w in g  th is  p ro c e d u re , th e n  i t  i s  n o t 
n e c e s s a r y  to  d e te rm in e  th e  t r a n s fe r  fu n c t io n  e x p l ic i t ly .  It d e p e n d s  h o w e v e r  o n  th e  
q u e s t io n  o f  w h e th e r  i t  is  p o s s ib le  to  s y n th e s is e  a  c ir c u it  g iv e n  th e  ra t io  o f  it s  im a g in a r y  to  
r e a l im p e d a n c e  co m p o n en ts . A  te c h n iq u e  fo r  d o in g  th is  is  a v a i la b le  in  th e  l i t e r a tu r e  [2 5 ] .  
H o w e v e r , th e  a n a ly s is  i s  in  te rm s  o f  im p e d a n c e  p a ra m e te r s , w h ic h  is  n o t c o n s is te n t w ith  
th e  p re sen t w o r k ’ s u s e  o f  5 -p a ra m e te r s . In  .a d d it io n , th e  a n a ly s is  h a s  a  l im ita t io n  to  it , 
w h ic h  is  n o t c le a r  in  th e  r e fe r e n c e d  te x t . T h is  l im ita t io n  w i l l  b e  i l lu s t r a t e d  s u b se q u e n t ly .
C o n s id e r  n o w  th e  im p e d a n c e  lo o k in g  in to  th e  in p u t o f  th e  r ig h t  h a n d  tw o -p o r t o f  
F ig u r e  5 -3 . T h is  w i l l  b e  d e f in e d  a s :
” (* )  . .  n e ( s )  + n a ( s )
 ^ '  7 / \  i /  \ 7 s \
d ( s )  d e ( s )  + d o ( s )
w h e re  th e  e -su b sc r ip t  d e n o te s  th e  e v e n  p a r t , an d  th e  o -s u b sc r ip t  th e  o d d  p a r t  o f  th e  
a p p ro p r ia te  n u m e ra to r  an d  d e n o m in a to r  e x p re s s io n s . It fo l lo w s  fro m  E q n .5 .8  th a t :
7 0
C h a p te r  5. P a ss ive  S yn thes is
z ( _  » e  © - ” . ( * )
I f  th e  ra t io  o f  th e s e  tw o  a r e  ta k e n , th en :
Z O ) « e + » 0 <0 -
Z ( - s )  d e + d 0 n e -  n Q
n  d  — n  d|  0 g e a
n  d  — n  d  e e *o o
n  d  — n  d
J °  e e o
n  d  — n  d
(5 .9 )
N o w , w h e n  s - j c o  w e  h a v e  Z ( j c o )  = R  + j X  . T a k in g  th e  r a t io  in  a  s im i la r  w a y  to  
th a t  a b o v e  g iv e s :
Z O )  R  + j X
Z ( - j c o )  R - j X
1 + j X / R  
= l - J X / R
N o w  su b s t itu te  fo r  to= s/ j, g iv in g :
z ( s )
Z ( . - s )  1 - [ J X / R L i j
(5 .1 0 )
T h e  q u a n t ity  in  b r a c k e ts  in  E q n .5 .1 0  is  a  r a t io n a l fu n c t io n  o f  5, an d  it  c an  b e  
id e n t if ie d  w ith  th e  e x p re s s io n  in  E q n .5 .9  in  te rm s  o f  th e  e le m e n ts  o f  th e  im p e d a n c e  
fu n c t io n . P u tt in g  th is  r a t io n a l fu n c t io n  e q u a l to  N/i??, w h e re  iY an d  9 ?  a re  b o th  
p o ly n o m ia ls  in  5, an d  t a k in g  th e  su m  o f  e a c h , i t  fo l lo w s  th a t :
SR + X  = n c d e  -  n e d 0 + n e d e -  n 0d 0
=  { n e + n o ) - { d e ~ d c )
— n { s ) . d ( —s )  (5 .1 1 )
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T h e  r ig h t  h an d  s id e  o f  E q n .5 .1 1 w i l l  b e  a  p ro d u c t o f  fa c to rs , w ith  e ith e r  r ig h t  o r  le f t  
h an d  ro o ts . A s  th e  n u m e ra to r  an d  d e n o m in a to r  o f  a n  im p e d a n c e  fu n c t io n  m u s t  c o n s is t  
e n t ir e ly  o f  fa c to rs  w ith  le f t  h an d  ro o ts , th e n  th e  r e q u ir e d  im p e d a n c e  fu n c t io n  m a y  b e  
c o n s tru c te d  fro m  E q n .5 .1 1 b y  a s s ig n in g  th e  le f t  h a n d  ro o ts  to  th e  n u m e ra to r , a n d  th e  r ig h t  
h an d  ro o ts  to  th e  d e n o m in a to r , w ith  a  c h a n g e  o f  s ig n .
T h e  l im it a t io n  to  th e  te c h n iq u e  o u t l in e d  a b o v e  c a n  b e  a p p re c ia te d  i f  i t  i s  su p p o se d  
th a t th e  d e s ir e d  im p e d a n c e  fu n c t io n  h a s  o d d  o r  e v e n  fa c to rs  in  it s  n u m e ra to r  o r  
d e n o m in a to r . S u c h  a  fa c to r  w o u ld  b e  a  fa c to r  o f  b o th  it s  e v e n  an d  o d d  c o m p o n e n ts , an d  
w o u ld  c a n c e l in  E q n .5 .9 . S u c h  fa c to rs  a re  e n c o u n te re d  i f  th e  t r a n s fe r  fu n c t io n  h a d  a  ze ro  
o f  t r a n s m is s io n  a t th e  o r ig in  o r  f in it e  e q u a l a n d  o p p o s ite  p a ir s  o f  t r a n s m is s io n  z e ro s . In  
su ch  c a s e s , th e  z e ro s  o f  t r a n s m is s io n  w o u ld  n e e d  to  b e  in tro d u c e d  b y  p la c in g  z e ro s  o r  
p o le s  a t  th e  r e q u ir e d  f re q u e n c ie s  b a c k  in to  th e  im p e d a n c e  fu n c t io n . W h e th e r  a  z e ro  o r 
p o le  w a s  r e q u ir e d  w o u ld  n e e d  to  b e  d e te rm in e d  b y  in sp e c t io n . In  a d d it io n , in  so m e  
c ir c u m s ta n c e s  i t  m a y  b e  n e c e s s a r y  to  s y n th e s iz e  a  c ir c u it  w h e re  th e  im p e d a n c e  s e e n  a t th e  
p o in t o f  b is e c t io n  is  n o t in d iv id u a l l y  r e a l i s a b le ,  a lth o u g h  th e  w h o le  c ir c u it  is .  T h e se  
c o m p lic a t io n s  do n o t a r is e  in  th e  c a s e  o f  lo w -p a s s  p ro to ty p e s , so  th e  te c h n iq u e  c a n  b e  
u se d  f r e e ly .
It w o u ld  b e  h e lp fu l to  i l lu s t r a t e  th e  te c h n iq u e  u s in g  a n  e x a m p le .
E x a m p le  5.1
D e te rm in e  th e  p ro to ty p e  e le m e n t  v a lu e s  fo r  a  f if th  o rd e r , p o ly n o m ia l b a s e d  
q u a d ra tu re  h y b r id  c o v e r in g  th e  f r e q u e n c y  b a n d  0 .4  to  1 rad/s, w ith  a  1 o h m  te rm in a t in g  
im p e d a n c e .
S o lu t io n
T h e  f r e q u e n c y  b a n d  c o rre sp o n d s  to  a  b a n d w id th  ra t io  o f  2 .5 :1 .  U s in g  T a b le  4 -3 , th e  
m u lt ip l ie r s  fo r  E q n .4 .2  b e c o m e :
F (a> ) = 3 .0 0 3 3 . a? -  4 .3 2 5 6 .< y3 + 2 3 1 6 2 .G )5
L e t F(a>)=X/R , an d  su b s t itu te  fo r  th e  d e s ir e d  q u a n t ity  in  E q n .5 .1 0  g iv in g :
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N  . . 3.0033.5 +  4.3256.5 +  2 . 3 1 6 2 s 5
~ ~ (s) = ------------------------------------------------------
1
T h is  th e n  le a d s  to :
fft +  K  =  1 +  3.0033.S +  4.3256.J3 +  2 .3762./
=  (1 +  3.3962.s).(l +  0.4274.5 +  0.7423.52) ( l  -0 .8 2 0 3 .5  +  0.9426.S2)
= N ( s ) . D ( - s )
In sp e c tio n  o f  th e  a b o v e  th e n  le a d s  to :
1 +  3.8236.5 +  2.1927.52 +  2.5209.53
Z ( s )
1 +  0.8203.5 +  0.9426.5'
T h e  im p e d a n c e  fu n c t io n  a r r iv e d  a t  is  th a t o f  a  lo w -p a s s  la d d e r . E le m e n t e x tra c t io n  
w i l l  le a d  to  th e  c ir c u i t  o f  F ig u r e  5 -4 .
F ig u r e  5 -4  C i r c u i t  I m p le m e n t in g  E x a m p le  5 .1
T h e  c ir c u it  o f  F ig u r e  5 -4  c o n s t itu te s  o n ly  h a l f  o f  th e  r e q u ir e d  c ir c u it , an d  th e  d u a l 
w i l l  a lso  b e  re q u ir e d . T h e  e v e n  an d  o d d  m o d e  e q u iv a le n t  c ir c u it s  c a n  b e  d e te n n in e d  b y  
in sp e c t io n , an d  th e y  a r e  sh o w n  in  F ig u r e  5 -5 . N o te  th a t fo r  c o n v e n ie n c e  th e  te rm in a t io n s  
h a v e  b e e n  o m itte d .
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1 .1 4 9
/ Y Y Y Y
0 .8 2
5 .3 4 8
/ Y Y Y Y
1 .1 4 9
/ Y Y Y Y
0 .8 2
1 .1 4 9
(a )  E v en  m o d e  e q u iv a le n t  c ir c u it
0 .8 2
/ Y Y Y Y
5 .3 4 8
0 .8 2
/ Y Y Y Y
1 .1 4 9
(b ) O dd  m o d e  e q u iv a le n t  c ir c u it
F ig u r e  5 -5  A p p a r e n t  C i r c u i t s  f o r  E x a m p le  5 .1
5 .2 .2  P r a c t i c a l  L o w - p a s s  Q u a d r a t u r e  H y b r i d s
In  E x a m p le  5 .1 , th e  e q u iv a le n t  c ir c u it s  c a n  b e  c o m b in e d  w ith  h y b r id  tr a n s fo rm e rs  in  
th e  m a n n e r  o f  F ig u r e  3 -3  to  g iv e  a  q u a d ra tu re  h y b r id . A lth o u g h  th e  c ir c u it  w o u ld  o p e ra te  
in  th e o ry , th e  u s e  o f  e x tr a  co m p o n en ts  is  u n d e s ir a b le . A  b e tte r  m e th o d  w o u ld  b e  to  
c o m b in e  th e  tw o  c ir c u its  d ir e c t ly . S u c h  a  c ir c u i t  i s  sh o w n  in  F ig u r e  5 -6 .
0 .5 7 5
0 .9 8 4 5  ° ' 8 2  2 .6 7 4  ° ’8 2  0 .9 8 4 5
" V A X A /
0 .1 6 4 5
. / Y Y Y Y
0 .9 8 4 5
V A 1 A J
1 .8 5 4
Y A J U U
/ Y Y Y Y
2 .6 7 4
0 .1 6 4 5
2 .6 7 4
0 .8 2 0 .8 2
/ Y Y Y Y
0 .9 8 4 5
0 .5 7 5
F ig u r e  5 -6  Q u a d r a t u r e  H y b r id  f o r  E x a m p le  5 .1
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In  th e  c ir c u it  o f  F ig u r e  5 -6 , u s e  i s  m a d e  o f  c o u p lin g  b e tw e e n  in d u c to rs , th e  s e l f  
in d u c ta n c e  e le m e n t  v a lu e  o f  e a c h  in d u c to r  b e in g  p la c e d  b e s id e  th e  in d u c to r , a n d  th e  
m u tu a l in d u c ta n c e  e le m e n t  v a lu e  b e in g  p la c e d  b e s id e  th e  a r ro w . It c a n  b e  s e e n  th a t  th e  
c e n tra l in d u c to r  p a ir  a re  p e r f e c t ly  c o u p le d , w ith  th e  o u te r  p a ir s  b e in g  p a r t i a l ly  c o u p le d . 
O n ce  a g a in , th e  te rm in a t io n s  h a v e  b e e n  o m itte d . A p p ly in g  e v e n  m o d e  e x c ita t io n  to  th e  
c ir c u it , th e  c ro s s  c a p a c ito r s  w i l l  e x p e r ie n c e  n o  v o lt a g e  a c ro s s  th e m , a n d  so  w i l l  n o t 
co n tr ib u te  to  th e  re sp o n se . T h e  m u tu a l in d u c ta n c e  o f  e a c h  in d u c to r  p a ir  w i l l  a d d  to  th e  
ap p a re n t v a lu e , an d  th e  e q u iv a le n t  c ir c u it  w i l l  b e  a s  in  F ig u r e  5 -5 (a ) . A p p ly in g  o d d  m o d e  
e x c ita t io n , a l l  th e  c ro s s  c a p a c ito r s  w i l l  a p p e a r  in  c ir c u it . T h e  m u tu a l in d u c ta n c e  o f  e a c h  
in d u c to r  p a ir  w i l l  su b tra c t  fro m  th e  a p p a re n t v a lu e ,  g iv in g  a  r e d u c e d  v a lu e  fo r  th e  o u te r  
p a ir s , an d  a  z e ro  v a lu e  fo r  th e  c e n tr a l p a ir . T h e  tw o  c a p a c ito r s  to  g ro u n d  in  e a c h  l in e  w i l l  
th e re fo re  a p p e a r  in  p a r a l le l  w ith  th e  c e n tr a l c ro s s  c a p a c ito r . T h e  e q u iv a le n t  c ir c u it  w i l l  
th e re fo re  b e  a s  in  F ig u r e  5 -5 (b ) .
U n fo r tu n a te ly , th e re  is  a t  p re s e n t  no  a u to m a t ic  s y n th e s is  p ro c e d u re  to  tr a n s fo rm  th e  
a p p a re n t e v e n  an d  o d d  m o d e  c ir c u it s  in to  q u a d ra tu re  h y b r id s  o f  th e  fo rm  sh o w n  in  F ig u r e  
5 -6 , fo r  th e  g e n e r a l  c a s e  o f  lo w -p a s s  p ro to ty p e s . S u c h  c ir c u it s  c a n  o n ly  b e  d e te n n in e d  b y  
in tu it io n .
5 .2 .3  U s e  o f  T r a n s m i s s i o n  L in e s
O ne m e th o d  o f  s y n th e s iz in g  lo w -p a s s  p ro to ty p e  q u a d ra tu re  h y b r id s  m a k e s  u s e  o f  p a ir s  o f  
t r a n s m is s io n  l in e s  in  th e  s tru c tu re , an d  th e s e  h a v e  r e c e iv e d  a  s ig n if ic a n t  am o u n t o f  
a tte n tio n  in  th e  l i t e r a tu r e  ( [ 4 ] , [ 5 ] , [ 7 ] , [ 8 ] , [ 9 ] , [ 1 1 ] , [ 1 2 ] , [ 1 3 ]  an d  [1 4 ] ) .  T h e s e  a r e  p la c e d  
a lt e r n a te ly  w ith  f ir s t  o rd e r  h y b r id  s e c t io n s  in  a  c h a in . T h e  o rd e r  o f  th e  f in a l  c ir c u it  is  
e q u a l to  th e  n u m b e r  o f  f ir s t  o rd e r  s e c t io n s  p lu s  th e  n u m b e r  o f  t r a n s m is s io n  l in e  p a ir s . T h e  
f in a l  s tru c tu re  is  n o t s t r ic t ly  lu m p e d  e le m e n t , b u t o w in g  to  th e  sh o rt le n g th  o f  th e  
t r a n s m is s io n  l in e  s e c t io n s  r e m a in s  a p p ro x im a te ly  lu m p e d . A n  e x a m p le  o f  a  f if th  o rd e r  
h y b r id  i s  sh o w n  in  F ig u r e  5 -7 , w h e r e  th e  g ro u n d  p la n e  an d  te rm in a t io n s  h a v e  b e e n  
o m itte d  fo r c la r i t y .
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F ig u r e  5 -7  F if th  O r d e r  M ix e d  E le m e n t  Q u a d r a t u r e  H y b r id
T h e  fu n c t io n  o f  th e  c ir c u it  o f  F ig u r e  5 -7  c a n  b e  a p p re c ia te d  b y  c o n s id e r in g  it s  
r e sp o n se  to  e v e n  an d  o d d  m o d e  e x c ita t io n . A p p ly in g  e v e n  m o d e  e x c ita t io n , th e  
e q u iv a le n t  c ir c u it  b e c o m e s  a n  a lt e rn a te  s e r ie s  o f  in d u c to rs  an d  tr a n s m is s io n  l in e s . 
P ro v id e d  th a t th e  t r a n s m is s io n  l in e s  a r e  sh o rt a t  th e  f r e q u e n c y  o f  in te r e s t , th e n  th e y  a p p e a r  
a s  c a p a c ito r s , a n d  th e  e q u iv a le n t  c ir c u it  a p p ro x im a te s  a  f if th  o rd e r  lo w -p a s s  n e tw o rk . 
A p p ly in g  o d d  m o d e  e x c ita t io n , th e  in d u c t iv e  p a r t  o f  th e  t r a n s m is s io n  l in e s  d o m in a te s , an d  
th e  e q u iv a le n t  c ir c u it  o n c e  a g a in  a p p ro x im a te s  a  f if th  o rd e r  lo w -p a s s  n e tw o rk , b u t th e  
d u a l o f  th e  e v e n  m o d e  c ir c u it . T h e  e q u iv a le n t  c ir c u it s  u n d e r  e v e n  an d  o d d  m o d e  
e x c ita t io n  m u s t a p p e a r  a s  e x a c t  d u a ls , h e n c e  th e  f ir s t  o rd e r  s e c t io n s  m u s t  h a v e  e q u a l 
v a lu e s  o f  in d u c ta n c e  an d  c a p a c it a n c e  w h e n  n o rm a lis e d  to  th e  r e f e r e n c e  im p e d a n c e . A ls o , 
th e  t r a n s m is s io n  l in e s  m u s t  h a v e  a  c h a r a c te r is t ic  im p e d a n c e  e q u a l to  th e  re f e r e n c e  
im p e d a n c e , a s  in d ic a te d  in  F ig u r e  5 -7 .
T h e  h y b r id s  o f  th is  c la s s  a s  fo u n d  in  th e  l it e r a tu r e  m a k e  u s e  o f  f ir s t  o rd e r  s e c t io n s  o f  
th e  c o u p le d  in d u c to r  ty p e . D u r in g  th e  c o u rs e  o f  th is  r e s e a rc h , th e  u s e  o f  g ro u n d  in d u c to rs  
h a s  b e e n  in v e s t ig a t e d  fo r  th e  p u rp o se  o f  e x te n d in g  o p e ra t io n  in to  m ic r o w a v e  f r e q u e n c ie s  
[2 4 ] . T h e  l it e r a tu r e  d o e s  n o t g iv e  th e  th e o re t ic a l b a s is  o f  th is  c la s s  o f  h y b r id , an d  o n ly  
p a r t ic u la r  so lu t io n s  a r e  g iv e n . T h is  is  n o t s u rp r is in g , a s  e v e n  th e  so lu t io n  o f  th e  p u r e ly  
lu m p e d  e le m e n t c ir c u it s  r e q u ir e s  n u m e r ic a l a n a ly s is  fo r  a n y th in g  m o re  th a n  th e  s im p le s t  
e x a m p le s . In a d d it io n , fu r th e r  n u m e r ic a l a n a ly s is  is  r e q u ir e d  w h e n  t r a n s m is s io n  l in e s  a r e  
in tro d u c e d . F o r  th is  r e a so n , i t  i s  b e s t  to  d e s ig n  th e s e  h y b r id s  b y  d ir e c t  o p t im is a t io n  o f  th e  
c ir c u it  e le m e n ts , an d  so m e  d a ta  c a n  b e  fo u n d  in  th e  l i t e r a tu r e  fo r  th ird  an d  f if th  o rd e r  
c ir c u it s  ( [ 9 ] , [ 1 2 ]  an d  [1 3 ] ) .  A t  U H F  fr e q u e n c ie s , th e  t r a n s m is s io n  l in e s  a r e  u s u a l l y  a  
m a n a g e a b le  le n g th . H o w e v e r , a t lo w e r  f r e q u e n c ie s  th e y  b e c o m e  p r o h ib it iv e ly  la r g e . T o  
a v o id  th is  p ro b le m , th e  u s e  o f  lo w -p a s s  lu m p e d  e le m e n t  s u b s t itu te s  fo r  th e  t r a n s m is s io n
76
C h a p te r  5. P a ss ive  S yn thes is
l in e s  h a s  b e e n  d e s c r ib e d  in  th e  l i t e r a tu r e  ( [4 ]  an d  [1 4 ]) . T h e  re s u lt a n t  c ir c u it  i s  th en  n o t a  
p e r fe c t  q u a d ra tu re  h y b r id , a s  th e  lo w -p a s s  s e c t io n s  a re  n o t s e lf -d u a l ,  an d  a re  e ith e r  
in d u c t iv e  o r  c a p a c it iv e  a t  h ig h e r  f r e q u e n c ie s  in  b o th  e v e n  an d  o d d  m o d e . It w o u ld  b e
in  th e  lite ra tu re . A t  lo w e r  m ic r o w a v e  f re q u e n c ie s , th e  le n g th  o f  t r a n s m is s io n  l in e s  i s  s t i l l  
m a n a g e a b le , b u t a s  f r e q u e n c y  in c r e a s e s , th e  c ir c u it  to le ra n c e s  m e a n  th a t  th e  lu m p e d  
e le m e n t se c tio n s  h a v e  to  b e  p o s it io n e d  v e r y  p r e c is e ly .
5.3 Optimum Rational Function Prototypes
It w a s  s e e n  in  S e c t io n s  4 .4  a n d  4 .5  th a t a  r a t io n a l f i l t e r in g  fu n c t io n  F ( cd )  g a v e  b e tte r  
b a n d w id th  p e r fo rm a n c e  a s  c o m p a re d  w ith  a  p u re  p o ly n o m ia l fu n c t io n . A lth o u g h  a  c o u p le  
o f  e x a m p le s  w e r e  g iv e n  in  S e c t io n  4 .4  w h e re  th e  n u m e ra to r  w a s  a  s in g le  te rm , o n ly  th e  
c a s e  w h e re  th e  n u m e ra to r  is  f ir s t  o rd e r  an d  th e  d en o m in a to r  i s  s e c o n d  o rd e r  h a s  b e e n  
fo u n d  to  g iv e  u s e fu l r e a l is a t io n s  o f  q u a d ra tu re  h y b r id s  d u r in g  th e  c o u rs e  o f  th is  r e s e a rc h . 
T h is  c a s e  is  a lso  th e  s e c o n d  o rd e r  c a s e  o f  th e  o p tim u m  ra t io n a l fu n c t io n  d is c u s s e d  in  
S e c t io n  4 .5 . It i s  th e re fo re  a p p ro p r ia te  to  c o n s id e r  h o w  to  s y n th e s iz e  h y b r id s  e x h ib it in g  
f re q u e n c y  re sp o n se s  fo l lo w in g  th e  o p tim u m  ra t io n a l fu n c t io n  fo rm  o f  F ( c o ) .  B e fo re  d o in g  
so , th e  f ir s t  o rd e r  c a s e  o f  th e  o p tim u m  ra t io n a l fu n c t io n  c a n  b e  d e a lt  w ith  b r ie f ly .  In  
E q n .4 .3 2 , w h e re  n  i s  1, o r  -  1, an d  a p p lic a t io n  o f  E q n s .4 .3 3  a n d  4 .3 6  le a d  to  th e  s a m e  
tr a n s fe r  fu n c t io n s  a s  E q n s .5 .1  a n d  5 .2 . T h e  r e a l is a t io n  is  th e re fo re  th e  s a m e  a s  th e  f ir s t  
o rd e r  h y b r id  d is c u s s e d  in  S e c t io n  5 .2 .
5 .3 .1  S y n t h e s i s  o f  a  S e c o n d  O r d e r  H y b r i d
A p p ly in g  E q n s .4 .3 3  a n d  4 .3 6  an d  th e  fo l lo w in g  d is c u s s io n  in  S e c t io n  4 .6  g iv e  th e  
f o l lo w in g  tr a n s fe r  fu n c t io n s  fo r  th e  s e c o n d  o rd e r  c a s e :
b e tte r  to  u s e  c ir c u its  o f  th e  ty p e  sh o w n  in  F ig u r e  5 -6 , b u t th e s e  h a v e  n o t b e e n  in v e s t ig a te d
(5 .1 2 )
(5 .1 3 )
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In sp e c tio n  o f  E q n .5 .1 2  r e v e a ls  th e re  to  b e  a  z e ro  in  th e  r ig h t  h a n d  p la n e . T h is  
m e a n s  th a t  th e  e q u iv a le n t  e v e n  an d  o d d  m o d e  c ir c u it s  c an n o t b e  r e a l i s e d  b y  a  la d d e r  
n e tw o rk , b u t w i l l  h a v e  to  e m p lo y  c o u p le d  in d u c to rs , la t t ic e  n e tw o rk s  o r  p e r fe c t  
tr a n s fo rm e rs .
C o n s id e r  f ir s t  th e  e v e n  m o d e  c a s e . S u b s t itu t io n  o f  E q n .5 .1 3  in to  E q n .5 .2 , w h e re  th e  
c h a r a c te r is t ic  im p e d a n c e  h a s  b e e n  n o rm a lis e d  to  u n it y  g iv e s  an  in p u t im p e d a n c e  o f:
2 2  1
£  H S + 1
Z e — —r —-------  (5 .1 4 )
5 + 2<Tj + 1
T h e  s y n th e s is  o f  th is  im p e d a n c e  is  a  m a tte r  o f  c o n v e n tio n a l s y n th e s is  [2 6 ] .  T h e  
c ir c u it  i s  sh o w n  in  F ig u r e  5 -8  (N o te  th a t te rm in a t io n s  h a v e  b e e n  o m itte d  fo r  c la r i t y ) .
1/CT] 1/<Tj
/ Y Y Y ^ i  _ / Y Y Y Y
■1/2 cti
2 <ti
F ig u r e  5 -8  E v e n  M o d e  S e c o n d  O r d e r  E q u iv a le n t  C i r c u i t
In sp e c tio n  o f  th e  v a lu e s  o f  th e  th re e  in d u c to rs  in  F ig u r e  5 -8  sh o w s  th a t  th e y  c a n  b e  
r e a l is e d  w ith  a  p e r f e c t ly  c o u p le d  p a ir  o f  in d u c to rs . T h e  p r a c t ic a l c ir c u i t  th e n  b e c o m e s  a s  
in  F ig u r e  5 -9 .
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k=  1 
✓  \
F ig u r e  5 -9  P r a c t i c a l  E v e n  M o d e  S e c o n d  O r d e r  E q u iv a le n t  C i r c u i t
H a v in g  o b ta in e d  a n  e q u iv a le n t  c ir c u it  fo r  th e  e v e n  m o d e  e x c ita t io n  o f  th e  se c o n d  
o rd e r  c ir c u it , th e  n e x t  s tep  i s  to  s y n th e s iz e  th e  e q u iv a le n t  c ir c u it  fo r  th e  o d d  m o d e . T h e  
o d d  m o d e  im p e d a n c e  c a n  b e  d e d u c e d  d ir e c t ly  fro m  th e  e v e n  m o d e  im p e d a n c e , a s  i t  is  
k n o w n  th a t i t  w i l l  fo rm  th e  d u a l. A s  th e  r e fe r e n c e  im p e d a n c e  i s  u n it y , th e  o d d  m o d e  
im p e d a n c e  is  s im p ly  th e  r e c ip ro c a l o f  th e  e v e n  m o d e  im p e d a n c e , w h ic h  b y  in sp e c t io n  o f  
E q n .5 .1 4  b e c o m e s :
z a = ^ Y l  ( 5 . 1 5 )
S 2 + -----5  + 1
S y n th e s is  o f  th is  im p e d a n c e  fo llo w s  th e  s a m e  p ro c e d u re  a s  fo r  th e  e v e n  m o d e  c a s e , 
le a d in g  f in a l ly  to  th e  c ir c u it  in  F ig u r e  5 -1 0 .
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k= 1 
✓  \
F ig u r e  5 -1 0  P r a c t i c a l  O d d  M o d e  S e c o n d  O r d e r  E q u iv a le n t  C i r c u i t
N o te  th a t th e  c ir c u it s  in  F ig u r e  5 -9  an d  F ig u r e  5 -1 0  s h a re  th e  s a m e  to p o lo g y , th a t  o f  
a  D a r lin g to n  ty p e  C  s e c t io n  (a  b e tte r  d e s c r ip t io n  w o u ld  b e  a  “B ru n e  s e c t io n ” ) , w ith  th e  
s im p lif ic a t io n  o f  a  u n it y  tu rn s  r a t io . T h e  fa c t  th a t  th is  c ir c u it  s y n th e s iz e s  th e  r e q u ir e d  
im p e d a n c e s  an d  tr a n s fe r  fu n c t io n s  i s  e x p e c te d  fro m  c o n v e n t io n a l c ir c u it  th e o ry , a s  i t  is  
k n o w n  th a t th is  c ir c u it  i s  s e lf -d u a l [2 7 ]  an d  w a s  in v e n te d  b y  B ru n e  [2 8 ]  fo r  th e  p u rp o se  o f  
r e a l i s in g  a  t r a n s m is s io n  z e ro  in  th e  r ig h t  h a l f  5 -p lan e .
H a v in g  d e te rm in e d  th e  e q u iv a le n t  c ir c u it s  fo r  e v e n  a n d  o d d  m o d e  e x c ita t io n , th e  
p ro b le m  n o w  is  to  d e te n n in e  a  s in g le  c ir c u it  e x h ib i t in g  b o th  im p e d a n c e s  s im u lt a n e o u s ly . 
T h e  d e v e lo p m e n t o f  su c h  a  c ir c u it  fo l lo w s .
S u p p o se  f ir s t  o f  a l l  th a t  th e  c ir c u i t  to p o lo g y  o f  e ith e r  F ig u r e  5 -9  o r  F ig u r e  5 -1 0  is  
p la c e d  b e tw e e n  th e  in p u t  an d  th ro u g h  p o rts , an d  th e n  a  se c o n d  id e n t ic a l  c ir c u it  i s  p la c e d  
b e tw e e n  th e  c o u p le d  an d  is o la t e d  p o rts . A n  in s p e c t io n  o f  th e  e le m e n t  v a lu e s  g iv e n  in  
F ig u r e  5 -9  an d  F ig u r e  5 -1 0  sh o w s  th a t th e  in d u c t iv e  e le m e n t  i s  la r g e r  in  th e  e v e n  m o d e , 
w h ils t  th e  c a p a c it iv e  e le m e n t  i s  la r g e r  in  th e  o d d  m o d e . A n  in c r e a s e  in  th e  e v e n  m o d e  
in d u c t iv e  e le m e n t  o v e r  th e  o d d  m o d e  c a n  b e  e f fe c te d  b y  a r r a n g in g  in d u c t iv e  c o u p lin g  
b e tw e e n  th e  tw o  in d u c to r  p a ir s . T h e  in d u c t iv e  c o u p lin g  w i l l  ad d  to  th e  s e lf - in d u c ta n c e  
v a lu e  in  th e  e v e n  m o d e  an d  su b tra c t  fro m  it  in  th e  o d d  m o d e . T h e  g o v e rn in g  e q u a t io n s  
w i l l  th en  b e :
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L + M = ——
2o}
L - M  = —
2
(5 .1 6 )
(5 .1 7 )
(5 .1 8 )
A n  in c r e a s e  in  th e  o d d  m o d e  c a p a c it a n c e  c a n  b e  a c c o m p lis h e d  b y  p la c in g  a  th ird  
c o u p lin g  c a p a c ito r  b e tw e e n  th e  tw o  e x is t in g  c a p a c ito r s . T h e  e x is t in g  c a p a c ito r s  w i l l  t a k e  
th e  v a lu e  o f  th e  e v e n  m o d e  c ir c u it . T h e  a d d it io n a l c a p a c ito r  w i l l  t a k e  e f fe c t  o n ly  in  th e  
o d d  m o d e , an d  in  th is  m o d e  w i l l  g iv e  a  v ir tu a l  g ro u n d  a t  it s  m id -p o in t . Its v a lu e  w i l l  
th e re fo re  b e  h a l f  th e  d if fe r e n c e  b e tw e e n  th e  r e q u ir e d  e v e n  an d  o d d  m o d e  c a p a c it a n c e  
v a lu e s . In  s u m m a ry  th en :
C] = ± - t r ,  (5 .1 9 )
C 2 = 20} (5 .2 0 )
T h e  f in a l s e c o n d  o rd e r  h y b r id  c ir c u it  w i l l  th en  b e  a s  in  F ig u r e  5 -1 1 . F o r  b r e v it y , 
p e r fe c t  c o u p lin g  b e tw e e n  a d ja c e n t  in d u c to rs  h a s  b e e n  a s su m e d , an d  th is  c o n v e n tio n  w i l l  
b e  fo llo w e d  s u b se q u e n t ly , w ith  p a r t ia l  c o u p lin g  in d ic a te d  w h e re  i t  o c c u rs .
g iv in g
an d
an d  h e n c e
L  = + cr,
M  = — 
4
-C T ,
v l
. . . .
1/tT i+ cr,
8 1
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L
X k X A J -
f Y Y Y \  J
c ,
c 2
\ X A A J
c2
/ Y Y Y \
F ig u r e  5 -1 1  S e c o n d  O r d e r  Q u a d r a t u r e  H y b r id  C i r c u i t
5 .3 .2  S y n t h e s i s  o f  H i g h e r  O r d e r  H y b r i d s
(T h e  m a te r ia l  in  th e  fo l lo w in g  tw o  s e c t io n s  h a s  b e e n  p u b lis h e d  d u r in g  th e  c o u rs e  o f  th is  
r e s e a rc h  [2 9 ] )
It is  p o s s ib le  to  a p p ly  e v e n  an d  o d d  m o d e  e x c ita t io n  to  th e  th ird  o rd e r  h y b r id , a n d  
su b se q u e n t ly  d e v is e  a  q u a d ra tu re  h y b r id  b y  in s p e c t io n . A  p ro b le m  o c c u rs  h o w e v e r  fo r  
fo u rth  an d  h ig h e r  o rd e r  h y b r id s . T h is  is  b e c a u s e  th e  th ro u g h  tr a n s fe r  fu n c t io n  r e q u ir e s  
m o re  th an  o n e  z e ro  o f  t r a n s m is s io n  in  th e  r ig h t  h a n d  p la n e . F o r  th e  fo u rth  o rd e r  c a s e  fo r  
e x a m p le , th e  s y n th e s is  o f  th e  e q u iv a le n t  e v e n  o rd e r  c ir c u it  w i l l  g iv e  a  c a s c a d e  o f  tw o  
B ru n e  s e c t io n s , i f  c o n v e n tio n a l c ir c u it  s y n th e s is  is  fo llo w e d . U n l ik e  th e  s e c o n d  o rd e r  
c a s e  ju s t  d is c u s s e d , th e  tu rn s  ra t io  o f  e a c h  s e c t io n  w i l l  n o t b e  u n it y . T h is  in  i t s e l f  p o s e s  a  
p ro b le m , a s  in  p r a c t ic e  th e  tu rn s  r a t io  n e e d s  to  b e  a  r a t io n a l n u m b e r , a n d  p r e f e r a b ly  o n e  
w h e re  th e  r a t io  is  o f  s m a l l  n u m b e rs . A s  a  r e s u lt , i t  w o u ld  b e  n e c e s s a r y  to  o n ly  c o n s id e r  
d is c r e te  so lu t io n s . T h e  p ro b le m  is  fu r th e r  c o m p o u n d e d  w h e n  th e  o d d  m o d e  e q u iv a le n t  
c ir c u it  i s  s y n th e s iz e d . It w i l l  b e  fo u n d  th en  th a t th e  so lu t io n  is  o n c e  a g a in  a  c a s c a d e  o f  
tw o  B ru n e  s e c t io n s , b u t w ith  th e  tu rn s  r a t io  in v e r te d  fro m  th a t  fo u n d  in  th e  e v e n  m o d e  
c a s e . H a v in g  d e te rm in e d  th e  e v e n  an d  o d d  m o d e  e q u iv a le n t  c ir c u it s , i t  is  n e c e s s a r y  th e n
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to  c o m b in e  th e  tw o  in to  a  q u a d ra tu re  h y b r id . A t  p re sen t , th e  u s e  o f  th e  c ir c u it  o f  F ig u r e  
3 -3  is  th e  o n ly  w a y  to  do  th is . It w o u ld  b e  d e s ir a b le  to  f in d  a n  a lt e r n a t iv e  m eth o d .
5 .3 .3  H y b r i d  S y n t h e s i s  U s in g  F o u r  M o d e s
T h e  q u a d ra tu re  h y b r id  a s  sh o w n  in  F ig u r e  3 -2  h a s  fo u r  p o rts . In  th e  th e o ry  o f  q u a d ra tu re  
h y b r id s  it  is  n o t n e c e s s a r y  th a t e a c h  o f  th e  p o rts  sh o u ld  h a v e  a  t e n n in a l  c o n n ec ted  to  a  
co m m o n  g ro u n d . In  p r a c t ic e  h o w e v e r , i t  i s  d e s ir a b le  fo r  e v e r y  p o rt to  h a v e  a  te rm in a l 
c o n n ec te d  to  a  co m m o n  g ro u n d  p o in t , so  th a t  o th e r  co m p o n e n ts  in  th e  s y s te m  can  b e  
c o n v e n ie n t ly  c o n n ec te d  to  th em . It w o u ld  b e  d e s ir a b le  to  h a v e  a  s y n th e s is  p ro c e d u re  th a t 
a s su re s  th is , an d  th is  c an  b e  a c h ie v e d  b y  th e  u s e  o f  fo u r  m o d e s .
S o  fa r , th e  u s e  o f  tw o  m o d e s , th e  e v e n  an d  o d d , h a s  b e e n  fo u n d  u s e fu l in  a n a ly s is  to 
r e d u c e  th e  s y n th e s is  p ro b le m . T h e  p r in c ip le  o f  b r e a k in g  d o w n  th e  p ro b le m  to  s im p le r  
c ir c u it s  c a n  b e  ta k e n  o n e  s tep  fu r th e r  b y  th e  u s e  o f  fo u r  m o d e s , in  w h ic h  a i l  fo u r  p o rts  a re  
g iv e n  an  e x c ita t io n . It w i l l  b e  a s su m e d  th a t th e  ta rg e t  h y b r id  is  s y m m e t r ic a l in  b o th  
h o r iz o n ta l an d  v e r t ic a l  c o n c e p tu a l p la n e s , fo r  th e  s a k e  o f  a n a ly t ic a l  c o n v e n ie n c e , an d  a lso  
b e c a u s e  i t  a v o id s  th e  in i t ia l  n e c e s s it y  o f  a  p e r fe c t  tr an s fo rm e r . In  e a c h  o f  th e  fo u r  m o d e s , 
th e  a p p a re n t e q u iv a le n t  c ir c u i t  f ro m  th e  p o in t  o f  v ie w  o f  p o rt 1 w i l l  b e  c o n s id e re d .
T h e  f ir s t  m o d e , w h ic h  w i l l  b e  c a l le d  M o d e  1, p la c e s  a n  e q u a l  e x c ita t io n  a t  a l l  fo u r  
p o rts . A s  th e  h y b r id  i s  p e r f e c t ly  m a tc h e d , th e  g e n e ra to r  a t  p o rt 1 w i l l  r e c e iv e  no  
r e f le c t io n  fro m  th is  p o rt. F u r th e rm o re , th e  is o la t io n  q u a l i t ie s  o f  th e  h y b r id  w i l l  e n su re  
th a t th e  g e n e ra to r  a t p o rt 3 w i l l  n o t t r a n sm it  a  s ig n a l to  p o rt 1. O n ly  th e  g e n e ra to r s  a t  
p o rts  2  an d  4  w i l l  t r a n s m it  s ig n a ls  to  p o rt 1, an d  th e s e  w i l l  e q u a te  to  527(5)  an d  s 4]( s )  
r e s p e c t iv e ly , so  th a t th e  a p p a re n t r e f le c t io n  c o e f f ic ie n t  s e e n  a t  p o rt 1 w i l l  b e  th e  su m  o f  
th e s e  tw o  q u a n t it ie s . S u b s t i tu t in g  th e  q u a n t it ie s  fro m  E q n s .3 .1 6 an d  3 .1 7  an d  th en  u s in g  
E q n .5 .3  to  f in d  th e  im p e d a n c e  g iv e s  fo r  M o d e  1:
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D { s ) + N i  s )  
<5-21>
C o n s id e r  a  s e c o n d  ty p e  o f  e x c ita t io n  w h e r e b y  th e  g e n e ra to r s  a t p o rts  1 a n d  2  a re  
id e n t ic a l , an d  th e  g e n e ra to rs  a t p o rts  3 an d  4  a r e  e q u a l an d  o p p o s ite  in  s ig n  to  th o se  a t 
p o rts  1 an d  2 . W e  s h a ll  d e s ig n a te  th is  a s  M o d e  2 . N o w , th e  c o n tr ib u t io n  o f  th e  g e n e ra to r  
a t p o rt 2  to  th e  s ig n a l  e m a n a t in g  a t p o rt 1 w i l l  b e  th e  s a m e  a s  i t  w a s  in  M o d e  1. H o w e v e r , 
th e  co n tr ib u t io n  o f  th e  g e n e ra to r  a t  p o rt 4  to  th e  s ig n a l  e m a n a t in g  fro m  p o rt 1 w i l l  b e  
o p p o s ite  in  p o la r it y ,  an d  so  th e  re s u lt a n t  a p p a re n t r e f le c t io n  c o e f f ic ie n t  a t  p o rt 1 w i l l  b e  
s 2} (s)  - s 4i ( s ) .  S u b s t itu t in g  th is  in to  E q n .5 .3  g iv e s  a f te r  s im p lif ic a t io n :
D [ s ) - N ( - s )
D ( s )  + N ( - s )  (  )
T h e  th ird  e x c ita t io n , w h ic h  w e  s h a l l  d e s ig n a te  M o d e  3 , is  d e f in e d  su c h  th a t  th e  
g e n e ra to r s  a t p o rts  1 a n d  3 a r e  id e n t ic a l ,  b u t o p p o s ite  in  s ig n  to  th o se  a t  p o rts  2  an d  4 . 
P ro c e e d in g  s im i la r ly  g iv e s  th e  a p p a re n t im p e d a n c e  a t p o rt 1 a s  fo llo w s :
D j s ) - N ( s )
y{ s )  ~ D ( s )  + N  ( 5 '2 3 )
F in a l ly ,  th e  fo u rth  e x c ita t io n , w h ic h  w e  s h a l l  d e s ig n a te  M o d e  4 , is  d e f in e d  su c h  th a t 
th e  g e n e ra to rs  a t  p o rts  1 an d  4  a r e  id e n t ic a l ,  b u t  o p p o s ite  in  s ig n  to  th o se  a t  p o rts  2  an d  3 . 
T h e  a p p a re n t im p e d a n c e  a t p o rt 1 th e n  b e c o m e s :
/ x  D ( s ) + N { - s )
z - M - q . U c - . )  <5 2 4 »
T h e s e  fo u r  m o d e s  a re  s u f f ic ie n t  to  d e f in e  a n y  e x c i ta t io n  to  th e  c ir c u it , fo r  e x a m p le  
an  e x c ita t io n  a t p o rt 1 o n ly  c a n  b e  s im u la te d  b y  a  q u a r te r  o f  th e  su m  o f  m o d e s  1 to  4  
in c lu s iv e . T h e  m o d e  n u m b e rs  h a v e  b e e n  c h o se n  to  c o rre sp o n d  w ith  th e  p o rt th a t  is  
id e n t ic a l to  p o rt 1, e x c e p t fo r  M o d e  1, w h e r e  a l l  th e  g e n e ra to rs  a r e  id e n t ic a l .
E ach  o f  th e  fo u r  m o d e s  e x p re s s e s  a  d if f e re n t  a s p e c t  o f  th e  c ir c u i t  s y m m e tr y . M o d e
1 p la c e s  v ir tu a l o p en  c ir c u i t s  a lo n g  th e  v e r t ic a l an d  h o r iz o n ta l p la n e s  o f  s y m m e tr y . M o d e
2 p la c e s  a  v ir tu a l  sh o rt c ir c u it  a lo n g  th e  v e r t ic a l  p la n e  an d  a n  o p e n  c ir c u i t  a lo n g  th e
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h o r iz o n ta l p la n e . M o d e  3 p la c e s  a  sh o rt c ir c u it  a lo n g  b o th  p la n e s . M o d e  4  p la c e s  a n  o p en  
c ir c u it  a lo n g  th e  v e r t ic a l  p la n e  an d  a  sh o rt c ir c u it  a lo n g  th e  h o r iz o n ta l p la n e . T h e  fo u r  
m o d e s  a r e  re p re s e n te d  in  F ig u r e  5 -1 2 .
o/c s/c
+
o/c
+
1 - 4
2 3
+
+
+
o/c
+
1 4
2 3
(a )  M o d e  1 
s/c
1 4
2 3
(c )  M o d e  3
(b ) M o d e  2
o/c
1 4
2 3
(d ) M o d e  4
F ig u r e  5 -1 2  T h e  F o u r  M o d e s  f o r  A n a ly s i s  o f  S y m m e t r ic  Q u a d r a t u r e  H y b r id s
In  p r a c t ic e , th e  e x p re s s io n s  o n  th e  r ig h t  h a n d  s id e  o f  E q n s .5 .2 1 -2 4  r e a d i ly  s im p lif y , 
a s  E q n s .4 .3 3  an d  4 .3 6  sh o w  th e re  to  b e  co m m o n  fa c to rs . N o te  th a t  th e  ap p a re n t 
im p e d a n c e  in  M o d e s  1 an d  3 a re  d u a ls , a s  a r e  th o se  in  M o d e s  2  an d  4 . E q u iv a le n t  c ir c u it s  
w ith  e le m e n t  v a lu e s  fo r  th e  a p p a re n t im p e d a n c e s  in  a l l  fo u r  m o d e s  a r e  g iv e n  in  T a b le  5 -1  
fo r  o rd e rs  u p  to  th e  fo u rth . U s e  is  m a d e  o f  E q n .4 .3 4 .
T h e  d e s ig n  o f  n e tw o rk s  th a t  e x h ib it  th e  e q u iv a le n t  c ir c u its  sh o w n  in  T a b le  5 -1  s t i l l  
r e q u ir e s  a  d e g r e e  o f  in n o v a t io n . C o n f ig u r in g  th e  c a p a c it iv e  p a r t  is  m o s t d if f ic u lt ,  a s  a l l  
v a lu e s  h a v e  to  b e  p o s it iv e . T h e re  is  m o re  f le x ib i l i t y  in  th e  in d u c t iv e  p a r t , a s  m u tu a l 
in d u c ta n c e  e le m e n t  v a lu e s  c a n  b e  p o s i t iv e  o r  n e g a t iv e . H o w e v e r , o n c e  th e  n e tw o rk  h a s  
b e e n  d e te rm in e d , th e  r e d u c t io n  in to  th e  fo u r  m o d e s  m a k e s  c o m p o n en t v a lu e  
d e te rm in a t io n  a  s im p le  ta sk .
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Order
M o d e  1
o/c
M o d e  2
_ r r r \ _
M o d e  3 s/c
M o d e  4
,nd
 f Y Y \
>rd rnr
i  i
77-----------------5 —  +  <7i1/ it , + CTj cr2
+ cr,
j y t y
I/O', +CT,
/ Y Y \
+ <7,
l/c r2 +  (Tj
+ <T,
+ cr,
l/<Tj + c r2
1 1
+ er0
l/cr2 + <Tj ’ CTj 2
_ _ / Y Y ^ _ _ | [ _
T a b le  5 -1  A p p a r e n t  C i r c u i t s  o f  H y b r id s  a t  P o r t  1
C ir c u it s  th a t im p le m e n t q u a d ra tu re  h y b r id s  fo r  th e  th ird  a n d  fo u rth  o rd e r  c a s e s  a r e  
sh o w n  in  F ig u r e  5 -1 3  an d  F ig u r e  5 -1 4 . T o  i l lu s t r a t e  th e  p ro c e d u re  fo r  d e te rm in in g  
e le m e n t v a lu e s , c o n s id e r  th e  fo u rth  o rd e r  c ir c u it  o f  F ig u r e  5 -1 4 . F ir s t , a p p ly  M o d e  1 
e x c ita t io n  to th e  c ir c u it . C e r ta in  e le m e n ts  c a n  b e  id e n t if ie d  a s  re d u n d a n t in  th is  M o d e , 
o w in g  to  th e  e f fe c ts  o f  s y m m e try . O p p o s in g  c u rre n ts  in  e a c h  in s ta n c e  o f  L\ e n su re s  ze ro  
f lu x  g e n e ra te d  b y  th e s e  e le m e n ts , w h ic h  a p p e a r  a s  sh o rt c ir c u it s . C i an d  e a c h  in s ta n c e  o f  
C 3 an d  C 4 h a v e  ze ro  p o te n t ia l a c ro s s  th em , an d  so  a p p e a r  a s  o p e n  c ir c u its . O n ly  e a c h
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in s ta n c e  o f  L 2 an d  C 2 a p p e a rs  in  c ir c u it . T h e  p o la r i t y  o f  c o u p lin g  b e tw e e n  e a c h  in s ta n c e
F ro m  th e  p o in t o f  v ie w  o f  p o rt 1, th e  c ir c u it  a p p e a rs  a s  a n  in d u c to r  o f  v a lu e  tw ic e  th e
g iv e n  in  T a b le  5-1 fo r  M o d e  1 fo u rth  o rd e r , g iv e s  tw o  e q u a t io n s  fo r  th e  c ir c u it  v a lu e s :
T u rn in g  th e  a t te n tio n  n o w  to  M o d e  2 , s y m m e try  w i l l  d ic ta te  th e re  to  b e  z e ro  f lu x
e a c h  in s ta n c e  o f  C 2. O n ly  e a c h  in s ta n c e  o f  L\, C 3 an d  C 4 w i l l  c o n tr ib u te . T h e  p o la r it y  o f  
c o u p lin g  b e tw e e n  e a c h  in s ta n c e  o f  L j i s  d e f in e d  su ch  th a t m u tu a l c o u p lin g  w i l l  ad d  to  th e  
in d u c ta n c e  in  th is  M o d e . F ro m  th e  p o in t o f  v ie w  o f  p o rt 1, th e  c ir c u i t  w i l l  a p p e a r  a s  th e  
p a r a l le l  c o m b in a t io n  o f  a n  in d u c to r  o f  v a lu e  tw ic e  th e  su m  o f  L\ an d  M\ an d  a  c a p a c ito r  o f  
v a lu e  tw ic e  th e  su m  o f  C 3 an d  C 4. T w o  m o re  e q u a t io n s  c a n  th e n  b e  id e n t if ie d  fro m  
c o m p a r iso n  w ith  T a b le  5 -1 . T h e s e  a re :
C o n s id e r  n o w  th e  c ir c u it  e x c i te d  in  M o d e  3 . F lu x  c a n c e lla t io n  w i l l  o c c u r  in  e a c h  
in s ta n c e  o f  L 2. In  a d d it io n , no  v o lt a g e  w i l l  a p p e a r  a c ro s s  C j an d  e a c h  in s ta n c e  o f  C 2 an d  
C 4. T h e  p o la r i t y  o f  c o u p lin g  b e tw e e n  e a c h  in s ta n c e  o f  L\ w i l l  b e  su c h  a s  to  re d u c e  
in d u c ta n c e  b y  m u tu a l c o u p lin g . F ro m  th e  p o in t  o f  v ie w  o f  p o rt 1, th e  c ir c u it  w i l l  a p p e a r
c a p a c ito r  o f  v a lu e  tw ic e  C 3. C o m p a r iso n  w ith  T a b le  5-1 g iv e s  th e  tw o  e q u a t io n s :
o f  L 2 is  d e f in e d  su c h  th a t m u tu a l c o u p lin g  w i l l  su b tra c t fro m  th e  in d u c ta n c e  in  th is  M o d e .
d if fe r e n c e  o f  L 2 an d  M 2 in  s e r ie s  w ith  a  c a p a c ito r  o f  v a lu e  h a l f  C 2. C o m p a r in g  th e  c ir c u it
(5 .2 5 )
(5 .2 6 )
g e n e ra te d  in  e a c h  in s ta n c e  o f  L 2. T h e re  w i l l  a lso  b e  no  p o te n t ia l d if f e r e n c e  a c ro s s  C j an d
(5 .2 7 )
(5 .2 8 )
a s  a  p a r a l le l  c o m b in a t io n  o f  a n  in d u c to r  o f  v a lu e  tw ic e  th e  d if f e r e n c e  o f  L\ an d  M\ an d  a
2
(5 .2 9 )
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F in a l ly ,  c o n s id e r  th e  c ir c u it  e x c ite d  in  M o d e  4 . T h is  t im e  f lu x  c a n c e lla t io n  w i l l  
o c c u r  in  e a c h  in s ta n c e  o f  L\, an d  no  p o te n t ia l w i l l  a p p e a r  a c ro s s  e a c h  in s ta n c e  o f  C 3. T h e  
p o la r i t y  o f  c o u p lin g  b e tw e e n  e a c h  in s ta n c e  o f  L 2 w i l l  b e  su c h  a s  to  in c r e a s e  in d u c ta n c e  b y  
m u tu a l c o u p lin g . F ro m  th e  p o in t  o f  v ie w  o f  p o rt 1, th e  c ir c u it  w i l l  a p p e a r  a s  th e  s e r ie s  
c o m b in a t io n  o f  an  in d u c to r  o f  v a lu e  tw ic e  th e  su m  o f  L 2 a n d  M 2 an d  a  c a p a c ito r  o f  v a lu e  
C i p lu s  h a l f  C 2 p lu s  tw ic e  C 4. C o m p a r iso n  w ith  T a b le  5 -1  th en  g iv e s  tw o  m o re  e q u a t io n s :
(5 .3 1 )
O’,
(5 .3 2 )
M a n ip u la t io n  o f  E q n s .5 .2 5 -3 2  g iv e s  th e  e le m e n t  v a lu e s  in  F ig u r e  5 -1 4 .
C h a p te r  5. P a ss ive  S yn thes is
L i
L ' - (
1 f l / o f  + 1/<T, + 1 + Oj +  <7 ,2\
k  =
1/CTj + O j
1/ cr,2 -  1/cr, + 3 -  cr, + cr2 
l/ cr2 + 1/cTj + 1  + a ,  + cr2
^ l/cr,2 -  1/cr, + 3 -  CTj + <7(
^ 1/o-j + o-j" . - 4
L - 2
C , =
V 1/cTj +  c r ,/
l/cTj2 -  1/cTj +  1 - 0} +  o f  
1/0-1 + Oi
C 2 = 2 c - i f -  1
2  v l/c r , +- cr,
F ig u r e  5 -1 3  T h i r d  O r d e r  H y b r id  S o lu t io n
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L 2 —
/c, ~ k 2 ~
g 2 +  cr, 
4{ l + o-|CT2)
(To (T,
m 2 =
Go G  i
4 (1  + 0-, o-2 )
G 2 +  Gj
C l = ( g 2 -  G j) 1 +
v G jG 2( l  +  G jG 2)J
C 2 = 21 +  g  j C 3 — c 4 =
Go G,
2(1/Gj + g 2)  4 2 (l +  G jG 2)
F ig u r e  5 -1 4  F o u r th  O r d e r  H y b r id  S o lu t io n
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5.4 Hybrid Synthesis Using Cascaded Sections
(T h e  m a te r ia l  in  th e  f o l lo w in g  s e c t io n  h a s  b e e n  p u b lish e d  d u r in g  th e  c o u rse  o f  th is  
r e s e a r c h  [3 0 ] )
T h e  q u a d ra tu re  h y b r id s  s y n th e s iz e d  in  th e  p re v io u s  s e c t io n  m a y  n o t b e  e a s y  to  
c o n s tru c t p h y s i c a l ly  w h e n  h ig h e r  o rd e r  c ir c u it s  a r e  s p e c if ie d . T h e  c ir c u it s  ta k e  o n  a  th re e  
d im e n s io n a l a sp e c t , in  th a t c o u p le d  in d u c to r  s e c t io n s  w i l l  n e e d  to  b e  p la c e d  o n e  o n  to p  o f  
th e  o th e r  in  a  to te m  p o le  fa sh io n . F o r  p r a c t ic a l  a p p lic a t io n s , i t  w o u ld  b e  d e s ir a b le  to  
d is tr ib u te  th e  c ir c u it . C a p p u c c i e x p lo ite d  th is  p r in c ip le  in  h is  in v e n t io n  o f  w id e -b a n d  
q u a d ra tu re  h y b r id s  [6] .  In  a d d it io n , th e re  m a y  b e  v a r ia t io n s  o n  th is  th e m e  th a t c o u ld  b e  
u s e d  to  r e a l i s e  fu r th e r  c la s s e s  o f  q u a d ra tu re  h y b r id .
W ith  th is  in  v ie w , c o n s id e r  th e  c ir c u i t  o f  F ig u r e  5 -1 5 , w h ic h  is  s im i la r  to F ig u r e  3 -2 , 
e x c e p t  th a t  th e  p o rts  h a v e  b e e n  r e - a l ig n e d , w ith  th e  in p u t an d  th ro u g h  p o rts  r e m a in in g  
w h e re  th e y  w e r e , an d  th e  c o u p le d  an d  is o la t e d  p o rts  e x c h a n g in g  p la c e s . In  a d d it io n , th e  
c ir c u i t  i s  a ls o  c o n s tra in e d  to  b e  a  p e r f e c t ly  s y m m e t r ic  q u a d ra tu re  h y b r id .
IN P U T
S Y M M E T R IC
Q U A D R A T U R E
H Y B R ID
T H R O U G H ,
N J D
IS O L A T E D C O U P L E D ,
N 0/D
F ig u r e  5 -1 5  S y m m e t r ic  Q u a d r a t u r e  H y b r id  P o r t  D e f in it io n s
It w a s  d is c o v e re d  in  S e c t io n  3 .3  th a t  th e  n u m e ra to r  o f  th e  tr a n s fe r  fu n c t io n  to  th e  
th ro u g h  p o rt i s  e v e n , w h e r e a s  th e  n u m e ra to r  o f  th e  t r a n s fe r  fu n c t io n  to  th e  c o u p le d  p o rt is  
o dd . F o r  th e  t im e  b e in g , th e  s p e c if ic a t io n  o f  th e  q u a d ra tu re  h y b r id  in  F ig u r e  5 -1 5  is  
a rb it r a r y , an d  m a y  n o t n e c e s s a r i ly  b e  a n  o p tim u m  ra t io n a l fu n c t io n  d e r iv e d  h y b r id .
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C o n s id e r  n o w  a  c a s c a d e  o f  tw o  q u a d ra tu re  h y b r id s  o f  th e  k in d  sh o w n  in  F ig u r e
5 -1 5 , a s  in  F ig u r e  5 -1 6 . It i s  a s su m e d  th a t  th e y  p o s s e s s  th e  s a m e  c h a r a c te r is t ic  
im p e d a n c e , an d  a r e  te rm in a te d  w ith  th e  sam e .
IN P U T
IS O L A T E D
F ig u r e  5 -1 6  C a s c a d e  C o n n e c t io n  o f  Q u a d r a t u r e  H y b r id s
In F ig u r e  5 -1 6 , th e  o u tp u ts  o f  h y b r id  a  a r e  th e  s a m e  a s  th e y  w o u ld  h a v e  b e e n  i f  
te rm in a te d  b y  th e  s y s te m  c h a r a c te r is t ic  im p e d a n c e , a s  th e  q u a d ra tu re  h y b r id s  a r e  p e r f e c t ly  
m a tc h e d . T h e  o u tp u ts  a r e  s im p ly  N ae/Da fo r  th e  th ro u g h  p o rt o f  h y b r id  a  a n d  N aolD a fo r  
th e  c o u p le d  p o rt, w h e r e  th e  u s e  o f  su b sc r ip ts  is  t a c i t ly  u n d e rs to o d . A s  r e g a rd s  h y b r id  h , 
th is  p a r t  o f  th e  c ir c u it  i s  e x c ite d  a t tw o  p o rts . T h e  to ta l r e s p o n s e  to  e a c h  o u tp u t c a n  b e  
d e te rm in e d  b y  su p e rp o s it io n , an d  m a k in g  u s e  o f  th e  s y m m e t r ic  p ro p e r ty  d e f in e d  fo r  b o th  
h y b r id s . T h e  re sp o n se  to  th e  th ro u g h  p o rt w i l l  th e n  b e  g iv e n  b y :
^ l ( s )  = N °eN be + NpoNpo  (5 .3 3 )
D K J  D aD b
S im i la r ly ,  th e  re sp o n se  to  th e  c o u p le d  p o rt w i l l  b e  g iv e n  b y :
Z - ( s )  = Y E jY l Z Z m(4  (5 .3 4 )
S o m e  im p o rta n t r e s u lt s  c a n  b e  d e d u c e d  fro m  E q n s .5 .3 3  an d  3 4 . F ir s t ly ,  th e  
n u m e ra to r  o f  th e  th ro u g h  tr a n s fe r  fu n c t io n  re m a in s  e v e n  an d  th a t  o f  th e  c o u p le d  tr a n s fe r  
fu n c t io n  re m a in s  o d d , so  th a t  th e  su b sc r ip ts  o n  th e  le f t  h a n d  s id e  c o n tin u e  to  b e  
m e a n in g fu l. T h is  sh o w s  th a t th e  to ta l n e tw o rk  is  a ls o  a  q u a d ra tu re  h y b r id  ( b y  s u b s t itu t in g  
s  = j c o  in to  b o th  e q u a t io n s ) . S e c o n d ly , e x a m in a t io n  o f  th e  s u b sc r ip ts  in d ic a te s  th a t th e
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e q u a t io n s  w o u ld  b e  e x a c t ly  th e  s a m e  i f  th e  tw o  c o n s t itu e n t h y b r id s  w e r e  r e v e r s e d . T h e  
r e s u lt a n t  h y b r id  is  th e re fo re  e le c t r ic a l ly  s y m m e tr ic  in  th e  v e r t ic a l  p la n e . S y m m e tr y  in  th e  
h o r iz o n ta l p la n e  h a s  o f  c o u r s e  n o t b e e n  a f fe c te d . T h e  r e s u lt a n t  c a s c a d e  c o n tin u e s  to  b e  
p e r f e c t ly  m a tc h e d  o n  a l l  p o rts , an d  a p p ro p r ia te ly  is o la te d . I t i s  th e re fo re  a  s y m m e tr ic  
q u a d ra tu re  h y b r id . H a v in g  fo rm e d  a  n e w  q u a d ra tu re  h y b r id  fro m  th e  c a s c a d e  o f  tw o  
s im p le r  h y b r id s  th u s , th e  p r in c ip le  m a y  b e  r e p e a te d  to  in c lu d e  fu r th e r  q u a d ra tu re  h y b r id  
s e c t io n s . It i s  th en  fo u n d  th a t  a n  a rb it r a r y  le n g th  c a s c a d e  o f  s y m m e tr ic  q u a d ra tu re  h y b r id s  
is  i t s e l f  a  s y m m e tr ic  q u a d ra tu re  h y b r id . T h is  r e s u lt  is  o f  su c h  im p o r ta n c e  th a t  i t  sh o u ld  b e  
s ta te d  a s  a  th eo rem .
T h e o r e m  5 .1 : T h e  c a s c a d e  c o n n e c t io n  o f  s y m m e t r ic  q u a d r a t u r e  h y b r id s  is  a ls o  a  
s y m m e t r ic  q u a d r a t u r e  h y b r id .
In  T h eo re m  5 .1 , i t  i s  e v id e n t  th a t th e  q u a d ra tu re  h y b r id s  fo rm in g  th e  c a s c a d e  a r e  
c o n n ec ted  a s  in  F ig u r e  5 -1 6 .
R e tu rn in g  to  th e  c ir c u it  o f  F ig u r e  5 -1 6 , c o n s id e r  th e  r e s u lt in g  n u m e ra to r  fu n c t io n  N. 
F ro m  E q n s .5 .3 3  an d  3 4 , t a k in g  th e  su m  g iv e s :
N  = N e + N 0
~ X a eN be + N aoN bo + N aoN be + N aeN bo
T h e  r e s u lt in g  n u m e ra to r  fu n c t io n  is  th u s  th e  p ro d u c t o f  th e  in d iv id u a l  n u m e ra to r  
fu n c t io n s  o f  th e  c o n s t itu e n t h y b r id s . T h e  r e s u lt in g  d e n o m in a to r  fu n c t io n  is  c le a r ly  a lso  
th e  p ro d u c t o f  th e  in d iv id u a l  d e n o m in a to r  fu n c t io n s  o f  th e  c o n s t itu e n t h y b r id s . A s  th e  
r u le  m a y  b e  a p p lie d  r e c u r s iv e ly ,  i t  fo l lo w s  th a t  th e  n u m e ra to r  an d  d e n o m in a to r  fu n c t io n s  
fo r  an  a rb it r a r y  le n g th  c a s c a d e  a r e  g iv e n  b y :
N  = N aN bN c .. .  (5 .3 5 )
an d  D  = D 0D bD c ... (5 .3 6 )
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T h e  tr a n s fe r  fu n c t io n s  o f  th e  r e s u lt in g  q u a d ra tu re  h y b r id  c a n  b e  d e te rm in e d  b y  
s e p a ra t in g  N (s )  in to  it s  e v e n  an d  o d d  p a r ts , d iv id in g  th e m  b y  D ( s )  an d  a s s ig n in g  th e m  to  
th e  th ro u g h  an d  c o u p le d  o u tp u ts  r e s p e c t iv e ly .
5 .4 .1  H y b r id s  C o m p o s e d  o f  a  C a s c a d e  o f  F i r s t  O r d e r  S e c t io n s
T h e  p r im a r y  ta rg e t  fo r  th e  a n a ly s is  is  to  p ro v id e  so lu t io n s  to  th e  s y n th e s is  p ro b le m  
th a t r e a l i s e  q u a d ra tu re  h y b r id s  d e r iv e d  fro m  th e  o p tim u m  ra t io n a l fu n c t io n . It m a y  b e  
a s k e d  w h e th e r  a  u s e fu l h y b r id  m a y  b e  c o n s tru c te d  fro m  a  c a s c a d e  o f  f ir s t  o rd e r  s e c t io n s , 
su c h  a s  th e  o n e  in  F ig u r e  5 -1 7 . T h is  is  s im i la r  to  th e  f ir s t  o rd e r  h y b r id  o f  F ig u r e  5 -1 , b u t 
th e  e le m e n t  v a lu e s  h a v e  b e e n  m o d if ie d  so  a s  to  a c c o m m o d a te  d if fe r e n t  c e n tre  f re q u e n c ie s . 
N o te  to o  th a t th e  p o la r i t y  o f  th e  c o u p lin g  h a s  b e e n  r e v e r s e d , so  th a t th e  c ir c u it  is  
c o n f ig u re d  c o n s is te n t w ith  F ig u r e  5 -1 5 .
L =  l/ c r
IN P U T T H R O U G H
k =  1 (  •  J L  C  = l/cr
IS O L A T E D C O U P L E D
F ig u r e  5 -1 7  F i r s t  O r d e r  C a s c a d e  S e c t io n
In  th e  c a s e  o f  F ig u r e  5 -1 7 , th e  th ro u g h  t r a n s fe r  fu n c t io n  is  g iv e n  b y :
(5 .3 7 )
an d  th e  c o u p le d  tr a n s fe r  fu n c t io n  is  g iv e n  b y :
cr + s
s
(5 .3 8 )
w h e re  c r  i s  a  p a ra m e te r  d e f in in g  th e  c e n tre  f r e q u e n c y  o f  o p e ra t io n .
In  th is  c a s e ,
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N ( s ) = D ( s )  = c r  + s  (5 .3 9 )
I f  a  c a s c a d e  o f  f ir s t  o rd e r  h y b r id s  is  co n s tru c te d , th en  c le a r ly  w ith  N  = D ,  th e  
r e s u lt in g  h y b r id  w i l l  n o t p o s s e s s  th e  d e s ir e d  p ro p e r t ie s , a s  g iv e n  b y  E q n .4 .3 6 , an d  so  th e  
c a s c a d e  o f  f ir s t  o rd e r  h y b r id s  c an n o t y ie ld  an  o p tim u m  h y b r id .
In  o rd e r  to  c ir c u m v e n t th e  p ro b le m  th a t a  f ir s t  o rd e r  c a s c a d e  c an n o t im p le m e n t an  
o p tim u m  h y b r id , C a p p u c c i [ 6] in v e n te d  a  so lu t io n  u s in g  a n  id e a l  in v e r t in g  tr a n s fo rm e r  in  
th e  h y b r id  c a s c a d e . T o  s e e  h o w  th is  o p e ra te s , c o n s id e r  th e  b lo c k  d ia g r a m  o f  F ig u r e  5 -1 8 . 
A n  in v e r t in g  tr a n s fo rm e r  h a s  b e e n  p la c e d  in  th e  c o u p le d  l in e  b e tw e e n  tw o  s y m m e tr ic  
q u a d ra tu re  h y b r id s , e a c h  o f  w h ic h  is  a  c a s c a d e  o f  f ir s t  o rd e r  h y b r id s . C le a r ly ,  no  c h a n g e  
in  th e  d e n o m in a to r  fu n c t io n  r e s u lt s  fro m  th e  in c lu s io n  o f  th e  in v e r te r , h o w e v e r , th e  
n u m e ra to r  fu n c t io n  is  n o w  g iv e n  b y :
x  =  -  N  + N a eN bo -  N aoN bc
= ( M - a l ) ( M  + a y )
= N j - s ) . N b ( s )  (5 .4 0 )
F ig u r e  5 -1 8  H y b r id  C a s c a d e  w it h  I n v e r t e r  in  C o u p le d  L in e
A  m e th o d  o f  im p le m e n t in g  th e  o p tim u m  q u a d ra tu re  h y b r id  c a n  n o w  b e  se en . I f  in  
F ig u r e  5 -1 8 , c a s c a d e  a  is  c o m p o se d  o f  h y b r id s  w ith  c h a r a c te r is t ic  f r e q u e n c ie s  g iv e n  b y  
th e  te rm s  in  E q n .4 .3 6  fo r  r  e v e n  an d  c a s c a d e  b  th o se  fo r  w h ic h  r  i s  o d d , th en  th e  r ig h t  
h an d  s id e s  o f  E q n .4 .3 6  an d  E q n .5 .4 0  w i l l  b e  e q u a l , an d  F ig u r e  5 -1 8  w i l l  b e  an  o p tim u m  
q u a d ra tu re  h y b r id .
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It sh o u ld  b e  n o ted  th a t th e  r e s u lt in g  q u a d ra tu re  h y b r id  is  n o t s y m m e tr ic . R e f le c t io n  
in  th e  h o r iz o n ta l p la n e  w i l l  c h a n g e  th e  s ig n  o f  b o th  o u tp u ts . A ls o , r e f le c t in g  in  th e  
v e r t ic a l p la n e  w i l l  c h a n g e  th e  s ig n  o f  th e  c o u p le d  o u tp u t, w h i ls t  n o t a f f e c t in g  th e  th ro u g h  
o u tp u t. T h e  c la s s  o f  h y b r id s  i s  an  e x a m p le  o f  E q n .3 .2 5  w h e r e  th e  n e g a t iv e  s ig n s  a re  
ta k e n . T h e  h y b r id  c an  b e  m a d e  e le c t r ic a l ly  s y m m e t r ic  b y  p la c in g  a  s e c o n d  in v e r t in g  
t r a n s fo rm e r  in  th e  is o la t e d  o u tp u t. H o w e v e r , p r a c t ic a l  a p p lic a t io n s  w i l l  s e ld o m  r e q u ir e  
th is .
5 .4 .2  H y b r i d s  C o m p o s e d  o f  a  C a s c a d e  o f  S e c o n d  O r d e r  H y b r i d s
H a v in g  sh o w n  h o w  f ir s t  o rd e r  s e c t io n s  c a n  b e  in te r c o n n e c te d  to  p ro d u c e  a n  o p tim u m  
h y b r id , o n e  m ig h t  e n q u ir e  a s  to  w h e th e r  h ig h e r  o rd e r  s e c t io n s  c a n  a ls o  b e  c a s c a d e d . A  
s e c o n d  o rd e r  s e c t io n  is  a s  sh o w n  in  F ig u r e  5 -1 9 , w h ic h  h a s  b e e n  m o d if ie d  fro m  F ig u r e
5-11 so  th a t th e  p o rts  a r e  in  th e  d e s ir e d  p o s it io n s , to g e th e r  w ith  e x p re s s io n s  fo r  th e  
e le m e n t  v a lu e s . T h e  e le m e n t  v a lu e s  h a v e  b e e n  r e - c a lc u la t e d  fo r  a n  a r b it r a r y  f r e q u e n c y  
b an d  so  th a t th e  n u m e ra to r  fu n c t io n  is :
N ( s )  = (cTj + s ) ( c r 2 ~ * ) (5 -4 1 )
an d  th e  c o r re sp o n d in g  d e n o m in a to r  fu n c t io n  is :
D (s )  =(cTj + 5 )(cr2 + 5)  (5 .4 2 )
It c a n  b e  s e e n  fro m  E q n .5 .4 1  th a t  th e  n u m e ra to r  fu n c t io n  o f  a  c a s c a d e  o f  se c o n d  
o rd e r  h y b r id s  w i l l  h a v e  a n  e q u a l n u m b e r  o f  p o s i t iv e  an d  n e g a t iv e  z e ro s . E q n .4 .3 6  sh o w s  
th is  to  b e  th e  d e s ir e d  re s u lt . T h e  q u e s t io n  n o w  is  h o w  th e  fa c to rs  in  E q n .4 .3 6  sh o u ld  b e  
d is tr ib u te d  in  th e  c a s c a d e d  se co n d  o rd e r  s e c t io n s . E q n .5 .4 1  c o n s tra in s  cr2 to  b e  g r e a te r  
th an  <7 \ fo r  th e  c ir c u it  to  b e  r e a l i s a b le ,  o th e rw is e  a  n e g a t iv e  v a lu e  fo r  C j  w i l l  r e s u lt  ( s e e  
F ig u r e  5 -1 9 ) . A p p ly in g  th is  c o n s id e ra t io n  to  E q n .4 .3 6 , i t  i s  s e e n  th a t th e  fa c to r  c o n ta in in g  
O] c an  b e  p a ir e d  w ith  a n y  fa c to r  w ith  a  n e g a t iv e  s ig n  in  it . H o w e v e r , cr2 c a n  o n ly  b e  
p a ire d  w ith  c rh  so  o n e  s e c o n d  o rd e r  s e c t io n  in  th e  c a s c a d e  m u s t im p le m e n t th e s e  tw o  
v a lu e s . A  s im i la r  a rg u m e n t w i l l  f o l lo w , c o n t in u in g  w ith  0 3. T h e  en d  r e s u lt  w i l l  b e  th e  
c a s c a d e  o f  se c o n d  o rd e r  s e c t io n s  w ith  a d ja c e n t  c h a r a c te r is t ic  f r e q u e n c ie s  ta k e n  fro m  th e  
l i s t  in  E q n .4 .3 0 .
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F ig u r e  5 -1 9  S e c o n d  O r d e r  C a s c a d e  S e c t io n
S o  fa r  th is  fo rm u la  w i l l  o n ly  g iv e  a n  e v e n  o rd e r  h y b r id . H o w e v e r , a s  E q n .4 .3 6
g iv e s  a  f in a l fa c to r  o f  th e  fo rm  ( g ;) + 5)  w h e n  n  is  o d d , th e  f in a l  s e c t io n  c a n  b e
im p le m e n te d  a s  a  f ir s t  o rd e r  c ir c u it , a s  in  F ig u r e  5 -1 7 . A s  th e  in d iv id u a l  s e c t io n s  a re  a l l  
s y m m e tr ic , th e y  c a n  b e  a s s e m b le d  in  a n y  o rd e r , a c c o rd in g  to  T h eo re m  5 .1  a b o v e .
5.5 Conclusions
It h a s  b e e n  sh o w n  h o w  th e  a p p ro x im a t io n s  e x a m in e d  in  C h a p te r  4  c a n  b e  s y n th e s iz e d  
u s in g  p a s s iv e  n e tw o rk s . T h e  r e s u lt in g  c ir c u it s  c a n  so m e t im e s  b e  fo u n d  in  th e  l it e r a tu r e , 
fo r  e x a m p le  th e  m ix e d  e le m e n t  q u a d ra tu re  h y b r id  o f  S e c t io n  5 .2 .3 , o r  th e  f ir s t  o rd e r  
c a s c a d e  h y b r id  d u e  to  C a p p u c c i. O th er c ir c u it s , su c h  a s  th e  s y m m e tr ic  q u a d ra tu re  h y b r id s
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o f  S e c t io n  5 .3 .3  o r  th e  se c o n d  o rd e r  c a s c a d e  h y b r id  o f  S e c t io n  5 .4 .2  h a v e  o n ly  b e e n  
d is c o v e re d  d u r in g  th e  c o u rs e  o f  th is  r e s e a rc h . In  a l l  c a s e s , th e  th e o ry  u n d e r l in in g  th e  
s y n th e s is  h a s  o n ly  b e e n  in v e s t ig a te d  d u r in g  th e  c o u rs e  o f  th is  r e s e a rc h .
H a v in g  d e te rm in e d  s y n th e s is  p ro c e d u re s  fo r  q u a d ra tu re  h y b r id s , th e  n e x t  s tep  is  to  
in v e s t ig a t e  th e ir  p r a c t ic a l  a p p lic a t io n s . It i s  n o t s u f f ic ie n t  s im p ly  to  e s ta b l is h  th e  c ir c u it  
to p o lo g y  an d  e le m e n t  v a lu e s , c o n s id e ra t io n  w i l l  h a v e  to  b e  g iv e n  to  w h e th e r  an d  h o w  th e  
c ir c u it  co m p o n en ts  c a n  b e  r e a l i s e d , so  th a t th e  h y b r id  o p e ra te s  s a t is f a c to r i ly  a t  th e  
f r e q u e n c ie s  an d  p o w e r  le v e ls  r e q u ir e d  in  p r a c t ic a l s p e c if ic a t io n s . T h is  is  th e  s u b je c t  o f  
th e  n e x t  ch ap te r .
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6 Realisations
6.1 Introduction
T h e  p re v io u s  c h a p te rs  h a v e  g iv e n  th e  th e o iy  u n d e r ly in g  th e  p h y s ic a l  im p le m e n ta t io n s  o f  
lu m p e d  e le m e n t q u a d ra tu re  h y b r id s . F o r  th is  w o rk  to  b e  u s e fu l,  i t  i s  n e c e s s a r y  th a t th e  
e le m e n t  v a lu e s  sh o u ld  b e  r e a l i s a b le .  T h is  c h a p te r  c o n s id e r s  so m e  o f  th e  l im it s  
en c o u n te re d  in  th e  d e s ig n  o f  h y b r id s , an d  a lso  h o w  th e y  m ig h t  b e  p a r t i a l ly  o v e rc o m e . 
P r a c t ic a l d e s ig n s  a r e  u s e d  to  i l lu s t r a t e  th e  m a te r ia l .
6.2 The First Order Circuit -  Conventional Design
T h e  in v e s t ig a t io n  c o m m e n c e s  w ith  th e  c o n s id e ra t io n  o f  th e  f ir s t  o rd e r  c ir c u it , a s  s e e n  in  
F ig u r e  5 -1 . T h e  c ir c u it  i s  sh o w n  a s  h a v in g  p e r fe c t  e le m e n t v a lu e s . In  p r a c t ic e , th e re  w i l l  
b e  so m e  d e p a r tu re  fro m  th e  id e a l  c ir c u it . E v en  a t  lo w  f r e q u e n c ie s , th e re  is  p o te n t ia l fo r  
e rro r . A n  e x c ita t io n  a t  o n e  o f  th e  p o rts  w i l l  in d u c e  m a g n e t ic  f lu x  in  th e  c o u p le d  in d u c to r . 
G iv e n  su f f ic ie n t  e x c ita t io n  th e  f lu x  d e n s i ty  w i l l  r e a c h  th e  s a tu ra t io n  le v e l  o f  th e  c o re  
m a te r ia l .  T h e  r e s u lt  th e n  w o u ld  b e  a  n o n - l in e a r  d is to r t io n  o f  th e  in p u t s ig n a l ,  a s  th e  
d y n a m ic  in d u c ta n c e  v a lu e  d e c re a s e s  a t  h ig h  v o lt a g e  le v e ls .  It i s  fo u n d  h o w e v e r , th a t 
s a tu ra t io n  is  o n ly  a  p ro b le m  w e l l  b e lo w  f r e q u e n c ie s  o f  1 0 0 k H z , o th e rw is e  h y s te r e s is  lo s s  
b e c o m e s  so  g r e a t  a s  to  c a u s e  e x c e s s iv e  h e a t in g  o f  th e  c o re  m a te r ia l  b e fo re  s a tu r a t io n  
o c c u rs . A b o v e  th is  f r e q u e n c y , s a tu ra t io n  w i l l  o n ly  b e  a  c o n s tra in t  u n d e r  p u ls e  c o n d it io n s , 
w h e re  th e  d u ty  c y c le  is  s m a l l  e n o u g h  n o t to  g e n e ra te  e x c e s s  te m p e ra tu re s .
T h e  c ir c u i t  o f  F ig u r e  5 -1  r a is e s  a  c o n s tru c tio n  is s u e . T h e  s in g le  c a p a c ito r  is  
a t ta c h e d  a t  th e  m id -p o in t  o f  th e  c o u p le d  in d u c to r . F o r  r e a so n s  o f  c o n v e n ie n c e , m o st 
c o m m e rc ia l im p le m e n ta t io n s  o f  th e  f ir s t  o rd e r  h y b r id  d iv id e  th e  c a p a c ito r  in  tw o , a n d  
p la c e  th e  c a p a c ito r s  e a c h  e n d  o f  th e  c o u p le d  in d u c to r , w h e re  th e y  c a n  b e  e a s i l y  a t ta c h e d  
to  th e  su p p o rt in g  c ir c u it  b o a rd . T h e  c ir c u i t  a r is in g  is  sh o w n  in  F ig u r e  6 -1 , an d  g e n e r a l ly  
w o rk s  w e l l  a t  th e  u s u a l o p e ra t in g  f r e q u e n c y  r a n g e  o f  th e  h y b r id , th a t is  to  s a y , f r e q u e n c ie s  
in  th e  re g io n  o f  th e  e q u a l p o w e r  d iv is io n  p o in t.
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F ig u r e  6 -1  F i r s t  O r d e r  H y b r id  w i t h  S e p a r a t e  C a p a c i t o r s
A lth o u g h  d iv id in g  th e  c a p a c ito r  w o rk s  w e l l  u n d e r  n o rm a l c ir c u m s ta n c e s , th e  th e o ry  
g iv e n  in  th e  p re v io u s  c h a p te rs  fo r  w id e -b a n d  c ir c u it s  w i l l  r e q u ir e  f ir s t  o rd e r  c ir c u it s  
o p e ra t in g  w e l l  a b o v e  th e ir  e q u a l p o w e r  d iv is io n  p o in t. T h is  is  e s p e c i a l ly  t ru e  o f  h y b r id s  
o f  th e  C a p p u c c i d e s ig n , a s  d e s c r ib e d  in  S e c t io n  5 .4 .1 . F o r  w id e -b a n d  c ir c u it s ,  th e  c ir c u it  
o f  F ig u r e  6 -1  p re se n ts  a  d if f ic u l t y  a r is in g  fro m  th e  c o u p le d  in d u c to r . It i s  r e q u ir e d  th a t 
th e  c o u p le d  in d u c to r  sh o u ld  b e  p e r f e c t ly  c o u p le d . In  r e a l i t y ,  c o u p lin g  c a n  o n ly  b e  
m a x im is e d  b y  fo r  e x a m p le  th e  u s e  o f  a  tw is te d  p a ir  o f  c o p p e r  w ir e s ,  in s u la t e d  fro m  e a c h  
o th e r  b y  a  th in  l a y e r  o f  e n a m e l. In  th e  e v e n  m o d e , no  p ro b le m  is  e n c o u n te re d , a n d  th e  
e q u iv a le n t  c ir c u it  r e m a in s  th e  s a m e  a s  i t  w o u ld  fo r  th e  c ir c u it  o f  F ig u r e  5 -1 . In  th e  o d d  
m o d e  h o w e v e r , th e  f lu x  w i l l  n o t b e  to t a l ly  c a n c e l le d , o w in g  to  a  s m a ll  a m o u n t o f  l e a k a g e  
in d u c ta n c e . In  a d d it io n , th e re  w i l l  b e  s o m e  c a p a c it a n c e  b e tw e e n  th e  w ir e s ,  a c c e n tu a te d  
b y  th e  e ffo rt in  m in im is in g  th e  l e a k a g e  in d u c ta n c e . A s  a  r e s u lt , th e  tw is t e d  p a ir  r e s e m b le s  
a  le n g th  o f  t r a n s m is s io n  l in e ,  w h o s e  c h a r a c te r is t ic  im p e d a n c e  i s  t y p i c a l l y  a ro u n d  a  f e w  
ten s  o f  o h m s , th e  e x a c t  v a lu e  d e p e n d in g  o n  th e  w ir e s  u s e d  a n d  th e  d e g r e e  o f  tw is t in g . 
T h e  o d d  m o d e  e q u iv a le n t  c ir c u i t  b e tw e e n  th e  te rm in a t in g  im p e d a n c e s  th e n  b e c o m e s  th a t 
o f  tw o  c a p a c ito r s , w ith  a  le n g th  o f  t r a n s m is s io n  l in e  in  b e tw e e n  th e m , a s  sh o w n  in  F ig u r e
6 -2 . A t  lo w  f r e q u e n c ie s , th e  re s p o n s e  o f  th e  e q u iv a le n t  c ir c u it  w i l l  c lo s e ly  t r a c k  th a t  o f  
th e  to ta l c a p a c it a n c e . H o w e v e r , a s  f r e q u e n c y  i s  in c r e a s e d , th e  c ir c u it  w i l l  a t  so m e  p o in t 
e x h ib it  a  r e s o n a n c e , an d  g iv e  a  z e ro  o f  r e f le c t io n , u n l ik e  th e  p u re  c a p a c it a n c e , w h o se  
re f le c t io n  a s y m p to t ic a l ly  a p p ro a c h e s  u n it y .
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F ig u r e  6 -2  O d d  M o d e  E q u iv a le n t  C i r c u i t  o f  1 st O r d e r  H y b r id  w i t h  S e p a r a t e
C a p a c i t o r s
T o  sh o w  th e  e f fe c t  o f  th is  r e s o n a n c e , tw o  h y b r id s  o f  s im i la r  c o n s tru c t io n  an d  
o p e ra t in g  f re q u e n c y  w e r e  f a b r ic a te d . In  b o th , th e  m a g n e t ic  co m p o n en t c o n s is te d  o f  a n  8 
tu rn  b if i l a r  w in d in g  o f  0 .2 m m  d ia m e te r  e n a m e lle d  co p p er  w ir e  on  a  M ic ro m e ta ls  T 2 2 -2  
to ro id a l co re . T h is  c o re  h a s  a  d ia m e te r  o f  ab o u t 5 .6 m m  an d  is  co m p o se d  o f  c a rb o n y l iro n  
m a te r ia l  w ith  a  r e la t iv e  p e r m e a b il i t y  o f  10 . M a n u fa c tu r e r ’ s d a ta  g iv e s  a  s p e c if ic  
in d u c ta n c e  v a lu e  o f  5 .5 n H  fo r  th is  co re . H o w e v e r , th is  v a lu e  is  b a s e d  o n  a  fu l l  w in d in g . 
T h e  w in d in g  a c tu a l ly  a p p lie d  w i l l  g iv e  le a k a g e  f lu x  in  a d d it io n  to  th e  f lu x  in  th e  co re , so  
th e  m e a s u re d  v a lu e  w i l l  b e  s l ig h t ly  g r e a te r  th a n  th e  c a lc u la te d  v a lu e  o f  3 5 2 n H . A  g o o d  
in p u t re tu rn  lo s s  w a s  a c h ie v e d  w ith  a  f ir s t  o rd e r  h y b r id  c o n s tru c te d  w ith  th is  c o re  a n d  tw o  
8 2 p F  c a p a c ito r s . T h e  c e n tre  f r e q u e n c y  o f  o p e ra t io n , w h e re  e q u a l p o w e r  d iv is io n  o c c u rs , 
i s  a b o u t 2 0 M H z .
W ith  th e  c a p a c ito r s  p la c e d  a t  e a c h  en d  o f  th e  w in d in g , a s  in  F ig u r e  6 -1 , th e  c o u p le d  
lo s s  an d  in p u t re tu rn  lo s s  w e r e  a s  sh o w n  in  F ig u r e  6 -3 . T h e  e f fe c t  o f  th e  o d d  m o d e  
r e s o n a n c e  c a n  b e  s e e n  in  th e  d ip  in  in s e r t io n  lo s s  an d  h u m p  in  in p u t re tu rn  lo s s  a t  a  
f r e q u e n c y  o f  a ro u n d  1 5 5 M H z . In  fa c t , th e  re so n a n c e  h a s  an  in f lu e n c e  a t  f r e q u e n c ie s  
e ith e r  s id e  o f  th is , su c h  th a t th e  in p u t  re tu rn  lo s s  is  b e tte r  th a n  2 0 d B  to  o n ly  1 2 0 M H z . 
T h is  co m p o n en t is  n o t s u it a b le  fo r  d e s ig n s  b e y o n d  th is  f r e q u e n c y . I f  i t  w e r e  to  b e  u s e d  in  
a  C a p p u c c i ty p e  h y b r id  a s  th e  lo w  f r e q u e n c y  s e c t io n , w h e re  th e  lo w e r  p a s s -b a n d  l im it  is  
t y p ic a l l y  tw ic e  th e  c e n tre  f r e q u e n c y  o f  th e  lo w e s t  f r e q u e n c y  s e c t io n , th e  s p e c if ic a t io n  o f  
th e  h y b r id  w o u ld  b e  r e s tr ic te d  to  f r e q u e n c ie s  in  th e  r a n g e  4 0  to  1 2 0 M H z .
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> 1 : T r a n s m i s s I  a n  /M L a g  Mag 5 . 0  d B/  R e f  0 . 0 0  dB
F ig u r e  6 -3  C o u p l in g  a n d  R e t u r n  L o s s  o f  2 0 M H z  H y b r id  w i t h  S e p a r a t e  C a p a c i t o r s
T h e  h y b r id  w a s  th en  r e c o n f ig u re d  w ith  th e  c a p a c ito r s  m o u n te d  a t  th e  c e n tre  o f  th e  
w in d in g . T h e  r e s u lt  i s  a s  sh o w n  in  F ig u r e  6 -4 . In  th is  c a s e , g o o d  re tu rn  lo s s  is  a c h ie v e d  
up  to  4 8 3 M H z , an d  th e  in s e r t io n  lo s s  is  o n ly  0 .6 d B . I f  th is  h y b r id  w e r e  in c o rp o ra te d  in to  
a  C a p p u c c i t y p e  h y b r id , b e t te r  th an  a  d e c a d e  b a n d w id th  c o u ld  p o te n t ia l ly  b e  a c h ie v e d . It 
sh o u ld  b e  p o in te d  o u t h o w e v e r  th a t th e  p e r fo rm a n c e  sh o w n  in  F ig u r e  6 -4  r e q u ir e d  th e  
a d d it io n  o f  c a p a c ito r s  to  g ro u n d  a t  th e  p o rts  to  c o m p e n sa te  fo r  le a k a g e  in d u c ta n c e . N o  
su ch  c o m p e n sa t io n  c a n  b e  a p p lie d  to  th e  c ir c u it  o f  F ig u r e  6 -1 .
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►l : T r a n s m i s s i o n  /M L a g  Mag 5 . 0  dB/ R e f  . 0 . 0 0  dB
F ig u r e  6 -4  C o u p l in g  a n d  R e t u r n  L o s s  o f  2 0 M H z  H y b r id  w i t h  S in g le  C a p a c i t o r
6.3 The First Order Circuit -  Ground Inductor Design
A lth o u g h  th e  c ir c u it  o f  F ig u r e  5 -1  g iv e s  b e t te r  f r e q u e n c y  p e r fo rm a n c e  th an  th a t in  F ig u r e
6 -1 , i t  i s  n o t p e r fe c t . In  th e  o d d  m o d e , th e  c ir c u i t  s t i l l  p o s s e s s e s  a  t r a n s m is s io n  l in e  
co m p o n en t. In  p r a c t ic e , i t  i s  d e s ir a b le  to  m in im is e  th is  c o m p o n en t. A t  lo w  f r e q u e n c ie s , 
th is  is  r e a d i l y  a c h ie v e d  w ith  th e  u s e  o f  a  m a g n e t ic  co re , g iv in g  r e la t iv e ly  h ig h  e v e n  m o d e  
in d u c ta n c e  fo r  a  sh o rt w in d in g  le n g th . A s  f re q u e n c y  in c r e a s e s , th e  c h o ic e  o f  m a g n e t ic  
m a te r ia ls  b e c o m e s  r e s tr ic te d  to  th o se  w ith  lo w e r  an d  lo w e r  p e r m e a b i l i t y  in  o rd e r  to 
r e d u c e  lo s s . F o r  f r e q u e n c ie s  fro m  a ro u n d  s e v e r a l h u n d red  m e g a h e r tz , lo s s  c o n s id e ra t io n s  
m a k e  i t  n e c e s s a iy  to  d is p e n se  w ith  a  m a g n e t ic  co re  a lto g e th e r . M a x im is a t io n  o f  th e  e v e n  
m o d e  in d u c ta n c e  c a n  b e  a c h ie v e d  th e n  b y  c o i l in g  th e  b if i l a r  p a ir . H o w e v e r , fu r th e r  
in c r e a s e s  in  f r e q u e n c y  m a k e  it  n e c e s s a r y  to  u s e  s m a lle r  d ia m e te r  w ir e s  in  a  s m a lle r  
w in d in g . T h e  r e s u lt  is  m o re  d if f ic u lt  c o n s tru c tio n  an d  lo w e r  p o w e r  h a n d lin g . F o r  th is
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re a so n , d is tr ib u te d  c ir c u i t  q u a d ra tu re  h y b r id s  h a v e  t r a d it io n a l ly  b e e n  p re fe r re d  a t 
m ic r o w a v e  f re q u e n c ie s .
F o r  th e  f ir s t  o rd e r  c ir c u i t  to  c o n t in u e  to  b e  u s e fu l  th ro u g h  m ic r o w a v e  f re q u e n c ie s , 
th e  c ir c u it  o f  F ig u r e  5 -2  m u s t b e  u s e d . T h e  im p le m e n ta t io n  o f  th e  g ro u n d  l in e  in d u c to r  
c a n  b e  m a d e  in  a  v a r ie t y  o f  w a y s .  O n e  m e th o d  i s  i l lu s t r a t e d  in  F ig u r e  6 -5 , u s in g  c o a x ia l  
c a b le  t r a n s m is s io n  l in e s  to  th e  p o rts . T h e s e  t r a n s m is s io n  l in e s  w i l l  ad d  a  d e la y  to  th e  
s ig n a l  p a th s , so  th e  le n g th  c o n s tra in ts  d e s c r ib e d  in  S e c t io n  3 .5  m u s t  b e  o b se rv e d  in  o rd e r  
to  p re s e r v e  a  q u a d ra tu re  re sp o n se . T h e  g ro u n d  l in e  in d u c to r  is  c o m p o se d  o f  th e  s ig n a l  
p a th  on  th e  o u ts id e  o f  th e  c o a x ia l  c a b le  s c re e n s . T h is  in d u c to r  m a y  b e  in c r e a s e d  in  v a lu e  
b y  c o i l in g  th e  c a b le , an d  e v e n  b y  a d d in g  a  m a g n e t ic  co re .
C
j y y y x
L
1 }
1 L
F ig u r e  6 -5  G r o u n d  L in e  I n d u c to r  V e r s io n  o f  H y b r id  u s in g  C o a x ia l  C a b le
A  c o a x ia l c a b le  im p le m e n ta t io n  is  sh o w n  in  F ig u r e  6- 6. T h is  h y b r id  w a s  d e s ig n e d  
fo r  a  c e n tre  f r e q u e n c y  o f  4 3 5 M H z , a s  th e  o u tp u t h y b r id  in  a  b a la n c e d  a m p lif ie r  s ta g e . 
T h e  c o a x ia l  c a b le  u se d  w a s  2 .1 6 m m  d ia m e te r  s e m i- r ig id  c a b le  tr im m e d  to  s u it a b le  
le n g th s . T h e s e  c an  b e  s e e n  e x te n d in g  h o r iz o n ta l ly  a c ro s s  th e  p ic tu re . S h o rt m ic ro s tr ip  
l in e s  an d  S M A  c o n n ec to rs  p ro v id e  c o n n ec t io n s  to  th e  h y b r id . A s  th e  a p p lic a t io n  r e q u ir e d  
n a iT o w -b an d  p e r fo rm a n c e , th e re  w a s  no  n e e d  to  m a x im is e  th e  b a n d w id th  o f  th e  h y b r id , so  
c o i l in g  th e  c a b le  w a s  n o t n e c e s s a r y . In  th is  a p p lic a t io n , th e  e v e n  m o d e  in d u c ta n c e  
c o n s is ts  o f  tw o  sh o rt c ir c u it  t r a n s m is s io n  l in e s  in  s e r ie s , fo rm e d  b y  th e  o u te r  s c re e n  o f  th e  
s e m i- r ig id  c a b le  an d  a  c a v ity . N o m o d e l w a s  a v a i la b le  fo r  th is  s tru c tu re , so  i t s  
d im e n s io n s  h a d  to  b e  d e te rm in e d  e m p ir ic a l ly .  T h e  d e s ig n  f r e q u e n c y  c a l l s  fo r  a  c a p a c ito r  
o f  v a lu e  7 .3 p F . F o r  p r a c t ic a l r e a s o n s , a  p re fe r re d  v a lu e  o f  6.8p F  w a s  u s e d . H o w e v e r , 
s t r a y  c a p a c it a n c e  in c r e a s e s  th e  a p p a re n t v a lu e  s l ig h t ly ,  an d  so  th e  h y b r id  e x h ib ite d  a
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c e n tre  f r e q u e n c y  o n ly  s l ig h t ly  a b o v e  th e  d e s ig n  f r e q u e n c y  a t 4 4 5 M H z . E x c e ss  lo s s  w a s  
o n ly  0.1 d B , an d  th is  c an  b e  s e e n  in  th e  p lo t o f  F ig u re  6 -7 , w h ic h  sh o w s  in se r t io n  lo s s  an d  
c o u p lin g . I so la t io n  an d  re tu rn  lo s s  c an  b e  s e en  in  F ig u r e  6- 8, b o th  o f  w h ic h  a re  v e r y  
g o o d . T h e  q u a d ra tu re  re sp o n se  o f  th e  h y b r id  c a n  b e  s e e n  in  F ig u r e  6 -9 . I d e a l ly ,  th e  
co u p le d  p o rt sh o u ld  le a d  th e  th ro u g h  p o rt b y  9 0 ° . It c an  b e  s e e n  th a t th e  m e a su re d  e rro r  is  
le s s  th an  1°. T h e  to ta l le n g th  o c c u p ie d  b y  th e  c o a x ia l  c a b le s  w a s  5 1 m m , m u c h  sh o rte r  
th an  th e  120m m  th a t m ig h t  h a v e  b e e n  r e q u ire d  u s in g  a  t r a n s m is s io n  l in e  c o u p le r  
(a s s u m in g  P T F E  d ie le c t r ic ) .  T h e  m a te r ia ls  u se d  g iv e  a  p o w e r  h a n d lin g  fo r  th is  
co m p o n en t o f  s e v e r a l h u n d re d  w a t ts , th e  l im ita t io n  b e in g  th e  c o a x ia l c a b le .
F ig u r e  6-6 P h o to g r a p h  o f  4 3 5 M H z  G r o u n d  L in e  I n d u c to r  H y b r id
105
C h a p te r  6. R e a lis a tio n s
H  ; T r a n s m i s s i o n  8,M L a g  Mag 3 . 0  d B/  R e f  0 . 0 0  dB C 
t>2: O f f
F ig u r e  6 -7  T h r o u g h  a n d  C o u p l in g  L o s s  o f  4 3 5 M H z  H y b r id
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► l : T r a n s m i s s i o n  L a g  Mag 5 . 0  dB/ R e f  0 . 0 0  dB C
F ig u r e  6-8 I s o la t io n  a n d  R e t u r n  L o s s  o f  4 3 5 M H z  H y b r id
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^ l l l r a n s m l s s t a n  /M P h a s e  1 . 0 “ / R e f  9 0 . 0 0 "  C
> 2 : O f f
F ig u r e  6 -9  C o u p le d  to  T h r o u g h  R e l a t i v e  P h a s e  R e s p o n s e  o f  4 3 5 M H z  H y b r id
F o r  o p e ra t io n  a t m ic ro w a v e  f r e q u e n c ie s  i t  i s  o ften  d e s ir a b le  to  im p le m e n t  th e  h y b r id  
in  m ic ro s tr ip . A n  e x a m p le  c e n tre d  a t 1 .2 7 G H z  i s  sh o w n  in  F ig u r e  6 -1 0 . (B o th  th is  an d  
th e  f o l lo w in g  e x a m p le  w e r e  p u b lis h e d  d u r in g  th e  c o u rs e  o f  th is  r e s e a r c h  [2 3 ] ) .  T h e  e v e n  
m o d e  in d u c ta n c e  is  o n c e  a g a in  im p le m e n te d  w ith  tw o  sh o rt c ir c u it  t r a n s m is s io n  l in e s . In  
th is  c a s e  th e  l in e s  a r e  c o m p o se d  o f  s tr ip s  o n  th e  u n d e r s id e  o f  th e  su b s t ra te  o v e r  a  c a v i ty . 
T h is  p a r t  o f  th e  c ir c u it  c a n  b e  m o d e lle d  a s  a n  a ir - s p a c e d  m ic ro s tr ip  l in e . T h e  s tr ip s  h a v e  
th e  s e c o n d  p u rp o se  o f  fo rm in g  th e  g ro u n d  p lan e , o f  th e  m ic ro s tr ip  c o n n e c t in g  l in e s . 
E x c e s s  lo s s  w a s  0 .2 d B  (s e e  F ig u r e  6 -1 1 ) . T h e  in p u t re tu rn  lo s s  w a s  2 9 d B  an d  th e  
is o la t io n  3 2 d B  a t th e  c en tre  f r e q u e n c y  ( s e e  F ig u r e  6 - 1 2 ) . D e p a r tu re  f ro m  q u a d ra tu re  w a s  
o n ly  0 .2 °  ( s e e  F ig u r e  6 -1 3 ) . T h e  c a v i t y  le n g th  w a s  1 6 .5 m m , c o n s id e r a b ly  le s s  th a n  th e  
37m m  th a t w o u ld  h a v e  b e e n  r e q u ir e d  b y  fo r  e x a m p le  a  q u a r te r  w a v e  tr a n s m is s io n  l in e  
c o u p le r  on  th is  s u b s tra te  ( s r = 3 .2 8 ) .
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F ig u r e  6 -1 0  P h o to g r a p h  o f  1 .2 7 G H z  G r o u n d  L in e  I n d u c to r  H y b r id
In se rt io n  
L o s s  (d B )
F ig u r e  6 -1 1  T h r o u g h  a n d  C o u p l in g  L o s s  o f  1 .2 7 G H z  H y b r id
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F re q u e n c y  (G H z)
F ig u r e  6 -1 2  I s o la t io n  a n d  R e t u r n  L o s s  o f  1 .2 7 G H z  H y b r id
F re q u e n c y  (G H z)
F ig u r e  6 -1 3  C o u p le d  to  T h r o u g h  R e l a t i v e  P h a s e  o f  1 .2 7 G H z  H y b r id
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F u rth e r  in c re a s e s  in  f r e q u e n c y  m a k e  th e  u s e  o f  a  c a v i ty  le s s  d e s ir a b le , o w in g  to  th e  
p re c is io n  r e q u ire d  in  it s  m a c h in in g . A  b e tte r  m e th o d  o f  im p le m e n t in g  th e  co m m o n  m o d e  
in d u c to r  in  th is  c a s e  is  to  u s e  a  c h e m ic a l ly  e tc h e d  p a tte rn  on  th e  g ro u n d  p la n e . S u c h  a 
h y b r id  is  sh o w n  in  F ig u re  6 -1 4 , th e  e x a m p le  h e re  o p e ra t in g  at a  c e n tre  f r e q u e n c y  o f  
6 .4 G H z . T h e  e v e n  m o d e  in d u c ta n c e  c an  b e  m o d e lle d  a s  a  p a ir  o f  s lo t l in e s  te rm in a te d  
w ith  a  s lo t l in e  o p en  c ir c u it  e le m e n t. H o w e v e r , th e  o p en  c ir c u it  is  o p e ra te d  w e l l  b e lo w  its  
n o rm a l f r e q u e n c y  r a n g e , w h e re  it  e x h ib it s  an  in d u c t iv e  p ro p e rty . T h e  g ro u n d  p la n e  
s tru c tu re  r e s e m b le s  a  “b o w -t ie ” . T h e  c a p a c ito r  v a lu e  re q u ire d  fo r o p tim u m  p e r fo rm a n c e  
w a s  0 .3 p F , c o n s id e r a b ly  le s s  th an  th e  0 .5 p F  v a lu e  th a t is  p re d ic ted  a t th is  f r e q u e n c y . T h e  
d is c r e p a n c y  is  d u e  to  s t r a y  e f fe c ts . E x c e ss  lo s s  w a s  e s t im a te d  to  b e  0 .3 d B , a s  th e  lo s s  o f  
th e  c o n n e c t in g  l in e s  c o n tr ib u te s  to  th e  m e a su re d  v a lu e  (s e e  F ig u re  6 -1 5 ) . R e tu rn  lo s s  w a s  
s t i l l  g o o d  a t th is  f r e q u e n c y  a t 2 5 d B , a s  w a s  th e  iso la t io n  at 2 7 d B  ( s e e  F ig u r e  6 -1 6 ) . 
D e v ia t io n  fro m  q u a d ra tu re  w a s  1° a t th e  c e n tre  f r e q u e n c y  (s e e  F ig u re  6 -1 7 ) .
F ig u r e  6 -1 4  P h o to g r a p h  o f  6 .4 G H z  G r o u n d  L in e  I n d u c to r  H y b r id
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Frequency (GHz)
F ig u re  6 -1 5  T h ro u g h  an d  C o u p lin g  Loss o f  6 .4 G H z  H y b r id
Frequency (GHz)
F ig u re  6 -1 6  Is o la tio n  a n d  R e tu rn  Loss o f  6 .4 G H z  H y b r id
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Phase
(Degrees)
Frequency (GHz)
F ig u re  6 -1 7  C o u p le d  to T h ro u g h  R e la tiv e  Phase o f  6 .4 G H z  H y b r id
6.4 H ig h e r  O rd e r  Low -pass D e r iv e d  H y b rid s
Section 5.2.1 described the design procedure for higher order low-pass derived hybrids 
and Example 5.1 gave a solution for the particular case of a 0.4 to 1 bandwidth. Using the 
same design procedure and circuit topology, a fifth order hybrid was designed for 
operation over a 40-120MHz band. The circuit is shown in Figure 6-18 with element 
values scaled for frequency and a characteristic impedance o f 50 ohms.
69.2nH 2L 9pF  2L9pF  69.2nH190.6m3
16.7pF
Y A A A Z
14.4nH
/ Y Y Y Y
\ M J J i Y A A A Y
54.3pF
69.2nH
14.4nH
190.6nH
p r m  . c r r C
190.6nH — r— 69.2nH
21.9pF 21.9pF
16.7pF
F ig u re  6 -18  4 0 -1 2 0 M H z  5 th O r d e r  L o w -p ass  D e r iv e d  H y b r id
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The central coupled inductor was fabricated using 8 turns o f bifilar 0.2mm diameter 
enamelled copper wire wound on a Micrometals T20-3 carbonyl iron toroidal core. The 
outer two coupled inductor pairs with their partial coupling were implemented as a 5 turn 
3mm diameter air-cored solenoid wound using 0.315mm diameter enamelled copper wire. 
The partial coupling was achieved simply by adjusting the physical separation between 
the coils. The capacitors were implemented with fixed values. Further adjustment o f the 
inductors was made with the circuit assembled in order to improve the response.
The insertion loss to the through and coupled ports is shown in Figure 6-19. The 
worst case amplitude imbalance in the band is about 1.6dB. Consulting Table 4-3, it can 
be seen that a 3 to 1 bandwidth ratio hybrid will ideally give 0.745dB. Excess loss at the 
higher end o f the operating frequency range is about 0.5dB, compared with a figure o f 
about 0.2dB at the lower end.
ftl; T r a n s m i s s i o n  8.M L o g  M a g  3 . 0  d B /  R e f  0 . 0 0  d B
F ig u re  6 -19  T h ro u g h  a n d  C o u p lin g  Loss o f  4 0 -1 2 0 M H z  H y b r id
The isolation and return loss are shown in Figure 6-20. Isolation is an acceptable 
27dB, and return loss is better than 20dB.
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> 1  : T r a n s m i s s i a n  L a g  M a g  5 . 0  d B /  R e f  0 . 0 0  d B
F ig u re  6 -2 0  Is o la tio n  a n d  R e tu rn  Loss o f  4 0 -1 2 0 M H z  H y b r id
The relative phase o f the coupled to through outputs is shown in Figure 6-21. The 
maximum deviation from quadrature is 2 °.
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T r a n s m i s s i o n  / M  P h a s e  1. 0°/ R e f  9 0 . 0 0 ”
> 2 : O f f
F ig u re  6 -21  C o u p le d  to T h ro u g h  R e la t iv e  Phase o f  4 0 -1 2 0 M H z  H y b r id
This example shows the application o f the theory. It will be seen subsequently that 
better performance can be achieved using second order rational function derived-hybrids. 
The practical value o f this kind o f circuit is therefore at present in some question.
6.5 H ig h e r  O rd e r  L ow -pass D e r iv e d  H y b r id s  U s in g  T ran s m iss io n  L in es
The use o f transmission lines in practical quadrature hybrid circuits is well covered in the 
literature ([9],[12],[13] and [14]), where the lumped element sections employ coupled 
inductors. In order to show the practical application o f sections with a ground line 
inductor to microwave frequencies, two examples were constructed and tested (The two 
examples given here have already been published during the course o f this research [24]). 
The first was a two-section hybrid operating over a l-2GHz band, and is shown in Figure 
6-22. For this frequency band, analysis predicted a ground line inductance o f 4.29nH and 
capacitance o f 1.72pF in the lumped element sections, and transmission lines with an 
electrical length o f 19.5° at the centre frequency o f 1.5GHz. The principle o f using
116
Chapter 6. Realisations
shorted transmission lines for the ground line inductor, as in the 1.27GHz hybrid above 
was used. However, in order to accommodate the transmission lines between the two 
lumped element junction points, it was necessary to make the inner shorted transmission 
line shorter than the outer.
F ig u re  6 -22  P h o to g ra p h  o f  l - 2 G H z  M ic ro s tr ip  H y b r id
In practice, it was found necessary to use a smaller than calculated capacitor value 
in the l-2GHz hybrid, the optimum value being 1.5pF. The measured through and 
coupled response is shown in Figure 6-23. The maximum imbalance o f 1.1 dB occurs at 
1GHz through insufficient coupling. The theoretical value for this circuit assuming ideal 
elements would have been 0.7dB. The excess loss is most clearly seen at the upper 
crossover point, where it has a value o f 0.2dB. Isolation and return loss are shown in 
Figure 6-24. The isolation o f 27dB and return loss o f better than 27dB are sufficient for 
most applications. The phase response o f the coupled output relative to the through 
output can be seen in Figure 6-25. The deviation from quadrature is less than 1 ° over the 
entire design frequency range.
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^ 1  : T r  nnsrn 1 s s  i o n  8.M L a g  M a g  1 . 0  d B /  R e f  0 . 0 0  d B  C ?  
> 2 : O f f
F ig u re  6 -2 3  T h ro u g h  a n d  C o u p lin g  Loss o f  l - 2 G H z  M ic r o s tr ip  H y b r id
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t>l : T r a n s m  i s s  1 a n  L a g  M a g  5 . 0  d B /  R e f  0 . 0 0  d B  C ?
F ig u re  6 -2 4  Is o la tio n  a n d  R e tu rn  Loss o f  l - 2 G H z  M ic r o s tr ip  H y b r id
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►l; T r a n s n i i s s l a n  / M  P h a s e  1 . 0 " /  R e f  9 0 . 0 0 "  C ?
> 2 : O f f
F ig u re  6 -25  C o u p le d  to  T h ro u g h  R e la tiv e  Phase o f  l - 2 G H z  M ic r o s tr ip  H y b r id
The second microwave example was a more demanding 1-3 GHz, using a three- 
section design. The most critical component in the design was the centre section lumped 
element inductor. Not only is the element value greater than that for the 1-2GHz 
example, but it also has to operate to a higher frequency. With this in view, it was 
decided to use a thinner substrate, the thickness being 0.32mm. This made it possible to 
reduce the width o f the 50 ohm lines, and thus the width o f the ground plane strips. The 
outer section lumped element inductors were implemented in the same way as the 6.4GHz 
single section hybrid described above, that is to say using an etched pattern in the form of 
a “bow-tie” in the ground plane. The lumped element section capacitors were both 
implemented using fixed values, though the calculated values o f 2.17pF and 0.44pF were 
reduced to 2.4pF and 0.3pF, as stray capacitance augmented their apparent values. The 
finished hybrid is shown in Figure 6-26.
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F ig u re  6 -2 6  P h o to g ra p h  o f  l - 3 G H z  M ic ro s tr ip  H y b r id
► l : T r D n s m ! s s ! a n  8.M L a g  M a g  1 . 0  d B /  R e f  0 . 0 0  d B  C 
> 2 : O f f
F ig u re  6 -2 7  T h ro u g h  an d  C o u p le d  Loss o f  l - 3 G H z  M ic ro s tr ip  H y b r id
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The measured through and coupled response is shown in Figure 6-27. Theoretical 
analysis o f the ideal circuit predicts a maximum amplitude imbalance o f 0.64dB. For 
most o f the operating band, this value is achieved comfortably. There is significant 
departure at the low frequency end, where the imbalance is 1.7dB. This indicates the 
centre section element values are a little lower than optimum. However, as average loss 
is much worse at the upper frequencies, some compromise can be accepted. Maximum 
loss occurs at 3GHz, where its average value is about 0.4dB. Isolation and return loss are 
shown in Figure 6-28. Both quantities are acceptable at better than 24dB. The phase 
response o f the coupled output relative to the through output can be seen in Figure 6-29. 
Maximum deviation from quadrature is only 1 °.
^ 1 : T r n n s m I s s I a n  L a g  M a g  5 . 0  d B /  R e f  0 . 0 0  d B  C
F ig u re  6 -2 8  Is o la tio n  a n d  R e tu rn  Loss o f  l - 3 G H z  M ic r o s tr ip  H y b r id
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►l; T r a n s t n  i s s  l a n  / M  P h a s e  1 . 0 ”/ R e f  9 0 . 0 0 "  C
> 2 : O f f
F ig u re  6 -29  C o u p le d  to T h ro u g h  R e la t iv e  Phase o f  1 3 G H z  M ic r o s tr ip  H y b r id
6.6  Second O rd e r  R a tio n a l F u n c tio n  D e r iv e d  H y b rid s
Section 5.3.1 showed how to synthesize a second order hybrid based on the rational 
function. The circuit was shown in Figure 5-11, with element values given by Eqns.5.16 
to 20. As this circuit is employed not only in its own right, but also as a component in 
cascade circuits, it requires particular attention.
6.6.1 Practical Construction o f the Second O rd er H y b rid
It is not obvious how the circuit o f Figure 5-11 can be constructed, the difficulty arising 
from the inductive components. The circuit shows two pairs o f perfectly coupled 
inductors that are then partially coupled to each other. Various methods o f achieving this 
can be devised, depending on the frequency o f operation. At very low frequencies, one 
might expect the inductances to be realised using relatively high permeability magnetic 
material. One might also expect the perfectly coupled pairs to be in the form o f bifilar
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windings. This may not be strictly necessary at low frequencies, but it is o f practical 
convenience as it ensures an equal number o f turns during the winding process. If these 
pairs are wound on the same core, it is likely that there will be excessive coupling 
between them. Some means o f introducing leakage inductance is required. One method 
is shown in Figure 6-30 (In this and all following examples, the inductance o f a bifilar 
winding is taken to mean the inductance o f a single wire, or both in parallel, which are the 
same if the coupling between them is perfect, rather than the value o f the series 
connection). Here each bifilar winding makes use o f two cores, one o f which is shared by 
both windings. The shared core provides mutual inductance, whilst the second adds to 
the self-inductance. If it is assumed that the shared core gives perfect coupling, then the 
turns required are such as to give an inductance o f M. Thus the second core will add L-M 
in order to give the correct self-inductance. In practice, there will be some leakage 
inductance arising from the shared core, in addition to the required mutual inductance. 
Thus the extra core will need to supply a little less than the calculated value.
F ig u re  6 -3 0  C o u p le d  P a ir  U s in g  E x tr a  In d u c to rs
Another technique to introduce leakage inductance is shown in Figure 6-31. Here 
the two inductor pairs are wound on separate cores, with coupling provided by a tertiary 
winding on each core. The tertiary windings are connected via an additional inductor. 
The self inductance o f one pair consists o f the inductance due to an individual core 
together with the influence o f the second core. The arrangement can be modelled as two
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transformers with magnetizing inductance and the additional inductor in between, as 
shown in Figure 6-32, which assumes there to be no leakage inductance in the cores 
themselves. It is not essential that the tertiary winding should have the same number o f 
turns as the main winding, but the two main cores should be wound identically. The self­
inductance o f the arrangement is then given by:
L = P A L„ , - ,->) (6.1)
2 L,„+L's
where Lm is the magnetizing inductance o f one core and L ’s is the inductance o f the 
additional inductor referred to the primary. It can be seen from Eqn.6.1 that the self 
inductance varies from LJ2 to Lm as L \ varies from zero to infinity.
F ig u re  6 -31  C o u p le d  P a ir  U s in g  T e r t ia r y  W in d in g s  a n d  E x tr a  In d u c to r
In the circuit o f Figure 5-11 an equal excitation to both ports o f the coupled 
inductor gives an inductance o f L + M. In the circuit o f Figure 6-31, the equivalent circuit 
o f Figure 6-32 shows this to be L,„. From this and Eqn.6.1, it is possible to specify the 
core. In practice, there will be additional leakage inductance, so the value of Ls will be 
reduced accordingly.
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Figure 6-32 Equivalent Circuit of Physical Network of Figure 6-31
As frequency o f operation is increased, it becomes desirable to use magnetic 
materials o f lower and lower relative permeability. In the process, the leakage inductance 
becomes more significant. In the circuit o f Figure 6-30, the required additional 
inductance reduces in value until at some point it is possible to dispense with it altogether. 
The inductor component then reduces to the very convenient simplification o f a single 
core, with two bifilar windings. Indeed, for the sake o f this convenience, it will often be 
desirable to deliberately select a core with a lower than necessary permeability (from loss 
considerations). It is found that this arrangement can be employed over a wide range o f 
operating frequencies. At the lowest frequency extreme where a relatively high 
permeability core allows little leakage inductance, the windings can be placed on opposite 
sides o f the core for maximum leakage, as in Figure 6-33.
Figure 6-33 Coupled Pair Using Higher Permeability Core
As the frequency o f operation is increased still further and it becomes necessary to 
use lower permeability cores, the windings will then have to be brought closer to each 
other, as in Figure 6-34. The strongest coupling exists between the end turns o f each
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winding. Thus, a large core with many turns will show less coupling than a small core 
with few turns, even though both cores are composed o f the same material. Where the 
permeability is particularly low, sufficient coupling will necessitate the overlapping o f 
end turns. Taken to its extreme, maximum coupling can be achieved by alternating the 
turns o f each winding. In this extreme case, it will be found that the assumption o f 
perfect coupling in the twisted pairs is no longer valid, as the coupling between the two 
filaments becomes comparable.
Figure 6-34 Coupled Pair Using Lower Permeability Core
At the highest frequencies where the second order circuit is useful, the equivalent 
circuit becomes complicated. The twisted pairs resemble transmission lines with a 
characteristic impedance o f typically a few tens o f ohms. The structure also possesses the 
lumped characteristics o f the pairs’ self and mutual inductance. Thus the equivalent 
circuit,is a mixture o f distributed and lumped elements, for which models do not exist in 
commercial CAD packages. In addition, a proprietary model has not been developed to 
date.
6.6.2 A  Practical Realisation o f a Second O rd er H yb rid
To show the application o f the theory and the practical considerations just discussed, an 
example operating over a 50-150MHz band was constructed. Clearly, the bandwidth 
required is 3 to 1, and the geometric mean frequency is 86.6MHz. When normalised to 
unity, the upper frequency limit is then V3, for which application o f Eqn.4.15 gives a 
maximum value for the filtering function o f 1.0746 and hence by Eqn.4.1 a maximum in- 
band amplitude imbalance o f 0.625dB. Application of Eqn.4.30 gives 07 = 0.39332. 
Substituting this value into Eqns.5.16-20 gives for the element values o f Figure 5-11 as
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below in Table 6-1, together with the values scaled for the correct frequency range and a 
reference impedance o f 50 ohms.
Element Prototype Value Scaled Value
L 0.7339 67.4nH
M 0.5373 49.4nH
k 0.7321 0.7321
c , 2.1491 79pF
c 2 0.7866 28.9pF
Table 6-1 Element Values for 50-150MHz Second Order Hybrid
The capacitors were implemented as fixed values, with 82pF used for C\ and the 
parallel combination o f 27pF and 2.7pF for C2. These values were chosen for the 
convenience o f preferred values, and were expected to yield a centre frequency slightly 
lower than initially designed.
For the inductive element, it was decided to make use o f bifilar 0.2mm diameter 
enamelled copper wire. The required inductances were achieved by winding each pair 
with five turns on a single Micrometals T16-2 carbonyl iron toroidal core. The relative 
permeability o f the core material is 10 , and for this low value it was found necessary to 
overlap both end turns o f each winding to achieve sufficient coupling. Final adjustment 
to the position o f the turns was made with the hybrid completed to optimise for return loss 
and isolation.
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t>3: O f f
Figure 6-35 Through and Coupling Loss of 50-150MHz Hybrid
The measured insertion loss to the through and coupled ports is shown in Figure 
6-35. The frequency band for optimum coupling can be seen to be close to the design 
frequency o f 50-150MHz, being centred only slightly lower. Maximum amplitude 
imbalance at the centre frequency is very close to the theoretical prediction o f 0.625dB, 
however it departs slightly at 150MHz to 0.8dB. Average insertion loss increases 
gradually with frequency. This quantity is most easily seen at the points where the two 
plots cross each other. At the lower crossing point it is between 0.1 and 0.2 dB, whilst it 
is nearer 0.3dB at the upper crossing point.
The measured isolation and return loss are shown in Figure 6-36. These quantities 
are a reflection o f the quality o f construction, as theory predicts both to be infinity. The 
worst case value over the frequency band is 23dB coincidentally for both quantities at the 
upper band edge.
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> 1 : R e f l e c t i a n  L o g  Mag 5 . 0  d B /  R e f  0 . 0 0  dB
Figure 6-36 Isolation and Return Loss of 50-150MHz Hybrid
The measured phase o f  the coupled output relative to the through output is shown 
in Figure 6-37. It can be seen that the deviation from quadrature is less than 0.2° over the 
entire frequency band.
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[>1: O f f
►2: T r a n s m i s s i o n  / M P h a s e  1 . 0 ° /  R e f  9 0 . 0 0 °
Figure 6-37 Coupled to Through Relative Phase of 50-150MHz Hybrid
6 .7  H ig h e r  O rd e r  R a t io n a l F u n c tio n  D e riv e d  H y b rid s
The circuit synthesis o f these hybrids using symmetric networks was described in 
Sections 5.3.2 and 5.3.3. It was noted in Section 5.4 that the circuits described therein 
may not be the best means o f realisation, as a better way might be to use cascaded 
sections. However, as the material was introduced, it is appropriate to consider the 
realisation o f higher order hybrids in order to validate the synthesis theory. For this 
purpose, a third order hybrid is proposed, covering the modest frequency band o f 2 - 
30MHz.
For the frequency band given, clearly the bandwidth ratio is 15 to 1, and the 
geometric mean frequency is 7.75MHz. When normalised to unity, the upper frequency 
limit becomes cou = 3.873. Application o f Eqn.4.13 gives a maximum value for the 
filtering function o f 1.1136, and hence by Eqn.4.1 a maximum in-band amplitude 
imbalance o f 0.934dB. Next, application o f Eqn.4.30 gives cr/ -  0.19046. This frequency
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parameter can be applied to the element values in Figure 5-12 and these are given in 
Table 6-2, together with the values scaled for the correct frequency range and a reference 
impedance o f 50 ohms.
Element Prototype Value Scaled Value
L\ 1.5643 1.307pH
M\ 1.156 966nH
k 0.739 0.739
Li 0.0919 94.4nH
Cj 4.2571 1.749nF
c 2 2 822pF
c 3 0.0919 37.8pF
Table 6-2 Element Values for 2-30MHz 3rd Order Hybrid
Once again, the capacitors were implemented as fixed values, either as single 
elements or combinations o f preferred values. The main inductor was wound on a 
Micrometals T30-3 core, with each instance o f  L\ consisting o f 10 turns o f bifilar 0.2mm 
enamelled copper wire. To achieve the desired mutual inductance, it was found sufficient 
to place each winding on opposite sides o f the core, with no overlapping o f turns 
necessary. For L2, the same bifilar wire was wound five times on a Micrometals T16-2 
core.
The measured insertion loss to the through and coupled ports is shown in Figure 
6-38. The characteristics o f a third order response can be clearly seen by the three 
frequencies at which the plots cross. The worst case amplitude imbalance occurs between 
the first and second crossing points, where excessive coupling has resulted in a 1.3dB 
amplitude imbalance. The average excess loss increases with frequency to a value o f 
around 0.3dB at the upper frequency limit.
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>1: O f f
Figure 6-38 Through and Coupling Loss of 2-30MHz 3rd Order Hybrid
The measured isolation and return loss is shown in Figure 6-39. An isolation o f 
better than 30dB is achieved over nearly the entire design frequency range, whilst return 
loss is an acceptable 25dB.
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>1:  R e f  1 B c t i o n  /M L o g  Mag 5 . 0  d B /  R e f  0 . 0 0  dB
Figure 6-39 Isolation and Return Loss of 2-30MHz 3rd Order Hybrid
>1:  O f f
►2: T r a n s m i s s i o n  /M P h a s e  1 . 0  V  R e f  9 0 . 0 0  °
Figure 6-40 Coupled to Through Relative Phase of 2-30MHz 3rd Order Hybrid
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The measured phase o f the coupled output relative to the through output is shown in 
Figure 6-40. The deviation from quadrature is within 2° over the entire frequency band.
Reviewing the performance o f the third order hybrid, it may be asked why the 
performance was not closer to the theoretical prediction. After all, the frequency o f 
operation is much lower than the second order circuit just described, whose performance 
was very close to theory. Part o f the reason for this is the complexity o f the circuit. The 
complete performance depends on every element behaving properly. Element adjustment 
is made more difficult too by the necessity to monitor several measurement parameters at 
once. Unlike a conventional filter, where only the insertion loss and return loss need to 
be monitored, in quadrature hybrids it is necessary to trim for the insertion loss o f two 
separate channels, the input return loss, isolation and relative phase o f the two main 
outputs. If good match is also required on all ports, this serves only to exacerbate the 
alignment problem. The position is not actually as bad as that, as good performance in 
one parameter often leads to improvement in others.
An additional difficulty in specifying element values lies in the selection o f inductor 
cores. For good performance, a toroidal core is frequently found to be the best solution, 
as it conveniently constrains the magnetic flux. In addition, it may be the only 
commercially available component suitable for the particular application. However, it is 
not a continuously variable component, and only limited variability is achievable. When 
few turns are required, it may be found that the optimum inductance lies between two 
integer values o f turns.
It will be shown later how a quadrature hybrid designed for a similar frequency 
band can be realised with a cascade circuit, the resulting realisation being superior in 
performance and ease of construction.
6.8 C ascade R ea lisations
The theory o f cascaded section quadrature hybrids was given in Section 5.4. The 
demands placed on the individual sections will be much greater than would have been the 
case had they been required only for operation near their centre frequency. Each section 
will have to operate satisfactorily over the entire design frequency range o f the quadrature
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hybrid. The problem will be greatest for the component with the lowest centre frequency, 
as it will need to contribute low loss and be spurious free right up to the upper frequency 
limit.
Both first and second order cascades were considered in the theory, and these will 
be addressed separately.
6.8.1 F irst O rd er Cascade H ybrids
The practice o f first order cascade quadrature hybrids is to be found in Cappucci’s patent 
[6]. It is necessary however to consider them further. One reason for this is that they 
present a reference by which the new methods o f implementation can be compared. In 
addition, a demonstration o f a realisation validates the theory presented in the previous 
chapter, which theory was not given in the original patent.
6.8.2 A  Fourth O rd er 10 -100M H z F irs t O rd er Cascade H y b rid
A fourth order quadrature hybrid operating over a KMOOMHz frequency range is 
expected to show performance close to what is predicted from theory, without the 
complications that might be encountered with a much higher operating frequency. The 
choice o f a fourth order circuit will also make it possible to compare it with a second 
order cascade circuit, to be described later.
The bandwidth ratio is 10 to 1, and the geometric mean frequency is 31.62MHz. 
When normalised to unity, the upper frequency limit becomes cou = 3.162. Application o f 
the theory o f Chapter 4 (see Example 4.1) gives a maximum in-band amplitude imbalance 
of 0.164dB. By Eqn.4.32, the required frequency parameters are: Gi = 0.15139, cr2 = 
0.59702, (73 = 1.67498 and <j4 -  6.60526. These parameters when scaled for frequency 
give rise to sections with centre frequencies o f 4.787MHz, 18.88MHz, 52.97MHz and 
208.9MHz. The corresponding inductances are 1.662pH, 421.5nH, 150.2nH and 38.1nH 
respectively, whilst the capacitances are 665pF, 168.6pF, 60.1pF and 15.2pF. The most 
difficult section will be the one with the lowest frequency, as it will need to operate 
without spurious resonances or excessive insertion and return loss right up to 100MHz.
136
Chapter 6. Realisations
Even the second lowest section will require some care. It is expected that the two 
remaining sections will not present much difficulty in construction.
In addition to the hybrid sections, an inverting section will need to be implemented 
between the middle two sections. This will also need to perform well over the entire 
frequency range, having sufficient magnetising inductance at 10MHz and contributing 
minimal loss at 100MHz. The theory o f Section 5.4.1 will confirm that the first and third 
centre frequency sections will need to be arranged on one side o f the inverter, with the 
second and fourth the other side.
It was decided to use bifilar pairs o f 0.2mm diameter enamelled copper wire for all 
the hybrid sections. The use o f small diameter wire enables more turns to be placed onto 
smaller cores, and avoid the problem o f in-band resonances, particularly from the lowest 
frequency hybrid. For the 4.787MHz hybrid, 11 turns on a 4mm Epcos Kl material 
ferrite (jur = 80) toroid was used. For the 18.88MHz hybrid, 8 turns on a Micrometals 
T16-3 carbonyl iron toroid (jur = 35) was used. For the 52.97MHz hybrid, 8 turns on a 
Micrometals T16-2 carbonyl iron (ft,- =10) toroid was used. Finally, for the 208.9MHz 
hybrid, 3 turns on another T16-2 core was used. The capacitors used were 680pF for the 
4.787MHz hybrid, lOOpF in parallel with 68pF for the 18.88MHz hybrid, 56pF for the 
52.97MHz hybrid and 15pF for the 208.9MHz hybrid. All the capacitors were placed at 
the centre o f the windings o f their respective hybrid sections in order to avoid the odd 
mode resonance problem discussed in Section 6.2. The inverter was implemented as a 
transmission line transformer with sufficient magnetizing inductance provided by 6 turns 
on an Epcos A7X1 Kl ferrite material twin hole bead. The winding was the same bifilar 
pair as was used on the hybrid sections, having a characteristic impedance close to 50fl 
A second “transformer” with the same number o f turns on an identical core was placed in 
the opposite arm of the complete hybrid, configured as a non-inverting section, in order to 
provide phase compensation (It should be appreciated that this component is not actually 
a transformer at all, as no flux is generated in the core. The core simply acts as a coil 
former.).
Some adjustment o f the circuit was found necessary. The capacitor in the third 
hybrid was reduced to 47pF to improve amplitude balance. Adding shunt capacitance at 
certain places on the circuit could also effect some improvement in return loss. It was
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thought that this capacitance was compensating for stray inductance in the hybrid 
sections. A photograph of the complete assembly can be seen in Figure 6-41.
Figure 6-41 Photograph of Cappucci Class 10-100MHz 4th Order Hybrid
The measured insertion loss to the through and coupled ports is shown in Figure 
6-42. The characteristic double hump o f a fourth order hybrid can be clearly seen in the 
coupling response. The two plots should cross at four places, but they only do so at one 
place (around 50MHz). This is a result o f inaccurate element values. Even so, the 
imbalance is always less than 0.5dB. Average loss is worst at the upper band edge, where 
it rises to ldB.
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Figure 6-42 Through and Coupling Loss of 10-100MHz 1st order Cascade Hybrid
The measured isolation and return loss is shown in Figure 6-43. Isolation rises to 
23dB mid-band, whilst return loss is a worst case 20dB at the lower band edge. Both 
quantities are acceptable for many applications.
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>1:  R e f  1 s e t  i o n  L o g  Mag 5 . 0  d B /  R s f  0 . 0 0  dB
Figure 6-43 Isolation and Return Loss of 10-100MHz 1st Order Cascade Hybrid
The measured phase o f the coupled output relative to the through output is shown in 
Figure 6-44. It should be observed that the phase is negative, in contrast to the usual case 
o f a positive phase. As this class o f hybrid is not symmetrical, the measured phase is 
positive or negative depending upon the choice o f input. Over most o f the design band, 
the phase departs from quadrature by less than 1°. There is a rapid departure from 
quadrature at the lower band edge, this being caused by the magnetizing inductance o f the 
inverter section.
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►2: T r a n s m i s s i o n  /M P h a s e  L . 0 V  R e f  - 9 0 . 0 0  °
F ig u re  6 -44  C o u p le d  to  T h ro u g h  R e la t iv e  Phase o f  H M O O M H z  1st O rd e r  C ascade
H y b r id
6.8.3 Cascade Hybrids Using Second Order Sections
The theory o f these was given in Section 5.4.2. The key element is the second order 
section, an example o f which was given in Section 6.6.2. Some examples follow, each 
illustrating some aspect o f practical design.
6.8.4 A  Fourth Order 2-32M H z Cascade Hybrid
A 2-32MHz example provides a comparison by which to judge the example given in 
Section 6.7. That example was only third order, and so gives an inferior amplitude 
balance to the now proposed fourth order solution. A second order cascade 
implementation will only be considered if the increase in order doesn’t result in an 
unacceptable increase in circuit complexity or inferior perfonnance in other respects. For 
this frequency band (popularly known as the HF band), with a 16 to 1 bandwidth ratio, 
the geometric mean frequency is exactly 8MHz, and the upper frequency limit nonnalises
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to 4. Application o f the theory o f chapter 4 gives a maximum in-band amplitude 
imbalance o f 0.30ldB, considerably better than the third order case o f 0.934dB.
Application o f Eqn.4.32 for this case gives frequency parameters o f <7\ = 0.13604, 
o_2 = 0.57154, cr3 = 1.74965 and cr4 = 7.35099. The solution will require two second order 
sections, one o f which makes use o f oj and cr2 in the formulae for the element values as 
found in Figure 5-19, and the other makes use o f o*3 and 04. Application o f the formulae 
gives the following element values for each section o f the cascade, which have already 
been scaled for frequency and a characteristic impedance o f 50 ohms.
Element Value
L 2.263pH
M 1.393pH
c , 2.229nF
c 2 1.392nF
Table 6-3 Low Frequency Section Element Values of 2-32MHz Cascade Hybrid
Element Value
L 176nH
M 108nH
Ci 173pF
C2 108pF
Table 6-4 High Frequency Section Element Values of 2-32MHz Cascade Hybrid
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In both sections, the coupling between inductors is 0.615, or -4.22dB. It is usually 
found that the couplings in sections o f a second order cascade hybrid are less than 3dB. 
This is because the contribution o f each section is cumulative.
As before, the capacitors were implemented as a single or a combination o f fixed 
values, to make up the required value. For the low frequency section, the inductor was 
wound using two 14 turn windings o f bifilar 0.2mm enamelled copper wire on a 
Micrometals T44-1 (jir = 20) core. The correct mutual inductance was realised by having 
the windings on opposite sides o f the core. The high frequency section also made use o f 
bifilar 0.2mm enamelled copper wire, this time on a Micrometals T22-2 core, with 5 turns 
per winding. Once again, the correct mutual inductance was realised by having the 
windings on opposite sides o f the core. A photograph of the finished hybrid is shown in 
Figure 6-45. As expected, the larger o f the two cores belongs to the low frequency 
section. It was found convenient to mount the capacitors on the underside o f the printed 
circuit board, hence these components are not visible.
F ig u re  6 -4 5  P h o to g ra p h  o f  2 -3 2 M H z  4 th o rd e r  C ascade H y b r id
The measured insertion loss to the through and coupled ports is shown in Figure 
6-46. As was seen in the Cappucci example, the coupled response exhibits the double 
hump characteristic o f a fourth order circuit. The imbalance is less than 0.4dB over the 
design frequency band, and the average loss varies from 0.1 dB to 0.3dB as frequency 
increases.
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F ig u re  6 -46  T h ro u g h  a n d  C o u p lin g  Loss o f  2 -3 2 M H z  4 th O r d e r  C ascade H y b r id
The measured isolation and return loss is shown in Figure 6-47. Both quantities are 
excellent, with isolation no less than 36dB, and return loss better than 31dB over the 
design frequency band.
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t>l : T r a n s m  i s s  I a n  L a g  M a g  5 . 0  d B /  R e f  0 . 0 0  d B  C
F ig u re  6 -4 7  Is o la tio n  a n d  R e tu r n  Loss o f  2 -3 2 M H z  4 th O r d e r  C ascade H y b r id
The measured phase response o f the coupled output relative to the through output is 
shown in Figure 6-48. Departure from quadrature is always less than 1°.
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► l ; T r a n s m l s s t a n  / M  P h a s e  1 . 0 ”/ R e f  9 0 . 0 0 ” C
> 2 : O f f
F ig u re  6 -48  C o u p le d  to  T h ro u g h  R e la tiv e  Phase o f  2 -3 2 M H z  4 th O r d e r  C ascade
H y b r id
Comparing these plots with the example o f  a 2-30MHz third order symmetric 
hybrid given in Section 6.7, it is seen that this new circuit is as good as or superior in 
every respect. Only the average loss is similar. Amplitude imbalance is superior, as 
would be expected o f a higher order circuit. In addition, isolation, port match and 
quadrature accuracy are better in every case. Furthermore, it was found that rather than 
being more complex, the fourth order cascade circuit was in fact easier to construct. Part 
o f the reason for this was the use o f a cascade circuit, removing the necessity o f 
superimposing many components in a confined volume.
6.8.5 A  Fourth  O rd e r 10 -100M H z Cascade H yb rid
In order to make a comparison with the Cappucci design o f Section 6.8.2, a design based 
on second order sections is now considered. Topologically, it is identical to the 2-32MHz 
example o f Section 6.8.4. Only the element values are changed. The frequency
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parameters required for this design were determined in Section 6.8.2, and the 
corresponding element values for the low and high frequency second order sections are 
then as given in Table 6-5 and Table 6-6 respectively.
Element Value
L 520.9nH
M 310.2nH
Ci 496.3pF
C2 337.2pF
T a b le  6 -5  L o w  F re q u e n c y  Section E le m e n t V a lu e s  o f  1 0 -1 0 0 M H z  H y b r id
Element Value
L 47.1nH
M 28nH
c, 44.9pF
C2 30.5pF
T a b le  6-6 H ig h  F re q u e n c y  S ection  E le m e n t V a lu e s  o f  1 0 -1 0 0 M H z  H y b r id
The coupling factor between inductors in each section is 0.595, or -4.5dB. The 
capacitors were implemented as single components, or a combination o f fixed values to 
make up the required value. For the inductors, bifilar 0.2mm enamelled copper wire was 
used throughout. For the low frequency section, the inductor was implemented with two 
6 turn windings on a Micrometals T25-3 core. For the high frequency section, two 4 turn 
windings on a Micrometals T16-2 core were used. No overlap o f turns was necessary. In
147
Chapter 6. Realisations
fact, in the low frequency section, the two windings had to be well separated in order to 
reduce coupling to the correct value. A photograph o f the complete hybrid is shown in 
Figure 6-49. Extra shunt capacitors were found to be necessary to compensate for 
leakage inductance attributed to the uncoupled inductor wires.
F ig u re  6 -4 9  P h o to g ra p h  o f  1 0 -1 0 0 M H z  4 th O r d e r  C ascade H y b r id
The measured insertion loss to the through and coupled ports is shown in Figure 
6-50. Amplitude balance is better than 0.3dB over most o f the band, only degrading to
0.4dB at the lower band edge, owing to insufficient coupling. Average loss increases 
with frequency from 0.25dB at the lower band edge to 0.5dB at the upper band edge.
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>1:  O f f
F ig u re  6 -50  T h ro u g h  a n d  C o u p lin g  Loss o f  1 0 -1 0 0 M H z  4 th O r d e r  C ascade H y b r id
The measured isolation and return loss is shown in Figure 6-51. Isolation is 
acceptable at better than 22dB over the band, whilst return loss is better at 30dB at its 
worst point.
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>1:  R e f  1 B c t i o n  L o g  Mag 5 . 0  d B /  R e f  0 . 0 0  dB
F ig u re  6 -51  Is o la tio n  a n d  R e tu rn  Loss o f  1 0 -1 0 0 M H z  4 th O r d e r  C ascade H y b r id
The measured phase response o f the coupled output relative to the through output is 
shown in Figure 6-52. Departure from quadrature increases with frequency to a worst 
case performance o f 2.3° at the upper band edge.
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>1:  O f f
►2: T r a n s m i s s i o n  / H  P h a s e  1 . 0  V  R e f  9 0 . 0 0  D
F ig u re  6 -52  C o u p le d  to T h ro u g h  R e la tiv e  Phase o f  1 0 -1 0 0 M H z  4 th O r d e r  C ascade
H y b r id
If this hybrid is now compared with the Cappucci example o f Section 6.8.2, it is 
seen that the amplitude balance and loss are both improved upon in the new design. 
Isolation and return loss are comparable. The phase response is also comparable if only 
the worst case is considered. However, the Cappucci style design is better over most of 
the band. As regards relative difficulty in construction, it was found that there was little 
to choose between the two. Although the Cappucci design required more hybrid sections, 
each was easier to construct. The new design is better from the point o f view o f size.
6.8.6 A  3 rd O rd e r 80 -1000M H z Cascade H y b rid
So far, only modest frequency ranges have been considered. It may be wondered how the 
designs perform over higher frequency ranges.
For the frequency range o f 80-1000MHz, the geometric mean frequency is 
282.8MHz and the upper frequency limit normalises to 3.536. Application of the theory 
o f Chapter 4 gives a maximum in-band amplitude imbalance o f 0.8dB, which is adequate
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for many applications. Application o f Eqn.4.32 gives frequency parameters o f 
o’i = 0.1975, 0*2 = 1 and <73 = 5.0633. As this is an odd order hybrid, it will be necessary 
to implement the highest frequency section as a first order hybrid. For the first two 
parameters, the element values for the section o f Figure 5-19 become as in Table 6-7 
when scaled for frequency and a characteristic impedance o f 50 ohms.
Element Value
L 42.6nH
M 28.6nH
c, 45.7pF
c 2 22.5pF
T a b le  6 -7  L o w  F re q u e n c y  Section  E le m e n t V a lu e s  o f  8 0 -1 0 0 0 M H z  C ascade H y b r id
The first order section requires a common mode inductor o f value 5.55nH and 
coupling capacitor o f value 2.22pF.
The capacitors were implemented as fixed values. For the second order section, 
preferred values o f 47pF and 22pF were used for Ci and C2 respectively. The inductor 
component o f this section was implemented using bifilar pairs o f 0.2mm diameter 
enamelled copper wire. Each inductor was wound using 4 turns on a Micrometals T12-2 
toroidal core, with the core material providing sufficient coupling.
In view o f the more demanding frequency range, the second order section was 
tested individually. If constructed correctly, its centre frequency will be the geometric 
mean o f the (scaled) frequency parameters used in the determination o f its element 
values. This works out as 125.7MHz. The centre frequency coupling factor will be the 
same as the coupling o f the inductors. This works out as 0.67, or -3.48dB.
It was discovered at the first attempt at building this section that there was a 
resonance associated with the three capacitors. Initially, this resonance appeared in-band
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at 850MHz when the circuit was constructed using 1206 package size surface mount 
capacitors and 1.6mm thick substrate material. It was found possible to move this 
resonance above the upper frequency limit by reducing to 0603 size capacitors and 
placing them in a delta configuration to minimise stray inductance. In addition, the 
substrate material was reduced to 0.8mm thick. Even so, the resonance was only 
increased to 1.1 GHz.
Observing the coupled response o f this section, it was found that the correct centre 
frequency and coupling could be readily achieved. However, it was noticed that the 
coupling reduced much more quickly than theory predicted. By 1GHz it had reached a 
minimum of about -20dB, whereas theory predicts a value o f -13dB. This phenomenon 
is due to leakage inductance in the windings and capacitor packages. It can be modelled 
as a distortion in the frequency scale, making 1GHz look like a much higher frequency. 
In order to preserve a good frequency response, it is necessary to adjust the frequency o f 
the first order section. In theory, this section should have a centre frequency o f 
1.433GHz, but in view o f the second order section performance, this needs to be scaled 
down, and a frequency o f 1.2GHz was estimated as being suitable, for which the common 
mode inductance needs to be increased to 6.6nH and the capacitor to 2.65pF.
The fact that the first order section is so high in frequency means that a twisted pair 
construction is not suitable, so the ground line inductor method was employed. The 
design was similar to the 1.27GHz example o f Section 6.3. A photograph of the complete 
hybrid is shown in Figure 6-53.
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F ig u re  6 -5 3  P h o to g ra p h  o f  8 0 -1 0 0 0 M H z  3 rd O r d e r  C ascade H y b r id
The measured through and coupled response o f the hybrid is shown in Figure 6-54. 
The amplitude imbalance is greatest at around 600MHz with a value no more than 1.3dB. 
The average loss increases with frequency from 0.3dB at 80MHz to 0.8dB at 1GHz.
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► l ; T r a n s m i s s i o n  L a g  M a g  1 . 0  d B /  R e f  0 . 0 0  d B  C
> 2 : O f f
F ig u re  6 -5 4  T h ro u g h  a n d  C o u p lin g  Loss o f  8 0 -1 0 0 0 M H z  3 rd O r d e r  H y b r id
The measured isolation and return loss is shown in Figure 6-55. At better than 
20dB, the isolation is acceptable for most applications. The return loss is worse at 17dB, 
but this is still acceptable in many applications.
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t>l ; T r a n s m  I s s  i a n  L a g  M a g  5 . 0  d B /  R e f  0 . 0 0  d B  C
F ig u re  6 -5 5  Is o la tio n  a n d  R e tu rn  Loss o f  8 0 -1 0 0 0 M H z  3 rd O r d e r  H y b r id
The measured phase response o f the coupled output with respect to the through 
output is shown in Figure 6-56. This shows a deteriorating performance in the upper half 
o f the frequency range, approaching a 4° departure from quadrature at 1GHz.
Although the performance is poor when compared with previous cascade hybrid 
designs in this Section, this is to be expected in view o f the more demanding frequency 
range. The design still has potential in for example balanced components, where a degree 
o f imperfection can be tolerated.
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T r a n s m i s s i a n  / M  P h a s e  1 . 0 ”/ R e f  9 0 . 0 0 “ C
> 2 : O f f
F ig u re  6 -5 6  C o u p le d  to T h ro u g h  R e la t iv e  Phase o f  8 0 -1 0 0 0 M H z  3 rd O rd e r  H y b r id  
6.9  Conclusions
It has been shown that the theory given in preceding chapters can be used to design 
quadrature hybrids, and that their realisation is practical. It has been seen that increasing 
frequency carries with it the penalty o f more restricted bandwidth and increased loss. 
However, practical circuits with decade bandwidth and greater are realisable at UHF 
frequencies, and octave or so circuits can be built operating up to microwave frequencies.
These circuits represent a step forward in technology, and have practical 
applications for present day systems. The first order circuit with its microwave capability 
can be considered as a replacement for branch line couplers. It has the practical 
advantages o f smaller size and simpler structure, and the performance advantages o f good 
broadband isolation and match.
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The higher order low-pass derived hybrids with their microwave capability can be 
considered as replacements for Lange couplers in many applications. They share the 
same good broadband isolation and match properties, but have the particular advantage o f 
ease o f construction, as they do not possess the fine line structure and do not need precise 
bond-wire attachment. They are also slightly smaller in size for comparable substrates. It 
remains to be seen whether the new circuits can be designed for much more than the 
modest microwave frequencies specified for the examples in this chapter.
Of the symmetric circuits described, only the second order is o f much practical 
value, as it was subsequently shown that cascade circuits are a better method o f 
realisation for higher order requirements. Even this circuit appears to be new to the 
literature, and has potential for octave or so applications at frequencies up to UHF.
O f the two cascade methods o f realisation, that is to say the first order cascade 
circuits due to Cappucci, and the. second order cascade circuits new to this research, it is 
not certain which is the better. The choice will be determined by particular requirements. 
The research presented here provides design details for the Cappucci class o f hybrids that 
were not given in the original patent.
Certain aspects o f hybrid design have not been elaborated on in this section, for the 
sake o f brevity. These include power handling and the relevance o f phase error. These 
and other subjects will be dealt with in the following chapter.
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7  S p e c i a l  T o p i c s
7.1 Section O v e rv ie w
The previous four chapters have given the theoiy and practice o f lumped element exact 
quadrature hybrids. The information is sufficient to design these components. In this 
chapter, particular topics are covered, which have relevance to the subject, though not 
essential in the first instance. The topics covered are as follows:
a) Approximate phase circuits
There exists a class o f lumped element quadrature hybrids that give an exact 
amplitude balance o f the two outputs, but their phase ripples with frequency, giving only 
approximate quadrature output. These circuits are known to give wide bandwidth 
characteristics. It is necessary to make a comparison between these and the approximate 
amplitude hybrids described in this thesis.
b) Active circuits
Where low frequency operation is required, and only the signal properties o f 
quadrature hybrids are required, it is appropriate to consider the use o f active circuits, 
principally to remove the requirement for wound components.
c) Power handling
The designs o f the preceding chapter are limited in power handling from the various 
loss mechanisms, saturation effects and dielectric breakdown in the materials used. The 
contribution o f these effects needs to be considered.
d) Weak couplers
The theory developed in Chapter 4 relates to circuits approximating an equal 
division between the two outputs. It is possible to modify the theory to consider coupling
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giving unequal outputs. This section considers this requirement, and shows how the 
circuits can still be realised.
e) Graphical techniques
Practical hybrid sections exhibit a departure from theoretical performance owing to 
loss and stray effects. In order to aid the designer, certain graphical aids can be 
constructed.
f) Figure o f merit for passive hybrids
A method o f assessing the performance o f passive hybrids is presented.
7.2 A p p ro x im a te  Phase C irc u its
The theory o f circuits giving exact amplitude balance, whilst being approximate in phase 
quadrature was given its most comprehensive treatment in a paper by Darlington [31]. In 
that paper, the author was concerned with phase differences o f arbitrary magnitude, and 
not just the quadrature case. However, the quadrature case was given prominence, as 
being the most useful phase difference. The paper goes on to consider the synthesis o f 
all-pass networks to give the required phase difference. A graph o f deviation from 
quadrature for various orders o f networks up to a bandwidth o f 400:1 is given, illustrating 
the broad band potential o f these circuits. It is interesting too that the analysis depends 
upon elliptic functions, just like the approximate amplitude case.
7 .2 .1  M e th o d  o f  C o m p a r is o n
It is not immediately obvious how a circuit exact in amplitude but approximate in phase 
quadrature should be compared with one exact in phase quadrature but approximate in 
amplitude balance. What means o f comparison should be employed?
To answer this question, consider an arbitrary quadrature hybrid, which might have 
been designed using either approximate amplitude or approximate phase theory, but 
nevertheless exhibits imperfections in both phase and amplitude over its designed 
frequency range. In practice, loss and phase rotation common to both outputs is not o f 
concern, only the amplitude imbalance and relative phase. It is possible to resolve the
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two outputs at any particular frequency into two pairs o f vectors. The first and most 
significant is a quadrature vector pair with identical amplitude. The second and minor 
vector pair is similarly in quadrature with identical amplitude. However, the amplitude o f 
the second is considerably less than the first. In addition, the direction o f rotation for the 
second pair is opposite in sense to the first. It is possible to resolve any two vectors into 
pairs as just described. The outputs o f the arbitrary quadrature hybrid at a spot frequency 
in its operating band are represented in Figure 7-1, where the outputs are considered to be 
the vector voltages Vj and V2, where the magnitudes are given by V] and v2 respectively, 
and the angles the vectors make with the axes by a\ and a2 respectively. To simplify the 
analysis, the dominant vector pair has been normalised to a magnitude o f 1 and aligned 
with the axes. The minor vector pair has a magnitude o f r and makes an angle 6 to the 
dominant vector pair. It is the magnitude o f the minor vector pair that is important, and 
not the angle. This can be seen for example in a balanced amplifier stage. If the input 
quadrature hybrid introduces an error, then providing the output hybrid is perfect, the 
dominant vector pair will produce an output at the wanted termination, whereas the minor 
vector pair will produce an output at the unwanted termination, and the magnitude o f this 
output will not be dependent upon the angle the minor vector pair makes with the 
dominant pair.
Now consider the effect o f varying 6 in Figure 7-1 whilst r remains fixed. When 
0 -  0°, the individual components o f the vector pairs are aligned, and the hybrid exhibits 
the characteristics o f an exact quadrature, approximate amplitude circuit. However, as 6 
is increased, the amplitude imbalance reduces as the phase departs from quadrature until 
0 = 90°, at which point the amplitudes o f the two outputs are the same and the error from 
phase quadrature appears to reach a maximum. At this point, the hybrid exhibits the 
characteristics o f an exact amplitude, approximate quadrature circuit. The magnitude o f 
the error, given by r, remains the same as 0 is varied. When 0 takes values outside the 
range 0° to 90°, the result is equivalent to a value within this range. For example, when 6 
is between 90° and 180°, the result is equivalent to a value o f 0 given by 180°-<9, except 
that the amplitudes o f V\ and V2 are reversed, as are the values o f a\ and a 2. The analysis 
can therefore be confined to values o f 6 from 0° to 90°, in which vj is greater than v2 and 
a\ and a2 are both positive.
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F ig u re  7-1  V e c to r  R e p re s e n ta tio n  o f  H y b r id  E r r o r
The requirement to determine r gives a practical difficulty, as this quantity cannot 
be measured directly. However the relative amplitude and phase o f the outputs can be 
measured using a network analyser.
It is convenient to describe the relative phase o f the outputs in terms o f the 
departure from quadrature, which is given by a = a\ + a2. Expressing both output vector 
magnitudes in terms o f their components using the cosine rule, then taking the ratio gives:
\ 2 /
1 + r2 + 2 /\cos# 
1 + 7*2 -Ir.cosO
(7.1)
Further, eliminating the vector magnitudes from trigonometric relationships in the 
diagram gives:
tan a = 2 r. sin 0 
1 - r 2
(7.2)
Now, eliminating 0fi'om Eqns.7.1 and 7.2 gives:
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r\ + r 2 V
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tan o: = l
This conveniently simplifies to:
r \v, v2 _L + _ i
Vo v.YK2
seca =
y
(7.3)
Eqn.7.3 forms the basis o f a nomogram, for if we put:
x=  log V, v.+
Vo v
I
Y K2
2
i y
(7.4)
y = ^ Jlog(sQca) (7.5)
and R = J log' l  + r 2'
Y^  “  r j
(7.6)
then by Eqn.7.3, x 2 + y 2 = /?2, and this equation describes a system o f circles in 
the x,y plane, where the x-coordinate is a function o f amplitude balance only, the y- 
coordinate is a function o f the relative phase only, and the radius is a function o f the 
magnitude o f the error vector pair.
Note that in Eqns.7.4-6, the functions are all monotonic in nature for arguments 
given by vi/v2, a  from 0 to 90° and r from 0 to 1. If the performance o f  a quadrature 
hybrid is plotted on the xy  plane, a locus closer to the origin denotes a better hybrid. A 
graph o f phase error against amplitude is shown in Figure 7-2, for an amplitude error 
expressed in dB from 0 to 2dB and a phase error from 0 to 14°. Circles of constant error 
have been plotted on the graph up to a value of-20dBc. It appears from the axes that the 
two scales are linear. This is not the case, though the departure from linearity is only 
slight for the ranges chosen.
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Figure 7-2 Graph of Correlation of Amplitude and Phase Error
7.2.2 Application to Amplitude Approximated Hybrids
The above analysis will now be applied to amplitude approximated hybrids, where the 
approximation is o f the general rational function type, the theory o f which was given in 
Section 4.5. Inspection o f Eqn.4.1 shows that the maximum value o f v\/v2 is given by m, 
the maximum value o f the rational Chebychev function forming the filtering function 
F(co). Substituting for V]/v2 in Eqn.7.3, where a = 0 gives:
r, —■m - 1  
m + 1
(7.7)
where ra denotes the relative amplitude o f the error vector pair for an amplitude 
approximated hybrid.
7.2.3 Application to Phase Approximated Hybrids
In his paper, Darlington [31] says that the phase difference between the two outputs o f a 
phase difference network can be described by putting tan(/?/2) equal to an odd rational 
function o f co with real coefficients, where fl is the phase difference between the two
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outputs. Where a quadrature output is required, then clearly the object is to optimise the 
rational function to be as close as possible to unity. There will be some maximum 
deviation a  from quadrature, and as tan(45°+or/2) = 1/ tan(45°-o/2), then geometric limits 
about unity should be placed on the rational function in the optimisation procedure. This 
function has already been investigated, as it is exactly the one required in the theory o f 
amplitude approximated hybrids in Section 4.5. The geometric limits are given by 1/m 
and ra. Expanding tan(45°+a/2) and equating it to m gives:
1 + tan(rf / 2)m = -----------------
1 -  tan(o: / 2 )
Now, substituting for sec a in Eqn.7.3 and simplifying, the equation becomes:
where rp denotes the relative amplitude o f the error vector pair for a phase 
approximated hybrid.
Comparing Eqns.7.7 and 7.8, it is seen that both techniques o f quadrature hybrid 
design lead to the same result. Therefore, either may be used with equal theoretical 
performance.
7.3 A c tiv e  C irc u its
Chapter 5 on synthesis and Chapter 6 on realisations have both concentrated on passive 
circuits. These are important in that they give the greatest potential in bandwidth and 
power handling. Where low frequencies (for example audio) are envisaged and power 
handling is not an issue, it is appropriate to consider the possibility o f using active 
circuits, in order to avoid the use o f prohibitively large (physically) components. This is 
particularly true for inductive elements. In addition, inductors are to be avoided where 
possible on the grounds of cost.
In this section, the synthesis o f quadrature circuits using active elements will 
consider circuits comprising ideal operational amplifiers in conjunction with resistors and 
capacitors. The operational amplifiers considered are ideal in the sense o f giving infinite
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voltage gain, having infinite input impedance and zero output impedance. This 
composition o f active circuit is not the only one that can be envisaged, others might 
include switched capacitor and digital circuits, but these will not be considered here.
7.3.1 Transfer Function to be Synthesized
In Chapter 5 on synthesis, the functions to be synthesized were in the form o f s- 
parameters. This was appropriate for the passive design o f radio frequency components. 
For lower frequencies using active elements, it is better to consider voltage transfer 
functions, as these are most readily measured and are consistent with the chosen active 
element. The transfer functions remain the same, so the theory o f Section 4.6 can be 
applied, with the relevant ^-parameter replaced with an equivalent voltage transfer 
function.
7.3.2 Reduction to Cascaded Sections
A similar problem exists in active circuit synthesis as was found in passive circuit 
synthesis, that is to say, it is necessary to determine a circuit that simultaneously realises 
two transfer functions. This is less o f a problem in active circuits, where power loss is not 
a consideration. However, there is still the problem o f synthesizing high order transfer 
functions. It would be desirable to reduce the synthesis problem by using cascaded 
sections, as in Section 5.4. The problem then becomes one o f synthesizing sections with 
two inputs and two outputs, giving transfer functions consistent with the first and second 
order cases. It would be desirable too that the outputs o f a particular section should be 
directly connected to the output o f an amplifier, so that the following section does not 
influence its own transfer function. It follows therefore that each section must have a 
minimum of two amplifiers. In addition, the transfer function from the first input to the 
first output will be the same as that from the second input to the second output. Similarly, 
the transfer function from the first input to the second output must be the same as that 
from the second input to the first output. The section is therefore electrically 
symmetrical. With this in view, it is sufficient to ensure the transfer functions from the 
first input are correct, with symmetry guaranteeing the second.
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7.3.3 General Section Design
The synthesis of active circuits with multiple inputs and outputs has no canonical 
solution, so some ingenuity is required. In order to solve the problem for the particular 
requirements o f quadrature dividers, consider the circuit o f Figure 7-3, which represents a 
general active section. The circuit around each amplifier resembles an all-pass network, 
except that the reactive element from the non-inverting input to ground has been replaced 
with one input o f a two-port network. At this stage, it is only necessary to constrain the 
two-port to be symmetrical, so that the whole section is symmetrical. With this in view, it 
is sufficient to analyse the circuit from one input, and allow the second input to remain at 
zero.
r
F ig u re  7-3  G e n e ra l A c tiv e  Section
If the section is driven from zero impedance sources (either from a voltage source 
or the output o f amplifiers from previous sections), then the two-port will be terminated 
with R both ends, and so can be analysed in terms of 5-parameters. Consider first the 
response to the first output. If the circuit is stable, the inputs o f the amplifier must be at 
the same potential, and analysis o f the circuit gives:
vm-v;=v;-rn (7.9)
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If Zm is the input impedance o f the two-port, then
(7.10)
V i\ Z in +  R
Dividing Eqn.7.9 by Vu, substituting for Vfi using Eqn.7.10 and re-arranging gives:
The quantity on the right hand side o f Eqn.7.11 can be identified as being equal to 
the reflection coefficient o f the two-port. Define this quantity sjj — s22 -  T, so that:
The excitation at the first input will also produce a signal at the non-inverting input
coefficient o f the two-port. This signal will then be amplified by a factor o f 2 by the 
amplifier. Defining si2 = s2i -  T, it follows that:
Eqns.7.12 and 7.13 show that the transfer functions o f the active section can be
interest in its own right, as a means o f measuring the s-parameters o f any two-port. The 
circuit is simpler than the usual technique o f employing a bridge network to measure the 
reflection coefficient.) In order to construct a hybrid section, it is only necessary to 
synthesize the correct two-port.
7.3.4 Design of the Two-Port
In the design o f passive cascade quadrature hybrids, as the sections are lossless, perfectly 
matched and isolated, the sum o f the power to the outputs must be the same as the 
available power from the generators. The implication for the two-port in the active 
section is that it should be lossless. In addition it must be symmetrical, and thus the two
K, z ,„ -R
Ki + R
(7.11)
(7.12)
o f the second amplifier, the transfer function for which will be half the transmission
(7.13)
equated to the reflection and transmission coefficients o f  the two-port. (This section is o f
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outputs will be in quadrature. It will be sufficient therefore to design the symmetrical 
two-port with the correct reflection coefficient, and be assured that the transmission 
coefficient is correct, except for a possible ambiguity in sign. The choice o f whether to 
assign the through response or coupled response to the reflection coefficient will be made 
in order to give desirable elements, that is to say a two-port consisting only o f capacitors.
Eqns.5.37 and 5.38 give the coefficients o f the two-port for the first order case. In 
fact, these equations can both be given a negative sign. However, as this will certainly 
lead to an inversion in the transmission path, this possibility is to be avoided. The choice 
will be as to which transfer function to assign to the reflection coefficient and which to 
the transmission coefficient. Suppose first o f  all that the through transfer function is to be 
assigned to the reflection coefficient. Substituting for T in Eqn.7.12 and equating with 
Eqn.7.11 gives after rearranging in terms o f impedance:
Z + M + —  (7-14)s
This impedance is formed from the series combination o f a capacitor o f value 
1/(2Ref) and the terminating resistor R. This combination accords with the requirement 
on element types.
Consider now the possibility o f assigning the coupled transfer function to the 
reflection coefficient. Making the previous substitution using Eqn.5.38 gives for the 
impedance:
Z Y )  = R + —  s (7.15)a
This impedance is formed from the series combination o f an inductor o f value 2R/a 
and the terminating resistor R. The presence o f the inductor makes this choice unsuitable 
for the purpose.
Turning now to the second order case, the required transfer functions can be found 
in Eqns.5.12 and 5.13, except that for general section use, it would be better to retain cr? 
instead o f I/07 so that subsequent parameter assignment can be made more clearly. ( Note 
that this will also require the instances o f the unity terms to be replaced with 0702). The
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choice o f which to assign to the two-port reflection coefficient is made easier when it is 
observed that the through transfer function possesses a right hand zero. Assigning this 
transfer function to the transmission coefficient o f the two-port would result in the use o f 
a coupled inductor, which is undesirable. It is better therefore to assign the through 
transfer function to the reflection coefficient. This however introduces another hazard in 
that the transmission coefficient will then be zero at zero and infinite frequency, and so 
direct synthesis o f the impedance corresponding to the reflection coefficient may not lead 
to equal terminations. To circumvent this problem, in-phase and anti-phase excitation can 
be applied to the circuit. With in-phase excitation, the apparent reflection coefficient at 
each port is given by T + T. Summing Eqns.5.12 and 5.13 and substituting the result into 
the equation for impedance gives:
Z„  (7.16)
s
In-phase excitation places a virtual open circuit at the mid point o f the two-port. 
The apparent circuit is a capacitor o f value 1/(7? cr?). Next apply anti-phase excitation, 
which gives an apparent reflection coefficient o f F - T. The corresponding impedance 
becomes:
Z,„ (7.17)
s
Anti-phase excitation places a virtual short circuit at the mid-point o f the two-port. 
The two conditions o f Eqns.7.16 and 7.17 can be simultaneously satisfied by means o f for 
example a pi-network o f capacitors, where the capacitors to ground take a value o f
1 (  1 1 ^1/(7?cr?), and the series capacitor takes a value o f — ------------.
27?lvcr1 cr2 J
summarised in Figure 7-4 for both the first and second order case.
The element values are
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C =
2 Rc,
(a) First Order Case 
C2
Cj
1 1 f  1 1
, C2 = —  I— — -
Rcr, 2 R\C7x G j )
(b) Second Order Case
F ig u re  7 -4  Im p le m e n ta t io n s  o f  th e  2 -P o r t
With the first and second order cases both being realisable without the use o f wound 
components, the constraints on element types is achieved. It is then possible to 
implement quadrature hybrids - using active elements by cascading appropriate first and 
second order sections.
7.3.5 Comparison with Approximate Phase Networks
It has been shown in Section 7.2 that there is no theoretical advantage to be gained by the 
use o f either approximate phase and approximate amplitude circuits. The choice when it 
comes to active circuits will therefore be made from other considerations. One advantage 
with approximate amplitude networks is that the phase is always in quadrature, so 
adjustment only needs to be made to amplitude. This is a practical advantage, as 
amplitude measurement is more readily made than phase. In order to capitalise on this
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advantage, the pi-network o f capacitors used in the second order sections should be 
replaced with a bridged-T network like that shown in Figure 7-5. The series arm 
capacitors should be close matched types, with a preferred value in the range given. 
Adjustment o f the bridge and shunt arm capacitors will not affect symmetry, and hence 
quadrature. Selection o f the series arm capacitor must be made after scaling for 
impedance and frequency.
Cy :Cy
Cb
1 s c * 1
o)0Rg2
1 1
co0R Ycr, g~2j
C
1
a 2 co0R{crx <j2) 2
 - r  = -------------------
‘  ’ b coQRG2 - y C x
F ig u re  7 -5  B r id g e d  * T 9 C a p a c ito r  N e tw o r k
7.4 P o w er H a n d lin g
There are a variety o f factors limiting the power handling o f lumped element quadrature 
hybrids. These include core saturation, hysteresis loss, dielectric loss, resistive loss and 
dielectric breakdown. The power handling o f hybrids is usually limited by thermal 
effects, while breakdown is a problem normally associated with pulsed operation. In the 
following analyses, only first and second order hybrids will be considered, as these have 
emerged as the most significant circuits, and can be cascaded into higher order circuits.
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7.4.1 Core Saturation
Most of the circuits considered in the chapter on realisation make use o f magnetic 
material to enhance the inductive properties o f their hybrid. These magnetic materials 
exhibit saturation characteristics. These become most evident at high magnetic bias, 
where the effective permeability reduces asymptotically to that o f free space. Even well 
before this point, an unacceptable departure from linearity may be seen, giving rise to a 
change in the transfer functions and also the introduction o f harmonics and inter­
modulation distortion. These effects will be most acute at lower frequencies, where high 
permeability materials are used.
To determine maximum flux density in the core, it is necessary to consider the 
voltage applied to the windings, the number of turns in the winding and the core 
dimensions. The voltage applied is easy to detennine for the first order circuit. As the 
isolated port gives zero voltage, the voltage applied to the inductor is the same as the 
coupled voltage. Putting 5 -jco in Eqn.5.38, and taking the magnitude gives:
y , =~! =  V. (7 -1 8 )
Vcr +eo
where Vi is the voltage applied to the inductor and Vs is the voltage appearing at port
1. Application o f Faraday’s law to the core gives:
5 = —  (7.19)
conA
where B is the flux density, n is the number o f turns in the winding and A is the 
effective cross sectional area o f  the core. Now substituting for V/ in Eqn.7.19 gives:
B =  (7.20)
nA-Jcr2 + 002
It is usually the peak flux that is o f interest, so the peak voltage applied should be 
used in the equations. Eqn.7.20 shows that the flux density is at a maximum at zero 
frequency. At the centre frequency o f operation, it will have reduced to 1/V2 times its DC 
value.
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For the second order circuit, two flux values are required. The first is due to the 
inductor connected directly to the input, and the second is due to the coupled inductor. 
For the directly connected inductor, the voltage across it can be determined by subtracting 
the through voltage from the input voltage. As the input voltage is simply Vs and the 
through voltage is the input voltage multiplied by the transfer function, given by Eqn.5.12 
(again with <t2 in place), the voltage in terms o f the complex frequency variable s will be:
r „W  = f l ---------- V f r )  (7.21)
^ a ]cr2 + s(c jl - c r 2)+ s  J
Now, substituting s = ja )  in Eqn.7.21 and taking the magnitude gives a voltage of:
K I - « t  Y I (7.22)
\ (Gf + a? jip-i + a? )
The voltage across the coupled inductor is more easily determined, as it is simply 
given by the supply voltage multiplied by the transfer function o f Eqn.5.13. Following 
the same procedure as for Eqn.7.22, the coupled inductor voltage is given by:
The associated flux density can be determined by means o f Eqn.7.19, except that 
the voltages are applied across In turns. The flux densities in the directly connected and 
coupled inductors are then respectively:
= ( a ,  + 0 0  + 4q>2 \V,\
1 2nA
D  _____ (o~2 )______ IY 1
2 - ^ f 7 ^ [ ^ ) 2 n A  ( ‘ >
In Eqns.7.24 and 25, both achieve their maximum value as frequency tends towards 
zero, with the directly connected inductor having the greater flux density at all 
frequencies. A qualitative impression can be seen in Figure 7-6, where values have been
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normalised, and a bandwidth ratio o f 3 to 1 has been chosen. The flux density in both 
cases has dropped considerably by the lower band edge o f 1/V3.
F ig u re  7 -6  G ra p h  o f  F lu x  D e n s ity  P ro file  fo r  a 2 nd O r d e r  H y b r id
To show the relevance o f peak flux density to quadrature hybrids, consider the low 
frequency section o f the 2-32MHz example in Section 6.8.4. The core used was a 
Micrometals T44-1 toroid, for which the manufacturer gives a cross sectional area o f 
0.099cm . Scaling the normalised frequency parameters for the centre frequency o f 
8MHz, with 14 turns the flux density o f the directly connected inductor at the lower band 
edge o f 2MHz is by Eqn.7.24 0.35mT/V. For the coupled inductor, the value is 
0.176mT/V. An appreciable voltage would have to be applied before flux densities 
approaching the saturation density for this material o f a significant fraction o f 1 Tesla 
would be seen. Well before this flux density, the non-linear effects o f the material would 
become apparent. This is exhibited as an increase in the dynamic permeability o f the 
material, and will take effect with flux densities in the region o f 20mT or greater. Even 
this flux density will require a source voltage o f 57V peak, which corresponds with a 
power input o f 32.5W. Depending on the application, a tolerable departure from linearity 
might still be seen for power handling many times this value, though pulse operation may 
be a necessity to avoid excess dissipation.
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7.4.2 Hysteresis Loss
The phenomenon o f hysteresis loss in magnetic materials is well known. The effect is 
caused by magnetic materials retaining a residual flux density when a magnetizing force 
is removed (remanence), and also requiring an additional magnetizing force to reset the 
magnetic flux to zero (coercivity). When a sinusoidal magnetizing force is applied, the 
BH curve has an aperture, the area o f which represents energy lost during every cycle. If 
the peak flux density is kept constant and the BH curve is unchanged, then power lost is 
proportional to frequency. In fact, physical materials exhibit loss that is slightly worse 
than this, with carbonyl iron materials having an index o f around 1.15. The energy lost 
per cycle is also approximately proportional to the square o f the peak flux density, so the 
loss is proportional to the input power. In fact, the true nature o f physical materials is 
again slightly worse than this, with carbonyl iron materials having an index o f around 2 .2 .
In certain instances, magnetic material manufacturers give formulae to calculate the 
loss associated with hysteresis. For the 2-32MHz hybrid just mentioned, the flux 
densities at 2MHz for a IV source voltage give a loss o f approximately 26pW in the 
directly connected side o f the T44-1 core and 6pW in the coupled side, or 32pW in total. 
The incident power is lOmW, hence the proportionate loss due to hysteresis is only 
0.014dB. The measured loss is considerably greater than this, indicating that hysteresis is 
not a significant loss mechanism even at the comparatively low frequency o f 2MHz.
7.4.3 Conductor Loss
In a quadrature hybrid section, the resistive loss o f the windings will introduce a 
component limiting the power handling. Continuing with the example o f the low 
frequency section o f the 2-32MHz hybrid, this component used 14 turns o f bifilar 0.2mm 
diameter enamelled copper wire. This wire has a DC resistance o f 0.54Q/m. The 
measured length o f the winding was 215mm, giving a resistance per strand o f 0.116Q. 
This resistance can be lumped to one end o f each strand, appearing in series with the 
termination at each port. A signal incident at the input port will thus have two 
contributions to its loss arising from this resistance. The loss will therefore be 0.02dB. In 
practice, the loss can be expected to be a little more than this, owing to skin effect, which 
will have a slight influence at 2MHz, increasing with frequency.
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Another source o f conductor loss lies within the capacitors. These can be 
implemented with high Q ceramic types for improved loss characteristics, though even 
general-purpose types are not likely to give nearly as much loss as the windings.
7.4.4 Dielectric Loss
The calculated contributions o f  hysteresis and conductor losses do not account for 
the measured loss o f the 2-32MHz hybrid at 2MHz. Additional loss mechanisms must be 
contributing. One o f these is dielectric loss. However, this will not be a result o f loss in 
the capacitors, as these components typically show better Q figures than inductors. The 
most significant dielectric loss will be in the core material itself. Magnetic materials do 
not make good dielectrics, even though they can exhibit relatively high dielectric 
constants. The windings on the core possess a voltage gradient, and this creates electric 
fields, some o f which pass through the core material generating loss. Although some of 
the loss in the 2-32MHz hybrid at the lower band edge of 2MHz can be attributed to the 
second section and interconnecting lines, most o f it is due to dielectric loss in the core o f 
the first section.
The measured loss gives an indication as to the power handling o f the hybrid. 
Increasing input power will give a temperature rise in the cores. Some information on 
this can be found in the manufacturers data. For example, the core used in the low 
frequency section o f the 2-32MHz hybrid will experience a 20°C increase in temperature 
with 191mW dissipation. If the loss o f the hybrid were entirely due to this section at 
32MHz, then the 0.3dB measured loss would correspond with an incident power o f 
2.86W. It is expected that the loss will in fact be distributed throughout the hybrid, so its 
actual power handling is more than this.
The other source o f dielectric loss, that o f the capacitors, can be reduced by a 
suitable choice o f component. If ceramic capacitors are used, these should be confined to 
the low k types, as high lc introduce loss. In addition, high k ceramic capacitors are to be 
avoided because o f their high coefficient with temperature.
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7.4.5 Dielectric Breakdown
There are two sources o f breakdown in a typical hybrid. The first, which is easily 
quantified, is the maximum voltage rating o f the capacitors used. In the hybrids described 
in Chapter 6, this is generally in the region o f 50 to 100V, hence power limitation will be 
25 to 100W at very low frequencies. As frequency increases, the voltage experienced by 
the capacitors will reduce with the reduction in reactance. This limitation is therefore 
only o f interest in pulse applications, and is comparable to core saturation.
The second source o f dielectric breakdown arises from the insulation on the twisted 
pairs. Where the enamel is undisturbed, it is likely to be as good as the capacitors. 
However, the twisting action is likely to stress the integrity o f the insulation, as will any 
mechanical damage to either conductor. For applications requiring reliability, it would be 
advisable to subject the windings to a breakdown test.
7.5 Weak Couplers
In this context, weak couplers are taken to mean any average coupling value significantly 
less than 3dB. One application for these is in distributed dividers, as in Figure 7-7. In 
this system, power is progressively coupled from the main line, in such a way as to create 
an equal power division amongst many outputs. It should be noted in this context that the 
broadband capability o f lumped quadrature hybrids couldn’t be exploited if a similar 
combiner is used, as the phase outputs will only be correct at one frequency point. This 
can be seen for example in Figure 7-7 by the phase difference between the first two 
outputs. At low frequencies, the phase difference can be expected to be small. However, 
should these outputs then proceed to a combiner, then they would have to be combined 
using a 3dB coupler, where the phase difference is expected to be 90°.
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Equal 6dB outputs
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7.5.1 Magnitude Expression for Weak Couplers
In keeping with filter theory, the response to the through port can be expressed by means 
o f the equation:
With this equation, any o f the filtering functions derived in Chapter 4 can be used 
for F(a>). However, as the optimum rational function has been seen to be o f particular 
interest, the following analysis will be confined to those functions only. The difference is 
the presence of the multiplier P, which reduces the loss to the through port, and hence the 
value o f coupling. Average coupling will take place at frequencies where F(oS) -  1. The 
magnitude of mean coupling squared will be given by:
The value o f s will vary typically from 0 to 1, taking unity for the quadrature hybrid 
case. In principle, values greater than unity can be envisaged, though these are not likely 
to yield useful circuits, as strong coupling is implied. Inspection o f Eqn.7.27 will reveal 
that for weak couplers, coupling is approximately equal to s.
(7.27)
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7.5.2 Determination of Frequency Parameters
Having identified a frequency response, it will be sufficient for the purpose o f 
determining the transfer functions to determine the frequency parameters in the common 
denominator. The form o f the denominator will be as in Eqn.4.33. The numerators can 
be determined from the frequency parameters using the technique o f Section 4.6.2.
To determine the frequency parameters, it will be necessary to solve the 
denominator in the right hand side o f Eqn.7.27. Setting this function to zero and 
rearranging gives:
F(ca) = ± j  
s
It was shown in Section 4.5.2 that the function F(aS) could be mapped onto the z- 
plane by means o f the mapping:
F  = — sn 
m
1 ( mz (7.28)
It is necessary to determine solutions where the left hand side is a purely imaginary 
value. Within the fundamental region o f the z-plane (as discussed in Section 4.5.3), the
nCK' nCK'solutions for z will be purely imaginary in the range -  j    to j    . A plot o f the
m m
imaginary part o f F  for a typical case where n = 3 is shown in Figure 7-8 against the 
imaginary part o f z. The required solutions can be identified as the values where the 
imaginary part o f F  equals ±1 Is. One solution can be seen at a point where the imaginary
CK'part o f z takes a value between 0 and ------. Suppose this value is given by the
m
mzexpression —  = jAK'„ • Inspection o f the graph gives the complete set o f solutions as:
C
—  = ±. JK'„(A,2 -  A,2 + A,4 -  A,4 + A...}
6
which can be expressed as:
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There are n multipliers in the list in curly brackets, leading to 2n solutions, as 
required. It is required to find the solutions in the frequency domain, for which the 
substitution o f Eqn.4.10 is required. Applying this substitution gives:
i f  pr' 'N
CD =  sc  {A ,2 -  A ,2 +  A ,4  -  A ,4  +  A ...}— - , k[ 
co,, I n
The required frequency parameters are the positive values upon application o f the 
substitution s-jco. These will then be:
i f  I C \
ar = —  5d {A ,2 -  A ,2 + A ,4  -  A ,4  + A }—- ,  k[  (7.29)
V n )
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mzIt is now necessary to determine the value o f X. To do this, put jv = —  and
C
my — — , then by Eqn.7.28, a solution will be given by: 
£
sn(jv, ku ) = jy
Application o f elliptic function theory gives an alternative way o f expressing this 
equation as:
y = cMy,k[)
Now, putting cn(x) = j ]  — sn2 (x) and rearranging gives:
sn{yX,) = y
A + y ‘
or v = sn y
I'
Now, the inverse elliptic sine function can be expressed as an integral in much the 
same way as the inverse trigonometric sine function, and this function is known as the 
incomplete elliptic integral, denoted by F(x,k). This function is conveniently available in 
mathematical analysis software. Now, at the required solution, v = XK'n and so the
solution to A becomes:
F m
A =• \\fm2 + s 2 
k :
k'>Kn
(7.30)
7.5.3 Circuit Synthesis
Having detennined the frequency parameters, it is then possible to synthesize a coupler 
using the same techniques as were used for quadrature hybrids. That is to say, the circuit
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may be directly synthesized, or a cascaded circuit may be used. It will be found that the
requirements for coupling factor in the inductor elements will be relaxed.
7.6 Graphical Techniques
This section relates to exact quadrature hybrids formed using cascaded sections, though 
not necessarily of the optimum rational function class. Graphical techniques are useful in 
the design o f hybrids where the performance o f individual sections show a significant 
departure from theory, and also in designs which use a mixture o f lumped and distributed 
elements.
7.6.1 The Use of Nomograms in Quadrature Hybrid Design
To introduce the subject of graphical techniques, consider the cascade o f two quadrature 
hybrid sections, as in Figure 1-9. Each o f the sections may be composed o f lumped or 
distributed elements, or even a mixture o f each. It is assumed however that the coupled 
output leads the through output in phase. This will be true in most cases, but may not be 
so if one o f the sections is a Cappucci type hybrid or is a distributed coupler operated 
above the half wave frequency. Suppose that the coupling factor o f the first section is 
given by cj and that o f the second by c2, then the coupling o f the cascade will be (in terms 
o f magnitude only):
Now put c, =sin—,c2 = sin —, thus
2 2
Substituting into the above equation gives:
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INPUT
ISOL
I/P THRO
C2
ISOL COUP
THRO
V I1 - c , 2X l“ C22)-<?iC;
.COUP
J (ci 2^" + C2 Vi )
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Now let cT -  sin 0 , and it follows that 6 is the average o f <f) and (p. If these three 
angle quantities are drawn as vertical scales equally spaced with the scale for 6 in the 
centre, then a line drawn from the scale for a particular value o f <f) to the scale for a 
particular value o f (p will intersect the scale for 6 in the correct place. Such a nomogram 
is shown in Figure 7-10 where the scales have been marked in the corresponding coupling 
factor in terms o f a decibel scale for convenience. With this graph, the total coupling o f a 
cascade o f two sections can readily be determined. In the diagram, an example o f a 7dB 
coupling in cascade with a 1 OdB coupling gives a 3dB coupling.
F ig u re  7 -1 0  N o m o g ra m  fo r  Q u a d r a tu r e  H y b r id  Cascades
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7.6.2 A Graphical Aid to Quadrature Hybrid Design
In the previous section, the coupling factor o f a hybrid section was transformed to an 
equivalent phase angle. The technique so far only considers the performance o f hybrid 
sections at spot frequencies. It would be possible to plot the equivalent phase angle 
against frequency. For a typical hybrid section, the angle begins at zero when frequency 
is zero and tends to increase with frequency. For a first order section, equal power 
division will occur when the angle equals 90°, and the plot will increase monotonically to 
180°. For a second order section, the phase will increase to a maximum and then 
decrease again. A similar shape will be seen with a third order low pass prototype section 
as described in Section 5.2 or a single section distributed coupler, though there will be a 
frequency distortion from a geometrically symmetrical plot.
If a second section is added, then its equivalent phase will add to the first. For best 
performance, the total angle should be 90°. It may be possible to adjust the specification 
o f the second section to fit in with the first. This being so, it is convenient to draw the 
plot using a logarithmic scale for frequency. In addition, the plot o f the second section 
should be drawn on transparent paper. If the plot o f the second is turned over and aligned 
such that its zero degrees line coincides with the 90° line o f the first, then points where 
the two plots coincide will correspond to points where the total angle is 90°, and the 
hybrid is optimum. If performance over a frequency band is required, then the position o f 
the second plot can be adjusted horizontally so that the vertical difference o f the two plots 
is minimised. A reference frequency can be set on the second plot, and this can be 
compared with the frequency on the first plot. It will then be possible to adjust the design 
o f the second hybrid for optimum performance. The maximum departure o f the two plots 
corresponds with maximum amplitude imbalance. Owing to the similarity between this 
analysis and that o f approximate phase hybrids, the graph o f Figure 7-2 can be used to 
translate the angle value to an amplitude imbalance.
7.6.3 Applications for the Graphical Method
The graphical method can be applied where analytical methods break down. One 
application for example is to design a quasi-fourth order hybrid composed o f a cascade o f 
two second order sections, over an ambitious frequency range. The greatest demand will 
be placed on the low frequency section, which has to perform acceptably over the entire
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frequency range. It may not be possible to construct a second order section with coupling 
characteristics close to theory because o f stray effects. However, it is likely that good 
match and isolation can be achieved by tuning. If the tuning is applied equally to all 
ports, and good match and isolation are achieved, then according to theory the phase 
performance will show little departure from quadrature, as this characteristic is assured 
through symmetry. The effects o f stray inductance and capacitance will be to distort the 
frequency scale, such that the zero o f coupling at infinite frequency will be reduced to a 
finite value. It is likely then that the final hybrid design will exhibit an amplitude 
imbalance corresponding to a hybrid designed for a wider frequency range.
One example o f a hybrid suitable for the application o f graphical methods is the 80- 
1000MHz hybrid that was described in Section 6.8.6. The second order section 
considered on its own has a theoretical centre frequency o f about 126MHz and coupling 
o f 0.67, or -3.48dB. According to theory, its coupling should be -13.2dB at 1GHz. The 
measured coupling o f this section is shown in Figure 7-11. The centre frequency and 
coupling are close to the required values, but the coupling at 1GHz has decreased to 
-24dB. It is expected then that to use the calculated first order section in cascade would 
lead to insufficient coupling at higher frequencies. In order to estimate the best centre 
frequency for the first order section, the coupling was transformed to the corresponding 
phase value and plotted against a logarithmic frequency scale. The result is shown in 
Figure 7-12. A second plot was then made for the theoretical performance o f a first order 
section, with the normalisation placed at the equal power division point. If this plot is 
turned upside down, its zero ordinate can be aligned with the 90° ordinate o f the first plot. 
Adjusting the horizontal position for best fit o f the two lines gives a centre frequency 
value in the region o f 1 GHz for the first order section. The position o f the first order plot 
can also be seen in Figure 7-12. The maximum error in phase is about 7°, which by 
Figure 7-2 corresponds with an amplitude imbalance o f 1.1 dB.
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7.7 Figure of Merit for Passive Hybrids
Practical realisations o f quadrature hybrids exhibit a departure from the ideal. The 
reasons for this can be divided into limitations o f theory and limitations o f practical 
circuits. The hybrids whose theory is presented in Chapters 4 and 5 exhibit amplitude 
ripple, so even without the imperfections o f practical realisation, there will be a departure 
from the ideal case o f an exact amplitude division. In addition, the performance o f a 
practical realisation will suffer further distortion through the effects o f component 
imprecision, stray capacitance, leakage inductance and dissipative loss. The theoretical 
approximation leads only to amplitude imbalance, whereas the practical circuit 
imperfections will affect not just the amplitude imbalance, but also port match, isolation, 
phase accuracy and insertion loss. Generally speaking, the imperfections compromise 
performance more at the high frequency end o f the design.
For this reason, it is frequently better to bias the design in favour o f better 
theoretical performance at the higher frequency end, so that the imperfections o f the 
practical circuit are partially compensated for. This point was noted in Section 6.5 for the 
particular case o f the 1-3GHz hybrid, where amplitude imbalance at the 1GHz end could 
be tolerated in order to preserve a better amplitude balance at the 3 GHz end. The 
problem is how to judge the amount o f biasing to implement.
One way o f appreciating the influence o f departure from ideality is to subject the 
hybrid to an extreme test. The test chosen is to apply open circuits to the coupled and 
through ports, and measure the reflection from the input port, and the insertion loss to the 
isolated port. If the hybrid suffered only from amplitude imbalance, then some power 
would be reflected from the input port, and a corresponding loss would be seen at the 
isolated port. Only at the frequencies where the hybrid gave an exact amplitude balance 
would there be a perfect match to the input port and no insertion loss to the isolated port. 
When the further imperfections o f a practical circuit are added, then there will be 
additional mechanisms for degrading both port match and insertion loss. The test could 
be made using any total reflection, such as a short circuit or reactive mis-match. 
However, the open circuit test is most convenient, as it is just a matter o f removing the 
connections.
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This test is a realistic one, as in practical applications, a quadrature hybrid is 
frequently used in balanced applications, where identical but possibly highly reflective 
loads are placed on the coupled and through ports. One such example is the input to a 
balanced amplifier stage. If the individual gain stages are input matched for flat gain 
using reactive networks, then it is likely that considerable reflection will be present over 
most o f the frequency range. The input quadrature hybrid is then called upon to reflect 
this power into the isolation port termination. The test is particularly convenient, as it 
does not require phase measurement, and only the basic test equipment requirements o f 
return loss and insertion loss measurement.
An example o f this test is shown in Figure 7-13, where the quadrature hybrid in 
question is the l-3GHz hybrid example o f Section 6.5. Observing the insertion loss to the 
isolated port, it is seen that there is a gradual increase at the band edges. Comparing this 
loss with the insertion loss plot o f Figure 6-27, it can be seen that the open circuit 
measurement is being degraded at the upper band edge by dissipative loss, and at the 
lower band edge by amplitude imbalance effects as well. Consider too the return loss. It 
is seen that the worst case is at the lower band edge, as might be expected from the 
amplitude imbalance o f the hybrid. An analysis o f the signal paths for the 1.7dB 
imbalance seen in the quadrature hybrid gives a figure o f I4dB return loss and 0.33dB 
insertion loss on its own. However, the return loss in the practical open- circuited hybrid 
is worse than 15dB at another point higher up in the frequency band. It is seen then that 
the performance o f the hybrid will not be unduly compromised by either its lower 
frequency imbalance, or high frequency imperfections.
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8 Further Work
8.1 Introduction
During the course o f this research, many new discoveries have been made on the subject 
o f lumped element quadrature hybrids. The subject has by no means been exhausted, and 
areas for further investigation can be identified. These will be treated on a chapter-by- 
chapter basis.
8.2 Fundamental Constraints (Chapter 3)
It was determined in this chapter that the response o f a quadrature hybrid could be defined 
by means o f a filtering function F(co), which in turn was defined to be an odd rational 
function o f frequency. The question o f realisability was reduced to that o f a circuit and its 
dual that possessed the same transfer function as the quadrature hybrid. It was stated that 
this became a question o f conventional circuit synthesis. One could go further and ask 
whether any function F(co) provided it was expressed as a rational pair o f polynomials, 
can lead to a network that can be synthesized. The following chapter gave several 
examples o f the filtering function that could be synthesized. Is it possible that an 
arbitrary function with these constraints can nevertheless for some particular reason not 
be synthesized? It is interesting to note that texts on filter theory do not address this 
problem either. Approximation functions such as Butterworth, Chebychev and elliptic are 
presented, but no test as to their ability to be synthesized is presented. If one should turn 
to circuit theory books, much material can be found on the subject o f the synthesis o f 
driving point functions, but very little on transfer functions. This question is for the 
present work purely academic, as the filtering functions presented gave sufficient material 
for investigation.
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8.3 Approximations (Chapter 4)
In tlois chapter, only equi-ripple functions were considered. In real applications, there 
might well be a preference for functions that give reduced ripple in one portion o f the 
band, at the expense o f greater ripple in others. One such function is the maximally flat 
filtering function, where high precision at the centre o f the band is desired.
There is a point o f academic interest with regard to the zero frequencies o f the 
optimum function transfer functions. A technique was presented where the numerator 
functions required in the transfer functions could be readily determined simply from the 
roots o f the denominator. It would be possible as well to determine the zeros directly 
from the filtering function, in the same manner as for the denominator. It was stated then 
that this would lead to extensive use o f elliptic functions, and so was better avoided. 
However, this investigation might well be undertaken purely for mathematical interest. It 
is possible that new discoveries could be made in the practical application o f elliptic 
functions in relation to circuit theory.
8.4 Passive Synthesis (Chapter 5)
When synthesizing circuits based on a low-pass prototype, it was noted that there was no 
automatic synthesis procedure. Although a fifth order example was- worked out, this 
required some intuition. It would be more satisfactory to have a definite synthesis 
procedure that would encompass any order o f circuit.
Considering next the subject o f quadrature hybrids based on the optimum rational 
function, it was found possible to synthesize circuits up to the fourth order. These circuits 
exhibited a vertical structure in the physical sense, and a pattern was emerging as the 
order was increased. Once again, there was no automatic synthesis procedure, and the 
circuit had to be configured using intuition. There is no reason to believe that circuits o f 
arbitrary order cannot be devised, although their usefulness for practical purposes is in 
some doubt.
In the synthesis o f cascaded section hybrids, only sections up to second order were 
considered. It would be perfectly feasible to cascade sections o f order higher than the
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third, though once again their usefulness is in doubt, as it has been found easier to cascade 
second order sections, rather than construct higher order hybrids.
Another topic to consider in the synthesis stage is element sensitivity. This subject 
is o f lesser importance than it often is in filter theory, where high Q pole pairs in the 
transfer functions lead to sensitivity problems at the realisation stage. For hybrids based 
on the optimum rational function, the pole positions lie on the real axis, and hence are 
very low Q. It would not be expected therefore for the realisations to be very sensitive to 
element value. This was borne out in practice, where fixed values were sufficient for the 
capacitors, and tuning o f these elements was not found necessary.
8.5 Realisations (Chapter 6)
It is this subject which provides the greatest scope for further research. The examples 
given in this chapter were chosen to clearly illustrate the theory, and so extremely 
demanding specifications were avoided. The theoiy still lacks testing by the rigours o f 
practical requirements, where questions o f bandwidth, precision, reliability, drift, 
temperature and power handling come into play. Such requirements will cause the 
designer to investigate many possible materials and methods o f construction in order to 
achieve the specification or at least an acceptable approximation to it. In the examples 
given, use was made o f materials that were readily available. In practical applications, it 
may well be that special materials could be specifically procured for the best 
performance.
Another significant area o f study still to be investigated is the accommodation o f 
circuit imperfections. The materials and constructions used were intended to minimise 
the deviation from theory, to enhance their proof o f concept qualities. Practical materials 
exhibit a departure from the ideal, and more complex models for the components, should 
be investigated. For example, the windings possess a distributed component and the 
magnetic materials have complex loss properties for which models do not exist.
As regards particular circuit topologies, the use of a ground line inductor in the first 
order circuit and its further incorporation into wider band circuits with transmission lines 
can be further investigated. The example with the highest frequency o f operation was
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only 6.4GHz. This value was not an accident, as the capacitor used had a value o f 0.3pF, 
the smallest multi-layer chip capacitor readily available. Higher frequency o f operation 
would require smaller capacitors, which would be better implemented as single layer 
components. One way o f achieving smaller capacitors might be with the use o f low 
temperature co-fired ceramic techniques. However, care would need to be taken in the 
design, as ceramic materials generally have a higher permittivity than the soft board 
materials such as were used in the present designs, and the physical lengths o f 
transmission lines necessary for wide-band operation would be smaller. There would be 
no difficulty in the use o f the first order circuit, and this would still be o f  interest in its 
own right, as it can be expected to exhibit better performance than the conventional 
branch line coupler. For still higher frequency operation and greater integration, the use 
o f the ground line inductor technique for quadrature hybrids in MMIC circuitry could be 
investigated. The factor limiting upper frequency operation would appear to be reached 
at frequencies where line width becomes an appreciable fraction o f a wavelength. 
However, this is a general problem not confined to this circuit element.
For hybrids based on the optimum rational function, it is difficult to see how 
operation to frequencies much higher than 1GHz might be achieved, particularly where 
the circuits incorporate second order sections’ The reason for this is the lack o f 
availability o f magnetic materials with suitable properties. It may be possible to replace 
the twisted pairs with coaxial cable, and wind this into the appropriate inductances. 
However, the problem o f physical construction o f such circuits may not be soluble. 
Circuits based on Cappucci’s . design may be a possibility, as these consist o f only first 
order sections. It would be necessary to construct an inverter to operate over the entire 
frequency range. Without the use o f magnetic materials, the bandwidth o f this component 
will be severely restricted.
8.6 Special Topics (Chapter 7)
In the section describing active implementations, only circuits employing operational 
amplifiers were considered. It would be appropriate to consider other active elements, 
such as current feedback amplifiers, which may give an improvement in bandwidth. 
Alternatively, the possibility o f implementing the transfer functions with switched 
capacitor circuits could be investigated. In view o f the fact that quadrature circuits have
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applications in communication systems where great use is made o f digital techniques, one 
area o f research still to be investigated is the application o f the theory to digital signal 
processing.
It may be wondered why more emphasis has not been placed on the use o f the 
theory for weak couplers, as weak couplers have extensive application in radio frequency 
systems. The answer is that at the frequencies where these hybrids work best, that is to 
say less than 1 GHz, other design methods exist which lead to very good weak couplers. 
These couplers are in-phase components, and do not have the theoretical frequency 
constraints placed upon them that the quadrature circuits do. It is theoretically possible to 
synthesize a weak coupler with infinite bandwidth and no ripple. If the weak quadrature 
coupler is to be o f use at these frequencies, then it must be for applications that require 
other than an in-phase response, such as the six-port reflectometer.
As regards graphical techniques, the ones described are just those that evolved 
during the course o f this research. It may be supposed that further research activity will 
generate more ideas in this area.
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9 Conclusions
Chapter 2 was entitled “Prior Art Review” . The purpose o f this final chapter is to 
consider how the art o f lumped element quadrature hybrids has been advanced by the 
research described in this thesis. As such it might also be entitled “Post Art Review” .
Chapter 3 on Fundamental Constraints has drawn on what information is available 
in the literature on the general subject o f quadrature couplers, analysed it, and developed 
the theory further for the particular case o f lumped element quadrature hybrids. The 
constraints on the transfer functions have been defined, as have the constraints on 
realiskbility.
Before this research was undertaken, no study appears to have been published on 
the approximation functions appropriate to lumped element quadrature hybrids, even 
though existing hybrids are based on them. The material o f Chapter 4 remedies this 
omission. With the functions described therein, it is now possible for the circuit designer 
to predict the performance o f the eventual circuit and choose the level o f complexity to 
achieve a given specification. Before this research was undertaken, designers would have 
been limited to the particular solutions tabulated in the literature. The material presented 
in that chapter can now be used as the starting point in any design.
Chapter 5 dealing with synthesis describes old and new circuits. Old circuits have 
been considered in order to relate them to the theory given in previous chapters. In 
addition, many new circuits have been described. Of particular note are: the first order 
circuits with ground line inductor; the more complex circuits that then employ them and 
offer potential to microwave frequencies; the second order hybrid and cascade circuits 
based on them, offering broad band potential.
In chapter 6 the subject o f practical realisations was investigated. It has been shown 
how the theory o f previous chapters can be applied in the manufacture o f hybrids whose 
performance agrees closely with theory. The examples given demonstrate significant 
achievement in the practice o f lumped element quadrature hybrids. The ground line 
inductor version o f the first order hybrid was demonstrated to microwave frequencies,
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both on its own and in conjunction with transmission lines for broader band performance. 
This achievement is o f two-fold significance. Firstly, lumped element quadrature hybrids 
have not previously been demonstrated to as high a frequency as the examples given. 
Secondly, the circuits demonstrated challenge conventional techniques o f implementing 
quadrature hybrid circuits using distributed elements. These circuits show superior 
perfonnance to established techniques such as branch line couplers and Lange couplers 
particularly in relation to size reduction and ease o f construction, without compromise on 
perfonnance in terms of the port match, insertion loss and isolation. Cascaded circuits 
based on the second order hybrid demonstrated bandwidths in excess o f a decade, with 
good performance, proving the validity o f the theory upon which they are based. These 
examples show perfonnance at least equal to what is available commercially, where 
comparable specification can be found. In addition, the example o f the 80-1000MHz 
hybrid is o f unprecedented frequency range and bandwidth in the world o f lumped 
element quadrature hybrids.
In the chapter on Special Topics, it was discovered that approximate phase circuits, 
well known in the literature, offer perfonnance that is comparable to the approximate 
amplitude circuits investigated during this research. It was also shown that the very wide 
bandwidth capabilities o f the optimum rational function based hybrids could be 
implemented with active circuits. The resulting circuits have practical topologies. The 
section on power handling is useful in applications where amplitude is appreciable. It 
was then shown how the theory could be adapted to consider weak couplers, and that 
these circuits were still practical. The section on graphical techniques provides useful 
tools for the designer, in order to compensate for the departure from theoiy that is 
encountered in practical circuits. Finally, a figure o f merit was presented, by which a 
practical circuit can be assessed over its frequency range.
In conclusion then, this research has taken the theoiy and practice o f lumped 
element quadrature hybrids from a sparsely considered topic towards a mature theory, 
design and practice.
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